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Relativistic and QED Energies in Lithium
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High-precision variational results are reported for the total relativistic corrections, the anomalous
magnetic moment corrections, and the electron-electron QED corrections in lithium up to orders
O(a*mc?), O((u/M)a*mc?), O(a’mc?), and O((u/M)a’me?) using fully correlated basis sets.
Methods of estimating the dominant electron-nucleus QED term are discussed, and an extension of
the Kabir-Salpeter formalism is found to yield good agreement with high-precision measurements for
the ionization potential of the lithium ground state and thé2s’S-1s22p2P, transition energies.
[S0031-9007(98)06718-0]

PACS numbers: 31.15.Pf, 31.30.Jv, 32.10.Hq

Despite a long history of progress in calculations for the With the integration problems solved, the leading
nonrelativistic eigenvalues of lithium [1,2], comparisonsrelativistic correction oD («?) a.u. can now be calculated
with experiment remain severely limited by the accuracyfrom expectation values of the Breit operator£5,9]

of the lowest-order relativistic corrections (the Breit inter Hef = By + By + B, + Byy + Bs + T

action). In fact, matrix elements of the Breit interaction 2

have never been calculated, except in the Hartree-Fock ap- 3 3 3

proximation or modifications of it [3]. The accuracy falls X > 8(r;) — wa? Z(l + s sj)é(rij)
far short of what is required to reach spectroscopic accu- i=1 i>] 3

racy. Similarly, the techniques of relativistic many-body n ﬂ(ﬁ + Asy) (1)
perturbation theory (or relativistic configuration interac- M2 327>

tion methods) have been applied with great success to thghere B, = —(«2/8) Z?:l vV}, B, is the orbit-orbit in-
heavier Li-like ions [4], but electron correlation effects areteraction, B3, is the spin-orbit interactionps, is the
much too big to be treated satisfactorily for lithium and thespin-other-orbit interaction proportional to the spin sum
lighter Li-like ions. Residual discrepancies between they, + 2s;, and Bs is the spin-spin interaction. Finite-
ory and experiment are often attributed to quantum electronyclear-mass corrections of ordér(a?/M) a.u. come
dynamic (QED) effects such as the Lamb shift, but sincgrom the mass scaling of these terms, cross terms with
other uncertainties in these calculations are as large as tiige mass polarization operator, and the relativistic recoil
QED effects themselves, there is no rigorous experimentabrmsA, and A first derived by Stone [10]. The spin-

basis for testing various proposed models of the QED shifigependent anomalous magnetic moment correction is
and the conclusions reached from such comparisons may

1
be misleading. Thus only hydrogen, and more recently (Hunom) = v{2Bsz + 5Bs. + 5BS. + 2B
helium [5-7] (and other analagous two- and three-body m -~
systems), are sufficiently well understood to make mean- T A3Z>' (@)
ingful comparisons for the QED shift in light atoms. with v = (a/27) + (—0.32847) (a/7)> + ..., and

In this Letter, we present comprehensive high—precisiorb(l) is a spin-other-orbit term proportional tq — s;
calculations for the low-lying states of lithium, including _>¢ P 5 prop 3 7
all finite nuclear mass and lowest-order relativistic effectézor2 doublet states—ma®3;.;(1 + 3s; - 5;)8(r;) =
due to the Breit interaction. The results provide a firm7 " ;> 8(r;;) and the spin-spin expectation val(s)
basis for assessing various estimates of the QED shift i§anishes. _
lithium, and by analogy in other low-atomic systems4 The above expectation values are calculated from non-
is the nuclear charge). relativistic wave functions expressed in Hylleraas coor-

The key to obtaining the necessary accuracy is the us@nates and solved variationally [2]. The Schrodinger
of fully correlated variational wave functions in Hyller- Hamiltonian in scaled center of mass plus relative coor-

aas coordinates, including the full optimization of multiple dinates is _ (

3
distance scales. Our previous results [2] yielded nonrela- g — — Z 1 V2 + Z) + Z(l _r Vv, - V,),
tivistic energies accurate to a few partslio>. Difficul- =\ 2 ri =i\rij M
ties in evaluating the more singular integrals required for 3)

the Breit interaction have now been overcome, resulting ifn units of 2R;,;, whereRy, = (1 — w/M)R», and u =
computationally tractible expressions for the integrals [8].mM /(m + M) is the electron reduced mass. The last
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mass polarization term is treated as a perturbation and thee presented in Table Il, together with a comparison
energy expanded in powers af/M up to order(u/M)>  with the previous work of Chungt al.[3]. For the
with the result spin-dependent operators, tbe= 3/2 components are
] . .
2h 2oy (—3) times the corresponding = 1/2 components. Our
Ep(1572575) 7478060323 6503(71) calculations have dramatically improved the accuracy
+ 0.301 842783 02(25) (u/M) of Chung’s [3] results by several orders of magnitude.
The most significant change is that the total relativistic
— 2
1499788 67(17) (w/M)", (4) correction to the ionization energy of the ground state
Ev(1s*2p?P) = —7.410156 531763(42) is —1.28089(1) X 1077 a.u., as compared with Chung’s
value of —1.258 X 1073 a.u. The change is 16% of our
+ 0.246738 887 5(70) (u/M) calculated QED shift. k
— 1.55884(14) (u/M)?, (5) With these results in hand, a comparison with experi-
. its of 2R Th Its | th ment for the residual QED shift becomes meaningful to
IN-UNIts ot 2%y ese results improve upon thos€.,q ¢ extent of the experimental accuracy. Two princi-
r?BO”’i? prewo_usly [11]. The corresponding result for thepal methods have been proposed to estimate the QED shift
Li™ 1s°7S core is [7] for many-electron atoms. In the first, the hydrogenic one-
Ey(1s21S) = —7.279913 4126693059 electron Lamb shift is evaluated at an effective vafiyg
for the nuclear charge. Various prescriptions have been
+0.28897578639399 (u/M) put forward to calculateZ.¢s, but, as will be seen, they
— 1.2773693776(2) (u/M)*>.  (6) tend to give Lamb shifts that are too small. The second
) ) . method is based on the formulation of Kabir and Salpeter
_ _In calculatln_g expectation values of the Breit operators[15], and extended to higher order by McKenzie and Drake
it is computationally advantageous to transform B¢  1¢] |t s similar in spirit to the method used by Indelicato
term to a less singular form, including finite mass correcypq pesclaux [17]. In essence, the electron-nucleus Lamb
tions as desc_rlbed by Drake [6]. Similarly tBefuncthn shift (AEy 1) is (nearly) the hydrogenic Lamb shift, except
term>; 5(r;) is replaced by the global operator of Hiller- 5 5 myitinlying factor ofz3/7n is replaced by the cor-
Sucher-Feinberg [12], including finite mass correctionsqct glectron density at the nucleus, and a corrected value
[6], in order to improve the rate of convergence with basis,, e Bethe logarithm is inserted. An electron-electron
set size. There then remains the evaluation of tWo typeg,nyripytionA £y , must also be included. The QED cor-
of singular integrals: integrals containimg” in the inte-  otion can then be written in the form
grands, which contain infinite expansions that converge as
slowly asY, k=2, and integrals more singular thagj>. AEqep = AEL + AEL, + AEL,, (7)
The rate of convergence must be improved for the first ’ ’ ’
type of integrals and reduction formulas must be used tevhereAE, ; is given by
cancel analytically the singularities for the second type of

integrals. The complete solution to these two problemsis, . _ 7 xEL(1s12) + EL(ndj)/n’ (5()
described in Ref. [8]. L1 ™= 73 X + 600/ i)Nsene -
The convergence of the Breit operators with the number 8)

of terms N in the basis set is shown in Table | for

the 1522525 state. In the table and foIIowing equations, x is the number ofis electrons andg (n€;) is the one-
8(r;) meansY;_, 8(r;) and &(r;;) meansY -, 8(r;). electron Lamb shift as recently discussed by Mohr [18],
A similar convergence study for thes>2p 2P, states is including the finite nuclear size correction. Fér> 0,
given in Ref. [13]. The complete matrix elements of thethe lowest-ordej-dependent part afy (rn€j) comes from
Breit operators for thels?2s%S and 1s22p 2P1/2 states the anomalous magnetic moment correction which has

TABLE |. Convergence of the expectation values of the Breit operators (in atomic units) fdsthes state of lithium with

infinite nuclear mass and ™! = 137.0359895(61). N is the size of basis set.
N B, X 105 B, X 105 Az X 105 <5(r,)) <6(I’,’j)>
51 —418.3522910 —2.33401528 —697.105 826 13.840926 910 0.548 95375
121 —418.3244008 —2.32201304 —697.103 101 13.842 222761 0.54542093
257 —418.3238439 —2.320146 16 —697.132304 13.842513 464 0.544 668 19
503 —418.3249596 —2.31970543 —697.143 641 13.842 634 369 0.54441115
919 —418.3224947 —2.319639 30 —697.140 568 13.842 608 088 0.544 356 64
1590 —418.3221032 —2.31962234 —697.140 587 13.842 608 125 0.544 34410
2626 —418.3221056 —2.31961956 —697.140703 13.842 609541 0.544 33062
Extrap. —418.3221205(79) —2.31961868(73) —697.140748(15) 13.842 609 642(55) 0.54432979(31)

775



VOLUME 81, NUMBER 4

PHYSICAL REVIEW LETTERS

27 JLy 1998

TABLE Il. Expectation values of the Breit operators and feterm for the 152525 and
1s22p P, states with infinite nuclear mass. Units are a.u.
Operator 1522528 15°2p°P1yy
B, —0.004 183221 205(79) —0.004 127280 433 2(90)
B, —0.000023 196 186 8(73) —0.000021 110238 5(48)
—0.000023 3% —0.0000213%
Bs, 0.000 004 014 992 20(99)
B3z —0.000 005 030 101 04(65)
Béle) 0.000 002478 3902(69)
A, —0.006971 407 48(15) —0.006 848916 194(77)
Asy 0.000001 799 199(82)
(8(r;)) 13.842 609 642(55) 13.676 19549(13)
(8(ri;)) 0.54432979(31) 0.53228142(51)
0.57¢ 0.559
0 0.021778(21) 0.0229975(88)
B,® —0.000709 541 080(80) —0.000 695 360 464(33)
—0.00070752 —0.0006933%

#Reference [3].
bB] = B] + Z7TCY2<5(I',)>/2

already been included through Eq. (2). The anomaloupart to a cancellation with the Licore. The numeri-
magnetic moment part ofy (nfj) must therefore be cal values areEp »(Li* 11S) = —0.25198 X 107> a.u.

omitted for ¢ > 0. The termAE., is the first-order

and Ep,(Li 22S) = —0.25831 X 107 a.u. However,

correction in al /Z expansion of the three-electron Bethe the contributions fromE ; EL , are important in bring-

logarithm

ing theory and experiment into agreement.

4 Z — o(snt) | Table IV lists the various contributions to tBés-22P;
AE L, = e ZIn 7 @D 1sne transition energies, and compares the sum with the recent
) high-precision measurements of Sansonettial.[19].

The contributions fromEy ;, EL,, and EL , all play an

with o (1s%2s25) = —0.00842(1) and _0(1S22p_ P) = important role in the comparison. The agreement with
0.00165(1) [16]. The *10% uncertainty assigned t0 experiment is within the estimated accuracy of these
AE,, is the dominant source of uncertainty in theterms, and is noticeably better than for the ionization
calcu_lation. Finally,.the two-electron QED shift from the gnergy in Table ll.  The total calculated QED energy
Araki-Sucher terms is shifts (excluding spin-dependent anomalous magnetic mo-
ment terms) ar®.2459(30) cm™! for the 2%, , state and
—0.0586 cm™! for the 22P1/2 state (relative to the [i
core). The difference of 0.3045(30) cm™! brings theory
and experiment into agreement for thés-2 %P transition

164

14
AEL’Z = a3<?Ina + F

14
)(5(1'1'1)) Y a0,
(10)
where theQ term is defined by
0 = (1/4) |im<ri;3(e) + 47 (y + Ine)d(rij)). (11)
€0 TABLE Ill. Contributions to the

y is Euler's constante is the radius of a sphere about 7.j(1522525), relative to’Li*(1s2S).
rij = 0 excluded from the integration, and a summation

ionization energy of

overi > j from 1 to 3 is assumed. Th@ term was a Contibution Value (a.u.)
major source of uncertainty in previous work [16]. The Nonrel. energy —0.198 146910981 0(71)
accurate variational values quoted in Table Il should bet/M 0.000016 501 717 748(20)
used in place of thd/Z expansion values used previ- g’r“é i]:[i)r?teractional’ _8.8888(1)228213332(%066)9(10)
ously. -Although thel/Z expansion forQ rapidly im- g i o ionao iy 0.000 000 009 44(14)
proves in accuracy with increasir#y it gives the wrong Ey L o 0.000001 391 73(8)

sign forZ = 3 due to numerical cancellation. A detailed " "3 —0.000 000 208(20)
analysis of the term in Hylleraas coordinates for three- g, 3 —0.000 000 063 249(38)

electron systems will be presented in a future publicationTotal

Table Il lists the contributions to the ionization en- lonization energy
ergy of Li(1s%2s25). It is clear that all terms are well Experiment 0.19814203(2)
established relative to the experimental accuracy, with thifference 0.00000006(3)
Bethe log screening correctioAE , being the domi- 2Jncertainty due to the finite nuclear size contribution of
nant source of uncertainty. The electron-electron termi.79(5) X 10~ a.u. for a nuclear radius @392 * 0.03 fm.
EL, turns out to be too small to be significant, due in PReference [14].
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TABLE IV. Contributions
magnetic moment.)

to thels?2s2S-1s22p %P; transition energies fofLi, in units of cm™!.

(Anom. mag.: anomalous

Contribution 228-2P1 )

228-22P;), Center of gravity

Nonrel. energy 14903.159 696 3(93)

w/M —2.11122546(12)
(u/M)? —0.000005 30(19)
Breit interactiona? 2.904 930(29)
Breit interactiona®u/M —0.000 094(41)
Anom. mag.a? —0.000 777 434 2(13)
Anom. mag.a’u/M 0.000000 034 8(17)
EL,, o’ —0.34795(1)

ELy, ab 0.0316(30)

Eirs, o’ 0.0118741(91)
Ers, a3 u/M —0.000002(13)
Total transition energy 14 903.648 0(30)
Experiment 14903.648 130(14)
Difference —0.000 1(30)

14 903.159 696 3(93)
—2.11122546(12)
—0.000005 30(19)

14903.159 696 3(93)
—2.11122546(12)
—0.000005 30(19)

3.239116(29) 3.127721(22)
—0.000 173(41) —0.000 147(31)
0.000 388 717 10(63) 0
—0.000000 017 38(83) 0
—0.34819(1) —0.34811(1)
0.0316(30) 0.031597(44)
0.0118741(91) 0.0118741(91)
—0.000002(13) —0.000002(13)

14903.983 1(30)
14903.983 468(14)
—0.0004(30)

14903.871 4(30)
14903.871 689(10)
—0.0003(30)

aReference [19].

with a residual discrepancy of only0.0001(30) cm™!.
The QED shift is in accordance with Feldman and
Fulton’s [20] result of —0.30 cm™! based on Hartree-
Fock wave functions. However, it is more than a factor
of 4 larger than the estimate of Chuagal. [3].

Since the Bethe log screening uncertainty cancels for

the 2°P;,-2%P5, fine structure splitting, the calculated
value is more accurate. The resuldi835273 1(4) cm™!
as reported previously [13].

In summary, we have obtained theoretical values for

all the lower order contributions to the energies of the
2251/, and2 2P, states of lithium with uncertainties close
to the experimental accuracy. This allows a definitive
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