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Square Patterns in Rayleigh-Bénard Convection with Rotation about a Vertical Axis
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We present experimental results for Rayleigh-Bénard convection with rotation about a vertical axis at
dimensionless rotation rates0 # V # 250 and e ; DTyDTc 2 1 & 0.2. Critical Rayleigh numbers
and wave numbers agree with predictions of linear-stability analysis. ForV * 70 and smalle the
patterns are cellular with local fourfold coordination and differ from the theoretically expected Küppers-
Lortz unstable state. Stable as well as intermittent defect-free square lattices exist over certain parameter
ranges. Over other ranges defects dynamically disrupt the lattice but cellular flow and local fourfold
coordination is maintained. [S0031-9007(98)06696-4]

PACS numbers: 47.54.+r, 47.20.Lz, 47.27.Te
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The elucidation of spatiotemporal chaos (STC) remai
one of the major tasks in the study of pattern formation
nonlinear dissipative systems [1]. The best opportuniti
for theoretical understanding of experimental observatio
of a chaotic state exist when the mean-square amplitu
of STC evolves continuously (i.e., via a supercritical b
furcation) from a spatially uniform ground state; for in
that case it should be possible at least in principle to d
rive from the equations of motion of the system a system
atic, simplified description in the form of Ginzburg-Landa
equations. However, experimentally accessible supercr
cal bifurcations from the uniform state to STC are rare b
cause most systems with supercritical primary bifurcatio
become variational as the threshold is approached fro
above and thus approach a time-independent state. C
vection in a shallow horizontal layer of a fluid heated from
below (Rayleigh-Bénard convection or RBC) and rotate
about a vertical axis is one of the exceptions. Convecti
occurs when the temperature differenceDT exceeds a criti-
cal valueDTcsVd (V is the rotation frequency) and leads
to a velocity fieldv. The Coriolis forceV 3 v renders
the system nonvariational and thus permits the existence
STC at onset. Küppers and Lortz (KL) [2] predicted that
primary supercritical bifurcation leads to a state of unstab
convection rolls providedV . VKL. In this KL state,
rolls of one orientation are unstable with respect to anoth
set of rolls with an angular orientation relative to the firs
which is advanced in the direction of rotation by an ang
u [2–4]. The new set, however, is equally unstable to y
another, and so forth. Several experiments found the K
state at relatively largee ; DTyDTc 2 1 [5–7]. Recent
ones [8–11] have shown its existence close to thresho
for VKL . 12 & V & 20 and have verified the super-
critical nature of the bifurcation. The instability was ob
served to lead to a chaotically time-dependent coexisten
of domains with different roll orientations. Two example
[11] of this domain chaos are shown in Figs. 1a and 1b.

Theoretically it is expected [2–4,12] that the nature o
the bifurcation and of the nonlinear state above it shou
remain qualitatively unchanged asV is increased. We
show that this is not the case. ForV ; 2pfd2yn * 70
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FIG. 1. Shadowgraph images of convection patterns view
from above for CO2 [(a) and (b), only parts of patterns are
shown; adapted from Ref. [11] ], water [(c) and (d), the enti
cell is shown], and argon [(e) and (f ), 90% of the cell radiu
is shown], with (s, V, G) equal to (0.93, 19.8, 40), (5.4,
170, 4.8), and (0.69, 181, 8.3), respectively. For smallV
[(a),(b)] the patterns have domains which are typical of th
KL instability for all e near zero, as illustrated fore ­ 0.06
(a) and 0.18 (b). At largerV, square patterns occur close to
onset [(c)e ­ 0.09 and (e)e ­ 0.04], but states similar to the
KL domains are observed fore * 0.1 [e ­ 0.12 in (d) and
e ­ 0.13 in (f )]. In (c) and (d), the cells along the periphery
are the wall mode.
© 1998 The American Physical Society
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(f is the rotation frequency in Hz andn the kinematic
viscosity) the bifurcation does remain supercritical, b
the convection pattern close to onset has no similar
to the expected KL state. Instead the pattern consists
cells which are usually arranged so as to have local fo
fold coordination. Over significant parameter ranges t
cells “crystallize” and form a slowly rotating square lat
tice [13]. Typical examples are shown in Figs. 1c an
1e. They differ dramatically from the expected pattern
illustrated in Fig. 1a. Depending on the parameters, t
lattice can be stable, can be intermittently disrupted
defects, or can be continuously disordered with many d
fects within it (maintaining, however, the cellular charac
ter with predominantly local fourfold coordination). At
largere (e * 0.1), we observe patterns reminiscent of th
KL state, as illustrated in Figs. 1d and 1f. The squa
pattern fore values below those where the KL state is ob
served is contrary to the prediction [2–4,12].

One may ask whether the known idealizations in th
theory (the Boussinesq approximation, neglect of the ce
trifugal force, and the assumption of an infinitely extende
system) could be responsible for the difference betwe
experiment and theory. We show below thatQ (the size
of departures from the Boussinesq approximation) and
Froude numberF (the relative importance of centrifuga
forces) are small in the experiments. We also variedQ
and F over significant ranges and used two different a
pect ratiosG. The unexpected cellular flow and squar
lattices occurred under all of these conditions over abo
the same ranges ofe andV. Thus we have no evidence
for the importance of the effects neglected in the theo
We also emphasize that the observed cellular flow p
sists over about the sameV ande range when the Prandtl
numbers is varied from 0.7 to 5.

We used water and argon withs ; nyk (k is the
thermal diffusivity) of 5.4 and 0.69, respectively, in two
different apparatus [14,15]. The temperatures of the to
of the cells were regulated to61 mK at 30.07±C (water)
and at 37.5±C (argon). Aspect ratiosG ; ryd ­ 4.8
and 8.3 (r is the radius andd the height of the fluid
layer) were used for water (r ­ 38.1 mm, d ­ 7.9 mm)
and argon (r ­ 33.2 mm, d ­ 4.0 mm), respectively.
The apparatus were rigidly mounted on rotating tabl
capable of rotation up tof ­ 1 Hz, covering the range
0 # V # 250. Shadowgraph assemblies were mount
on top of the convection apparatus to obtain images in t
rotating frame. For argon, the pressure was controlled
62 mbar. The experiments were carried out by raisin
the bottom-plate temperatures at fixedV. Both heat-
transport measurements and shadowgraph images w
taken after waiting for at least a horizontal diffusio
time th ­ G2d2yk. Onset was determined both from th
heat transport and from amplitudes of the shadowgra
images [16]. Wave numbers were obtained from Four
transforms of the patterns.

The dimensionless control parameters are the Rayle
numberR ; agd3DTykn andV. Herea is the isobaric
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thermal expansion coefficient,g the acceleration due to
gravity, andDT the temperature difference across the ce
The Froude numberF ; 4p2f2ryg is less than 0.03 in
most of the experiments and maximally 0.12 for a fe
runs. SinceV is scaled bytn ; d2yn, increasing the
pressureP of argon increasedV because it decreased
n. We used this to varyV by a factor of 4 at fixedf
(and thusF). IncreasingP changeds only from 0.68
at 20 bar to 0.695 at 40 bar. The parameterQ [17] is
proportional toDTcsVd. For argon,P ­ 20 bar (40 bar),
and V ­ 91 (249), for instance,Q ­ 0.15 (0.13). For
water andV ­ 170, Q . 20.2.

Figure 2 summarizes measurements of the critic
Rayleigh numbersRcsVd and wave numberskcsVd for
the sample interiors (bulk mode) [16]. The results agr
with linear-stability predictions for a laterally infinite
system [18] (solid lines in Fig. 2). ForV * 70, this
onset is preceded by a “wall mode” consisting of a wa
traveling (in the rotating frame) in the direction opposi
to V [19]. This mode persists aboveRc, and can be seen
in Figs. 1c and 1d. The object of the present paper is
bulk mode.

Figure 3 shows shadowgraph images fore ­ 0.04 for
various V in argon. At smallV (Fig. 3a) the contrast
of the image is poor becauseDT and the wave number
were small. Nonetheless one can see that almost

FIG. 2. The critical Rayleigh numbersRcsVdyRcs0d (top) and
wave numberskcsVdykcs0d (bottom) as a function ofV for
water (s ­ 5.4, open circles) and argon at 20 bar (s ­ 0.68,
open triangles), 30 bar (s ­ 0.69, inverted solid triangles), and
40 bar (s ­ 0.695, solid triangles). The results agree with th
predictions for a laterally infinite system (solid lines) [18].
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FIG. 3. Patterns for argon and variousV at e . 0.04. V
values are (a) 13, (b) 40, (c) 73, and (d) 145. Only 90%
the cell radius is shown. (c) and (d) are at the same physi
rotation rate and at different pressures.

entire cell was occupied by a single domain of roll
However, the time dependence of the pattern involv
switching between different domain orientations which
characteristic of the dynamics of the KL state [10,11]. A
somewhat largerV (Fig. 3b) several KL domains exist
simultaneously in the cell, as seen previously [10,1
using largerG andV & 20. This situation changes when
V is increased beyond about 70, as illustrated by Figs.
and 3d. ForV ­ 73, the pattern is cellular. There
are domains where the pattern has square symme
Six domains meet in the cell center and locally enforc
a sixfold symmetry, maintaining, however, the cellula
character. At largerV ­ 145 the pattern consists of a
square lattice, with some domain walls and defects.

There are ranges ofV, e, and s over which the
patterns near onset were dynamically disrupted by ma
defects, although cellular flow, often with local fourfold

FIG. 4. Disordered cellular patterns fors ­ 5.4, V ­ 170,
ande ­ 0.052. The entire cell is shown. Along its periphery
is the wall mode.
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FIG. 5. Structure functions of images 1c (left) and 1d (right)

coordination, was maintained. Two examples are show
in Fig. 4. In order to study the pattern dynamics in great
detail, we examined the time evolution of the structur
function Sskd (the square of the modulus of the Fourie
transform). Two examples are shown in Fig. 5. Th
right one is typical of the KL state, whereas the left on
represents a square lattice. ForV ­ 170 and s ­ 5.4,

FIG. 6. Angle-time plot for the radial average of the structur
function for s ­ 5.4 at V ­ 170 for (a) e ­ 0.072 and
(b) e ­ 0.091. (a) is a representative section of a longer run
The system intermittently changes between a perfect squ
lattice and a disordered pattern with local fourfold coordination
For (b) e was stepped from 0.14 where the pattern wa
disordered (KL-like) to 0.091 at timet ­ 23 h. After about
16th, the system spontaneously chose the perfect-square pat
which then persisted for more than38th.
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FIG. 7. The rotation ratev of the square lattice forV ­ 170
ands ­ 5.4. Time is scaled byd2yn.

the radial averageSsQd of Sskd is shown in Fig. 6 as a
function of time. Figure 6a is a section of a long run a
e ­ 0.072. Disordered regions alternate irregularly wit
well ordered rotating square lattices. Figure 6b is th
result of an experiment where the system was kept
the KL regime ate ­ 0.14 for a long time, and where
at time t ­ 23 h e was reduced to 0.091. The system
remained KL-like for nearly 44 h (about 16 horizonta
thermal diffusion times), and thensuddenlycrystallized
into a square lattice which remained stable thereafter.

The square lattice, whenever it exists, rotates at a ratev

relative to the cell in the direction of the overall rotatio
V. Results forv are given in Fig. 7 (forv, time is
scaled byd2yn). They suggest thatv vanishes ate ­ 0,
as indicated by the dashed line. Presumably the rotat
is a property of the finite system, andvse, Gd ! 0 as
G ! `, but measurements ofv as a function ofG have
not yet been made. Under similar conditions the wa
mode is traveling much faster in the opposite directio
with vw . 20.15, nearly independent ofe.

Stable square patterns near onset occur under ot
conditions in RBC. Pure-fluid convection in a cell with
insulating top and bottom plates [20] and binary-fluid con
vection with small Lewis numbers and a positive separ
tion ratio [21] are two such systems. However, in thos
cases the critical wave number is reduced. Our critic
wave numbers agree with the linear stability analysis f
rotating RBC of a pure fluid with conducting top and
bottom boundaries. Our boundaries have conductivit
which are orders of magnitude larger than those of the fl
ids. Our argon samples, even if they were contaminat
with another component, would have Lewis numbers
order one [22] and thus would not produce a square p
tern due to mixture effects. Clearly impurities or poorl
conducting boundaries cannot be invoked to explain o
observations. Thus the occurrence of square patterns
rotating RBC at smalle is unexplained, and we conclude
that a real discrepancy exists between theory [2–4] a
experiment.
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