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Vertical and Horizontal Vibration of Granular Materials:
Coulomb Friction and a Novel Switching State
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Experiments for simultaneous horizontalshd and verticalsyd vibration of granular materials show
novel flow dynamics. We focus on moderate dimensionless accelerations0 , Gh,y , 1.6. Phenomena
include the spontaneous formation of a static heap atGhssGyd when Gy , 1, convective flow for
Ghc . Ghs, and a novel switching state for frequenciesvy fi vh. A simple friction model provides
an approximate, but not exact, description of the steady states and the transition to convection.
[S0031-9007(98)06699-X]

PACS numbers: 46.10.+z, 47.20.–k, 83.70.Fn
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Although granular materials are ubiquitous, their dy
namical behavior is still an open problem. Consequent
granular materials have attracted considerable recent
terest [1]. Granular materials can exhibit both fluidlik
and solidlike properties: they resist shear up to a poin
but flow under strong enough shear or at low enough de
sity, as modeled by Coulomb friction. Important issue
involve the applicability of friction-based models and th
character of the dynamics when slipping occurs [2,3].

The transition between solidlike and fluidlike states
evident in shaken granular materials as seen in pure
vertical vibration or purely horizontal vibration [4,5]. In
these cases, a container of granular material subject to
cillations with either vertical or horizontal displacement
si  Ai sinsvitd has a control parameterGi  Aiv

2
i yg,

whereg is the acceleration of gravity, andi  y, h is for
vertical and horizontal. To our knowledge, the prese
study is the first experimental exploration of the dynamic
of granular beds subject to simultaneous horizontal a
vertical vibration. We focus on two particularly interest
ing cases described below.

The apparatus consisted of Plexiglas cells with hor
zontal cross-sectional sizes ranging from 0.5 to 2.0 c
(direction perpendicular to shaking) by 12 cm (along th
horizontal shaking direction). The typical cell heigh
was 15 cm. The cell was placed on a carefully lev
eled shaker that provided independent vertical and ho
zontal displacements of the formsi  Ai sinvit for 3 #

viy2p # 15 Hz and0 , Ai # 20 mm.
Typically, we varied Ay and Ah and observed the

evolution of the system while keepingvy and vh fixed.
In the first set of experiments, we vibrated the system
the same horizontal and vertical frequency with a fixe
phase difference,F  0, betweenshstd andsystd. In the
second set of experiments,vh andvy differed slightly, so
thatF varied in time.

We used several materials, including roughly monodi
perse spherical glass beads, smooth nearly spherical
tawa sand, and sieved rough sand. These had diame
ranging from0.2 # d # 1.0 mm. The layer depths were
794 0031-9007y98y81(4)y794(4)$15.00
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roughly 60 mm. We prepared the system either by pou
ing in the selected material from a height of,100 mm,
gently leveling the sample, and then compacting it
modestGy , or by creating a heap at the angle of repo
in the absence of shaking. The material did not form
perfectly ordered packing because the particles were
highly spherical and/or monodisperse. The results did n
depend significantly on layer heights or container sizes,
long as there were enough grains to form the heap, and
container width was$10d.

We characterized the flows using a strobe light, hig
speed video (250 framesys), and conventional video.
Much of the data discussed here was obtained by o
serving the flow with a small surveillance video cam
era mounted on the shaker platform. To obtain the flo
speeds at various locations and overall flow fields, w
seeded the granular material with darker tracer partic
and followed them over time.

To provide a background we first consider phenom
nology for purely vertical or purely horizontal shaking
Purely vertical shaking: WhenGy , Gyc . 1, the steady
state is a flat layer. WhenGy . Gyc, convective flow
occurs, almost always with a single heap, and wi
circulatory flow of grains from the bottom to the top o
the heap, then down the surface of the incline. Drivin
mechanisms for the flow include sidewall friction and ga
effects if the grain size isd # 1 mm. It is the gas effect
that provides the main driving mechanism for the hea
formation. Purely horizontal shaking: WhenGh . Ghp,
grains near the top surface of a flat layer dilate and beg
to flow, while the remainder of the layer moves with th
shaker in solid body motion [4,5]. This initial transition
to flow is hysteretic; i.e., if flow is initiated atGp the
flow will persist to G , Gp. In addition to sloshing of
the liquefied portion of the layer along the direction o
shaking, two large convective rolls appear in the directio
transverse to the shaking [5].

For combined vertical and horizontal sinusoidal sha
ing, the control parameters includeGy and Gh, and the
phase differenceF between the two motions. We refer to
© 1998 The American Physical Society
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F  0 as “in phase” if the maximum (most positive) ver
tical acceleration (y direction) occurs at the same time a
the maximum (most “rightward”) horizontal acceleration
(x direction). The possible dynamics become much mo
complicated than for pure-mode shaking, and we will fo
cus on two cases: (1) in-phase shaking whenGy , Gyc;
and (2) j fh 2 fy j ; Df fi 0 but small (f  vy2p),
with Gy moderate, but not necessarilyG , Gyc. In case
(2), F shifts steadily in time at the rate2pDf.

Case (1): fy  fh  f0  const; F  0; Gy ,

Gyc.—As Gh is increased at fixedGy with an initially
flat surface, a new state forms consisting of a static he
against the “right” wall, beginning atGh  Ghs. The
open circles in Fig. 1 show tanu, whereu is the angle of
the heap relative to horizontal versusGh for Gy  0.68;
the initial state was a flat surface, andGh was gradually
increased from 0. ForGhs  0.39 , Gh , 0.6  Ghc,
u fi 0 is the result of a transient, and in the steady sta
there is no flow untilGh exceeds a second threshold,Ghc.
Just aboveGhssGyd, a small number of surface grains
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FIG. 1. Inset: sketch of inclined surface that defines th
model. Open circles: heap angle,u of a thick (58 mm) Ottawa
sand bed as a function ofGh, for Gy  0.68 for in-phase (F 
0) horizontal and vertical forcing (fh  fy  f  4.99 Hz,
Ay  6.77 mm, Ah varying), starting from a flat surface. Solid
squares: same control parameters, but starting from a he
against the left wall at the angle of repose. Lines pertain
the model; curve 1,Gh,y , 0, and curve 2,Gh,y . 0, with
m  0.80 andGyc  1.15. Error bars in this and other figures
were obtained from, three repetitions of the experiment.
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shift towards the side wall. At each value ofGh , Ghc,
the surface motion stops when the increased slope
high enough. If instead of a flat surface, the initial sta
is a heap at the static repose angle against the “le
side of the container, then we find the data shown
solid squares in Fig. 1. The repose angle decreases w
increasingGh, and merges with the data obtained from a
initially flat surface atGhs.

This process changes whenGh exceeds a critical value
GhcsGyd. At Ghc, the top layer along the slope liquefies an
oscillates under the shaking. Any further increase inGh

increases the thickness of the liquefied layer, and decrea
the average slope.

A simple Coulomb friction model [6] can capture man
of the features observed in these experiments and prov
additional insights (see also recent work on frictio
models [3]). An optimum model should predict that th
instability to flow first occurs at the surface; here, we tak
this as a “given.” Good fits to the data based on the mod
can be obtained for any given property such asGhs or Ghc,
but it is not possible to accurately describe all quantiti
with a single set of model parameters.

We pose the model in the Fig. 1 inset. A bloc
(a model for a surface grain) of static friction coef
ficient m is placed on a surface inclined at an ang
u; the surface is subject to constant vertical and ho
zontal accelerations,Gy and Gh, having the same sign,
i.e., both positive or both negative. Negative acceler
tions have a vertical component in the direction o
gravity. We then ask at what accelerations static frictio
fails.

The simplest case is a horizontal surface,u  0. The
block begins to slide whenmgGh  mFn  Ft (where
Fn and Ft —provided by friction—are, respectively,
normal and tangential forces) or whenGh  ms1 2

Gyd ; msGyc 2 Gyd, and the accelerations are negativ
In principle, Gyc ; 1, but the data indicate that slightly
higher values are needed. Henceforth, we identifym and
Gyc as the two adjustable parameters of the model a
the onset of sliding on a horizontal surface withGhs.
We examine theu  0 case in Fig. 2 which shows data
for Ghs versusGy . Except forGy . 0, the data have a
nearly linear profile, whose slope definesm and whoseGy

intercept is close to 1. This intercept corresponds to t
onset of heaping under purely vertical shaking, which
typically found experimentally to be somewhat larger tha
1. If we force this intercept to be 1.00, the correspondin
m  1.05. A fit to a straight line yieldsm  0.87 and
Gyc  1.07. Alternatively, choosingGyc  1.15 to be
consistent with vertical shaking experiments leads tom 
0.80 (dotted line).

These data also explain the extreme sensitivity in ver
cal shaking experiments to imperfections [7]. ForGy !
Gyc for vertical shaking, the system becomes unstable, a
at Gyc, any horizontal acceleration, no matter how sma
leads to slipping. Vertically shaken systems should
795



VOLUME 81, NUMBER 4 P H Y S I C A L R E V I E W L E T T E R S 27 JULY 1998

a)

e

or
dot-

the

the

ed

ls.
d
he
tly

er
ws
eap

,
he

n

0.0 0.2 0.4 0.6 0.8 1.0 1.2
Γv

0.0

0.2

0.4

0.6

0.8

1.0

Γhs

FIG. 2. Data for Ghs versus Gy . According to the model,
these data should have a slope of2m and intercept atGyc  1.
Solid curve: least-squares fit of the experimental data (m 
0.87; Gyc  1.07); dotted curve: model withm  0.80 and
Gyc  1.15.

(and are) highly sensitive to noise in the form of sma
horizontal accelerations.

We next turn to the case whereu fi 0. We show in
Fig. 1 the loci of frictional failure (or first occurrence
of slipping) versusjGhj for a fixed jGyj fi 0; curve 1
(solid) is for negativeGh and Gy and curve 2 (dashed)
is for positive. Curve 1 is given by tanu  sGh 2

Ghsdys1 2 Gy 1 mGhd, and curve 2 is given by tanu 
2fGh 2 ms1 1 Gydgys1 1 Gy 1 mGhd, where we use
Ghs  msGyc 2 Gyd. In an actual experiment, the instan
taneous path is a curve, and the failure locus a surface
a 3D space ofGh, Gy , and tanu.

We proceed with a further interpretation of this mode
Stable surfaces inclined atu . 0 persist up to the
intersection of curves 1 and 2, which we identify wit
Ghc, i.e., the onset of surface flow. When a surface
prepared atu  0 and Gh is increased pastGhs, grains
should flow transiently until stability is again achieved
Thus, curve 1 betweenGhs and Ghc defines the slope
of the static heap aboveGhs. For Gh , Ghc, the heap
is stable for angles lying both below curve 2 and abo
curve 1. Figure 1 shows tanu versusGh for Ottawa sand
andGy  0.68. These parameters yield good agreeme
with the data for curve 1, but not forGhc. We have also
attempted to obtain experimental data for curve 2, but t
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proved difficult because of initial transients. In Figs. 3(
and 3(b) we considerGhc and tanu at Ghc, respectively,
versusGy . The solid curves in each part of this figur
correspond tom  0.80 andGyc  1.15. The agreement
with this common set of parameters is not very good. F
each of these quantities, good fits can be obtained (
dashed curves) but the necessary coefficients, given in
caption, are not mutually consistent.

Case (2): vh fi vy.—Before closing, we explore a
related and novel phenomenon which occurs when
shaking frequencies differ by a small amount so thatF

varies in time. We begin by considering the case of fix
nonzero phases. ForF  0± or F  180±, the heap
forms next to one or the other of the vertical sidewal
When F is close to 90±, the heap height is reduce
and is located near the middle of the cell. When t
frequencies of vertical and horizontal shaking are sligh
different, F changes periodically with frequencyDf,
causing the heap to move from one wall to the oth
and reversing the convective flow field. Figure 4 sho
the surface of the heap for various times as the h
switches from one side to the other. HereGy . 1, but
the caseGy , Gyc is similar. From the discussion above
the heap forms along whichever wall is pushing on t
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FIG. 3. Points: data for (a)Ghc, and (b) tanu at Ghc versus
Gy . Solid curves show predictions of the Coulomb frictio
model form  0.80 andGyc  1.15. Dot-dashed curve in (a)
is for m  0.77 and Gyc  1.03 and in (b) is form  0.65
andGyc  1.35.
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FIG. 4. Shape of the top surface at various times during
switch from one side to the other. The time between the curv
is 2 s and the period of back and forth heap motion is 180
(Here we show the shape of the top surface for 34 s; for th
following 46 s the heap remains on the left wall with nearly th
same shape as curve 17.)

material during the negative vertical acceleration portio
of the cycle. The heap remains near that wall until th
horizontal acceleration switches direction relative to th
vertical acceleration.

In conclusion, we have characterized flows that appe
in a granular bed subject to both horizontal and vertical v
brations. Properties such as static heaping and convect
depend onGy, Gh, and the phase differenceF. The static
heap formation and the onset of flow are captured sem
quantitatively by a Coulomb-type friction model. How-
ever, these experiments point to the need for an improv
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picture, possibly including the effects of fabric or othe
history-dependent features, since it is necessary to ad
the relevant parameters in order to describe different
pects of the flow. We emphasize that the transitions
flow described here are not likely to depend fundame
tally on the presence of air, unlike the heaping instabili
for vertically shaken small-grained materials.
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