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Phase Nucleation of Elastic Defects in Crystals Undergoing a Phase Transition

A. A. Boulbitch*
Department E22, Technische Universität München, James-Frank-Strasse, D-85747 Garching bei München, Ge

P. Tolédano
Department of Physics, University of Amiens, 33, rue Saint-Leu, 80039 Amiens Cedex, France

(Received 1 December 1997)

General properties of nucleation of elastic defects in crystals undergoing a phase transition are
described in the framework of a Landau-type approach. For static defects the phase diagram topology
of a nucleus is shown to be independent of the nature and geometry of the defects and may contain
additional phases which are unstable in the bulk. For moving defects the nuclei have a specific
configuration and arise only below a critical speed of the defects. [S0031-9007(98)06687-3]
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Elastic defects such as dislocations, cracks, inclusio
or twin boundaries often give rise, in the vicinity of a phas
transition, to nuclei of a new phase close to the defec
[1–8]. These nuclei have been observed in many ca
gories of transitions and materials, i.e., in martensitic-typ
transformations in metals and alloys [1], in ceramics [2
in magnetic [3] and ferroelectric or ferroelastic transition
[4,5], in Mott transitions [6], in semicrystalline polymers
[7], as well as in superconducting materials [8].

In contrast to the unstable Frenkel nuclei which ar
due to thermal fluctuations [9], nuclei associated wit
elastic defects are stabilized by the strain field induce
by the defects. This fact was first recognized by Cah
[10], who proposed thermodynamic model of nucleatio
in the case of dislocations. Further theoretical approach
[11] described nucleation for specific elastic defects an
geometries. There exists, however, a number of gene
static and dynamic properties, which are common to t
nucleation processes and are independent from the na
and geometry of the defects. The aim of this Letter is
describe these properties in a unified way, in the framewo
of a Landau-type approach [12]. More precisely, w
will demonstrate successively the following: (i) The phas
diagram topology of the nuclei is independent from th
nature and geometry of the defects. (ii) In the vicinit
of a multiphase point the structure of the nucleus ma
correspond to a symmetry which cannot be obtained in t
bulk. (iii) The nucleation does not occur above a critica
speed of the defects. (iv) Nuclei at moving defects displa
a specific configuration.

Let us first consider a crystal undergoing a phase tra
sition taking place atTc, associated with a one-componen
order parameterh. The Landau-Ginsburg free energy o
a crystal involving elastic defects can be expressed und
the general form,
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where the sum runs over the volumeV of the crystal.
wshd  ah2y2 1 bh4y4 1 gh6y6 is the standard free
energy density describing the transition atTc. Ah2uii is
the striction coupling between the order parameter a
the dilatation, uik is the strain tensor, andfelsuikd 
Ciklmuikulmy2 is the elastic energy. The Ginsburg invari
ant,s=hd2 accounts for the space dependence of the ord
parameter. The equations minimizingF are

gDh 2 sa 1 2Auiid h  bh3 1 gh5;

≠siky≠xk  0 , (2)

wheresik  Ciklmulm 1 Ah2dik is the stress tensor de-
pending on the space variablesxk . The second Eq. (2) ex-
presses the mechanical equilibrium of the system. Assu
ing a single isolated defect with a finite size, the system
Eq. (2) possesses two solutions: Ih  0; uij  u

s0d
ij srd,

where the strain field of the defectu
s0d
ij srd obeys the con-

dition u
s0d
ij s`d  0 and II h  hsrd fi 0; uij  u

s0d
ij srd 1

Osh2d. One has the conditionhs`d  0, corresponding
to the existence of a nucleus in the vicinity of the defect

Solutions I and II describe stable states for differen
positive values ofa. In order to determine the value
ap corresponding to the bifurcation from one solution t
another, one has to linearize Eqs. (2) around the valueh 
0 [13]. One gets the auxiliary Schrödinger-type equation

gDcp  hap 1 2Au
s0d
ii srdjcp , (3)

wherecp is the eigenfunction corresponding to the eigen
value ap of its basic state. Fora # ap, the solution II
branches off solution I. The main term of this solution i
determined by the eigenfunctioncp [13]. It takes the form

h jcpsrd 1 Osj2d;

uijsrd u
s0d
ij srd

1
Aj2

s2pd3

Z
GiksqdqjqkQsqd expsiq ? rd d3q , (4)

wherej is the amplitude. The second term in the expre
sion for the strain (4) is a Fourier transform inq space
© 1998 The American Physical Society
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representing the contribution of the strain induced by t
nucleus. Giksq d is the Fourier transform of the elastic
Green function, andQsq d 

R
c2

p srd exps2iq ? rd d3r.
The asymptotic solution of Eqs. (4) for the order pa
rameter ish , j exps2ryrnd, wherern  sgyapd1y2 is
the size of the nucleus. Assuming a linear dependen
a  asT 2 Tcd sa . 0d, one findsrn  sgyad1y2sTn 2

Tcd21y2. Therefore, even at the point of nucleationT 
Tn, the nucleus has a finite size.

The expression ofu
s0d
ij srd in Eq. (4) depends on the

particular type of defects which determines the speci
form of cp and the value ofap. Since we aim to establish
the general properties of nucleation on elastic defe
independently from the type of defect, we will assume th
cp and ap are known. Substituting (4) into Eq. (1), the
free energy of the nucleus takes the form

Fsjd  F0 1 r3
n h 1

2 sa 2 apd kc2
p lj2

1
1
4 b̃kc4

p lj4 1
1
6 gkc6

p lj6j . (5)

F0 is the free energy of the defect in the parent phasesh 
0d. kc2n

p l  r23
n

R
c2n

p srd d3r with n  1, 2, 3; b̃ 
b 2 2A2

R
GiksqdqiqkQ2sqdd3qys2pd3. Equation (5)

shows thatFsjd andj play, respectively, the role of the
Landau free energy and of the order parameter ass
ated with the transition between a state without nucle
sj  0d and a state with a nucleussj fi 0d. One can
note thatFsjd has the same form as the Landau potent
wshd describing the transition in the bulk, and that th
form is independent from the specific type of defects. T
phase diagram constructed from the minimization ofFsjd
is shown in Fig. 1(a) in thesa, bd plane. Figure 1(a)
also represents the phase diagram corresponding to
transition in the bulk. One can verify that the two phas
diagrams display the same topology. The only differen
is that the phase diagram of the nucleus is shifted alo
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FIG. 1. (a) Phase diagram of nucleation on a static defect
a one-component order parameter. 1 and 2 denote a sec
order and a first-order transition line within the bulk. 3 and
are the corresponding nucleation lines. (b) Phase diagram
a two-component order parameter.

a andb with respect to the bulk phase diagram, and t
slopes of the first-order transition line between the
spective parent phase (h  0 andj  0) and “daughter”
phase (n fi 0 andj fi 0) are different.

Let us now consider the more complex situation of
system whose phase diagram contains a singular poin
which different low-symmetry bulk phases may merg
This type of phase diagram is necessarily associated w
a multicomponent order parameter [12]. To be concr
we will discuss the example of a two-component ord
parameter casesh1, h2d involving two different low-
symmetry bulk phases. The free energy has the form [1
Fsh1, h2, uikd 
Z

V

Ω
g
2

fs=h1d2 1 s=h2d2g 1
a

2
sh2

1 1 h2
2d 1

b

4
sh2

1 1 h2
2d2

1
g

2
h2

1h2
2 1 Ash2

1 1 h2
2duii 1 felsuikd

æ
dV . (6)
n-
dia-

ch
In addition to the parent phasesh1  h2  0d,
minimization of F with respect to h1 and h2
yields two low-symmetry bulk phases: phase 1 co
responding to the equilibrium relationshiph1 fi 0;
h2  0 and to the stability conditionsa , 0, b . 0,
g . 0. Phase 2 is stabilized forh1  6h2 fi 0 and
a , 0, b . 0, g , 0. The branching off solution
is h1  j1cpsrd 1 Osj3d; h2  j2cpsrd 1 Osj3d,
and uiksrd is given by the second Eq. (4) with
j2  j

2
1 1 j

2
2 . The nucleus free energy can be writte

analogously:
r-

n

Fsj1, j2d  F0 1 r3
n h 1

2 sa 2 apdkc2
p l sj2

1 1 j
2
2d

1
1
4 b̃kc4

p l sj2
1 1 j

2
2d2

1
1
6 gkc4

p lj2
1j

2
2j (7)

which has again the same form as the bulk free e
ergy and therefore corresponds to the same phase
gram topology. However, anadditional state can be
stabilized in the phase diagram of the nucleus whi
is unstable in the bulk. It corresponds to the equilib-
rium nucleus withh1srd fi h2srd fi 0, whose symmetry
839
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coincides with the intersection of the symmetries o
phases 1 and 2. More precisely, one can show that
stability of phase 2 in the nucleussj1  6j2 fi 0d is
lost for a  ap 2 gb̃kc4

p l2 sb̃ 1 gd22S21, whereS P
Nfi0 kc3

p cN l sap 2 aN d21. Here cN and aN , N 
0, 1, 2, . . . are the eigenfunctions and the correspondin
eigenvalues of Eq. (3) (cp ; c0 and ap ; a0). Fig-
ure 1(b) shows the region of stability of this additiona
nucleus which is close to the three-phase point at whi
the bulk parent phase merges with the bulk phases 1 a
2. In other words, one may find in this region nuclei hav
ing structures with a symmetry which cannot be realize
in the bulk.

It is well known that plastic deformation and fractur
[14] imply the existence of moving defects. The equatio
of motion describing the time dependence of the ord
parameter and the displacement vectoru are in the one-
component case:

k
≠h

≠t
 gDh 2 sa 1 2Auiid h 2 bh3 2 gh5;

r
≠2ui

≠t2 
≠sik

≠xk
, (8)

where k is a kinetic coefficient andr is the density of
the crystal. Assuming that the defect is moving wit
a constant velocityv (much smaller than the sound
velocity), the solution of Eq. (8) for the parent phase
h  0, uik  u

s0d
ik sRd with R ; r 2 vt. The auxiliary

equation which determines its stability [13] is obtained b
linearizing (8) as

gDCpsRd 1 ksv ? =d CpsRd2

hapsyd 1 2Au
s0d
ii sRdj CpsRd  0 . (9)

It yields the solution corresponding to the nucleus at
moving defect:h  jCpsRd 1 Osj3d; uij  u

s0d
ij sRd 1

Osj2d. The eigenfunction of Eq. (9) and the correspon
dent eigenvalues have the form

apsV d  ap 2
k2y2

4g
;

CpsRd  cpsRd exph2ksv ? Rdy2gj ,
(10)

wherecpsRd is the eigenfunction andap is the eigenvalue
found for the static defect. Equation (10) showsthat
the nucleation process for a moving defect occurs on
for values of y smaller than the critical valueycr 
2sgapd1y2yk. On the other hand, Eq. (10)gives the
nucleation temperature of the moving defectTnsyd 
Tn 2 k2y2y4ag. The asymptotic form of the order
parameterh can be expressed ash , j exph2ksv ?

Rdy2g 2 sapygd1y2jRjj which reveals that the nucleus
is compressed in front of the defect and stretched
the direction opposite to the defect. At last one ca
estimate the “trace”lnsyd of the nucleus for a moving
defect by approximatingh , j exph2xylnsydj (with x ,

0). One findslnsyd  rns1 2 yyycr d21, lnsyd diverging
840
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wheny ! ycr . The trace follows the moving defect with
the same velocity.

Let us illustrate the preceding general results by co
sidering the concrete examples of a crack tip and of
edge dislocation. At the tip of a loaded brittle crack th
magnitude of the induced stresses is very large and m
be responsible for the brittle fracture [14]. In this cas
the nucleation process takes place far from the tran
tion in the bulk. In the vicinity of a crack tip the strain
tensor trace has the formu

s0d
ii sr , ud  2KIs1 2 2nd s1 1

nd cossuy2dyhs2prd1y2Ej. wherer and u are the cylin-
drical coordinates in thesx-yd plane, E is the Young’s
modulus,n is the Poisson’s ratio, andKI is the stress
intensity factor describing the crack loading [14]. I
A , 0, the exact solution with the boundary conditio
cs`d  0 is

h  j exp

Ω
2

r
3

p
4 rn

1
3

p
4

≥ r
rn

¥1y2
cossuy2d

æ
,

ap 

Ω
2KIjAj s1 2 2nd s1 1 nd

s2pd1y2g1y4E

æ4y3 (11)

with rn  hEgp1y2yjAjKIs1 2 2nd s1 1 ndj2y3y2. The
order-parameter distributions in the vicinity of the mo
tionless and propagating crack tip are shown in Figs. 2
and 2(b). The edge dislocation gives rise to a strain fie
u

s0d
ii  bs1 2 2nd sinuyh2ps1 2 ndrj [14], where b is

the Burgers vector. In this case, the solution describi
the nucleus can be found for positive as well as for neg
tive values ofA. One obtains the approximate solution

h ø j

Ω
1 2 0.62

≥ r
rn

¥1y2
sinu

æ
exp

Ω
20.34

≥ r
rn

¥æ
,

ap 
0.11A2b2s1 2 2nd2

p2s1 2 nd2g

(12)

with rn  pgs1 2 ndyjAjbs1 2 2nd. Figures 2(c) and
2(d) show the order-parameter distribution in the vicini
of an edge dislocation. Takinga , 105 J m C22 K21,
AyE , 1021 1022 m4 C22, E , 1011 Pa, g , 1028 J
m3 C22, and k , 1024 1025 J m sC22, which are
typical values for ferroelectrics, and takingKI of the order
of a fracture toughnessKI , KIC , 0.1 MPam1y2 [15],
one finds for the nucleation at the crack tipTn 2 Tc ,
10± 100±; rn , 1028 m and ycr , 102 103 mys. For
the nucleation at an edge dislocation, one finds in the sa
way Tn 2 Tc , 1± 10±; rn , 1026 1028 m andycr ,
102 104 mys. These results are consistent with th
experimental values reported in Refs. [1,3,5,8].

In summary, we have described theoretically a numb
of general properties of phase nucleation on elastic defe
in crystals undergoing a phase transition. In this resp
martensitic transformations constitute typical examples
transitions, where the onset of the low-symmetry pha
is preceded above the transformation by the formation
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FIG. 2. Order-parameter distribution at the tip of the brittle
crack. (a) Order-parameter distribution is localized in front o
the tip of a motionless crack [Eq. (11)]. The crack contou
is shown schematically (i). (b) Order-parameter distributio
in the vicinity of the propagating crack tip. (ii) points out
the trace. (c), (d) Order-parameter distribution in the vicinit
of the edge dislocation. At motionless (c) and moving (d
edge dislocations as described by Eq. (12). In the vicinity o
a moving defect the order-parameter distribution is compress
in front of the defect and stretched in its back, forming th
trace (ii).

nuclei having the symmetry of the bulk [16]. However
in close packed martensites, the energies of differe
close packed polytypes (e.g., hcp, fcc, 9R) are near
degenerate. In this case which is found in sodium [17
nuclei displaying different polytypic structures may give
rise to a bulk martensite phase, where either the polytyp
coexist in different proportions or only one of them is
stabilized. In doped ZrO2 ceramics, nucleation on the
crack tip highly improves the strength of the materia
[2]. In Y2O3-ZrO2-Al 2O8, composite [18] nucleation is
observed under indentation but not under thermal sho
fracture. This can be the result of a high overcritica
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)
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ck
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crack velocity which is higher than the critical velocity o
nucleationsy . ycr d under thermal shock fracture, while
it is subcritical and smaller than the critical velocity o
nucleationsy , ycr d under indentation. In Gd3Fe5O12
the nuclei appearing close to dislocation lines exhibit
sequence of magnetic phases. Some of the nuclei disp
a symmetry which does not appear in the bulk of th
crystal [3].
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