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of Measuring Off-Shell Amplitudes
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For nearly fifty years theoretical and experimental efforts in nucleon-nucleon bremsstraNhing (
have been devoted to measuring off-shell amplitudes and distinguishing among VéNopstentials
on the basis of their off-shell behavior. New experiments are underway, designed specifically to attain
kinematics further off shell than in the past, and thus to be more sensitive to the off-shell behavior.
This Letter shows that, contrary to these expectations, and due to the invarianceSofridteix under
transformations of the fields, the off-sh@llv amplitude isas a matter of principlean unmeasurable
quantity inNNvy. [S0031-9007(98)06694-0]

PACS numbers: 13.75.Cs, 21.45.+v, 25.20.—X, 25.40.-h

The nucleon-nucleon bremsstrahlungMy) reaction, can be calculated and in which one can see rigorously
specifically p + p — p + p + 7y, was originally pro- exactly how the off-shelVN amplitude enters and why
posed [1] as a way of determining off-shell aspects of thet is not a measurable quantity.
nucleon-nucleonN) force and distinguishing among dif-  In the context of a nonrelativistic potential model one
ferentNN potentials. Since the original suggestion, therecan rigorously define and calculate, say, by solving the
have been many calculations (Refs. [2—5]), mostly in nonLippman-Schwinger equation, both an on- and off-shell
relativistic potential models. Recent experiments, e.g., [6]NN amplitude. To connect this off-shell amplitude with
unlike earlier ones, seem to show that within the contextVNy experiments one uses it in the external radiation
of contemporary potential models, off-shell effects are im-graph in which a photon is simply attached to the exter-
portant. However, most modern potentials seem to haveal legs, as in Fig. 1(a) and its permutations. Modern
similar off-shell behavior in the region which has been ex-calculations also include the so-called double scattering
plored, and thus it has not yet been possible to distinguishontribution [Fig. 1(b)], which is typically a (10—30)%
among potentials. contribution. The full NNy amplitude also involves a

New experiments under way [7] will provide data in piece with off-shell effects in the electromagnetic inter-
new kinematic regions and with much better accuracyaction, as in Fig. 1(c), which has been considered by only
than before. While there have been some new motivationa few authors [8].
to look at NN+, notably the fact that it may be a useful Another contribution is a contact term [Fig. 1(d)], which
probe of heavy ion reactions, these new experiments haweflects radiation from the charged lines interior to the
all been designed to explore kinematics further off shellstrong interaction and is necessary to preserve gauge in-
than before so that they will be more sensitive to off-variance. A simple example of such a contribution is given
shell effects. Thus a primary aim has been to distinguisltin Fig. 2. In a potential model it is impossible to calcu-
among potentials via their off-shell behavior, in accordlate such contributions rigorously. Even the most micro-
with the established expectations féNy. scopic potentials have a large number of phenomenological

The aim of this paper is to show that, in contrast to theseomponents, e.g., form factors, for which the underlying
expectations, in actual fact the off-shallv amplitude is  currents are not known. One can fix part of the lead-
unmeasurablén NNvy. This is truein principle and fol-  ing contribution to this contact term by some variant of
lows from the invariance of th& matrix under transforma- a soft photon approximation, and some explicit exchange
tions of the fields. This result has profound implicationscontributions can be calculated [4,5,9]. However, in most
for it means that much previous work &Ny, aimed at  potential model calculations most contributions of this con-
determining the off-shelVN amplitude and distinguishing tact term are just neglected.
among potentials, was in fact misguided. The principle is
general, and thu®/ Ny here serves as an example of the
unmeasurability of off-shell effects.

To make a convincing case for this result it is necessary
to understand in a qualitative way the ambiguities of the
usual nonrelativistic potential model approach. One must (@) (b) (c) (d)
also understand why t.hls result has nc_>t be_en nptlced n .thEIG. 1. (a) External radiation graph off shell at the strong
paSt. It turns out that inherent appI’OXImatlonS n pOtentIa ertex: (b) the double Scattering contribution: (C) a contribu-
models camouflage the effect. Hence, to proceed further,n off shell at the electromagnetic vertex; (d) the contact
simple field theory model is described in which everythingterm.
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efficients of the EOM terms in the Lagrangian, since one
é possible transformation would make all such coefficients
o~ . zero. Thus such terms must cancel exactly between off-
_— s _— s shell parts appearing in the diagrams of Fig. 1(a) and the
contact term of Fig. 1(d).
@) (b) There may also_ be off-shell contri_butions from parts of
the interaction which do not come directly from the EOM
FIG. 2. A typical contribution to the strong potential (a), terms in the Lagrangian. Such terms cannot be separated
leading to a usually neglected contribution (b) to the contacin the amplitude from the EOM terms and so cannot be
term of theNVNy amplitude. separately measured. Furthermore, they come from pieces
of the interaction which are already determined by on-
Before proceeding to more rigorous analysis it is im-shell information only.
portant first to get a qualitative understanding of the rea- It is interesting to speculate on why this scenario has
sons off-shell effects are unmeasurable. The off-skisll  not been realized in the past. In part it must be because
amplitude can be written schematically &s= T,, + it depends crucially on an understanding of cancellations
(p? — m®)Tysr, whereT,, is the on-shell amplitude and between the main terms and the contact term, which is es-
(p? — m®)Ty is the off-shell part which vanishes when sentially impossible to calculate in potential models and
the particle goes on shelh?> = m?. When this off-shell  so is usually dropped at the very beginning. Furthermore,
amplitude is put into the bremsstrahlung amplitude ofthe concept of field transformations and invariance of the
Fig. 1(a), however, th¢p> — m?) factor is exactly can- S-matrix under such transformations is really a field the-
celed by the propagator. Thus the part involvifyg looks  ory concept somewhat distant from the concepts familiar
just like a contact term and could have been included inn nonrelativistic potential model calculations. There have
the contact term. So there is an obvious ambiguity in thabeen, however, a few similar observations for related pro-
off-shell effects could be considered part of the externatesses. For example, Scherer and Fearing [12,13] showed
radiation diagram or part of the contact term. that off-shell effects did not contribute to Compton scat-
A second important observation arises from the fieldtering on the pion and others [14] have discussed similar
theory result [10] that it is possible to make transforma-concepts with respect to the pion-nucleon system.
tions on the fields in the theory, which will change the For completeness note that off-shell vertices are often
interaction, but will not change any physical quantity, insimply parametrized, rather than calculated from the inter-
particular anyS-matrix element. action. These parameters become a prescription account-
The third observation is that it is the terms in theing for unknown contact terms and other approximations
interaction proportional to the equation of motion (EOM) in the model, and clearly can be obtained from measur-
which are changed by such transformations [11]. In theable results. However, they bear no direct relation to the
present case the EOM generates (in momentum spacphysical’ off-shell amplitudes calculated directly from
and for spin zero particles) the off-shell factop?> —  the interaction which are being discussed here.
m?). Thus field transformations in effect can arbitrarily ~To make this qualitative understanding more rigorous,
change the coefficient of the off-shell contribution without consider a model which allows a complete calculation of
changing any of the physical results. the contact terms and in which it is possible to look at the
Now it is possible to understand in a qualitative senseeffects of field transformations explicitly. The standard
the problem with the off-shell contributions. At the potential model approach allows neither. The model is
simplest level there will always be an ambiguity in thesea simple field theory for spin zero particles, only one
off-shell terms because they can also be written as contacharged. With one minor exception to be discussed below,
terms. Usually such contact terms are dropped, so ongpin is really irrelevant. Thus the prototype reaction is
gets different off-shell dependences depending on howr* + 7 — 7% + 79 + y. Take as the Lagrangian for
much of the off-shell term is included in the terms kept. this reactionf = £, + L% + A£4, where
At a more fundamental level one can always make a F2
transformation of the fields which changes the coefficient £, = ~2 Tr[D,U(D*U)'] + —Tr(XUJr + Uy,
of the EOM terms in the interaction and, hence, the coeffi- 4
cient of the off-shellVN contributions to theVNy ampli-  p,, is a covariant derivativey involves the massed/
tude [Fig. 1(a)]. Since this transformation does not changeontains the pion fields via&/ = exdi7 - #/F,], and
the S-matrix it does not change the measurabléy am- £ 5 is the usual Gasser-Leutwyler Lagrangian [15]£,
plitude. Thus a measuredVy amplitude corresponds to contains the two allowed EOM terms as described in
any of an infinite selection of coefficients of the off-shell Ref. [16], namely,
part of the amplitude. It thus follows that such off-shell .
amplitudes are simply not measurable. ALy = piTHOON + B TH(xUT — UxHO].
Furthermore, since th&¥Ny amplitude cannot depend Here the £, EOM is O =0 = (D,D*U)UT —
on the transformation, it cannot depend at all on the cot/(D,D*U)" — yUt + UxT + 3 Tr(xyUT — Ux™).
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This is just the chiral perturbation theory Lagrangian inWhen applied to the field& in £, it generates a cor-
the meson sector through(p*). It should be strongly rection to the Lagrangian o (p*) given by 8§ £, =
emphasized, however, that the results here have nothing to, Tr(O O1) + a» Tr[(y Ut — Ux1)O], which has ex-
do with chiral perturbation theory as suchl is just an actly the same form a& £,. Thus, field transformations
effective Lagrangian which, throug@(p*), is the most can be used to change the coefficiegs and 8, ap-
general one satisfying gauge invariance and other apprgearing in the original Lagrangian to zero or to anything
priate symmetries. It is renormalizable to this order, butone wishes. Since such transformations do not affect the
depends on the parametersfj’~ and onB; and .. physical results, the bremsstrahlung amplitude calculated

Using this Lagrangian the fully renormalized, irre- with this Lagrangian cannot depend on the valuegpf
ducible amplitude for the elastic process™(p;) + and B,, which according to Eg. (1) are coefficients of
7(p2) — 7 (p3) + 7°(p4), with the charged pions off off-shell parts of the elastic amplitude.

shell is To see this in more detail, use this Lagrangian to calcu-
; | late the fullNN y amplitude. The fully renormalized, irre-
L = — |:T0(p1,p3) - — (A + A3)} ducible electromagnetic vertex far* (p;) — = (pys) +
Fg 3 (k) is given by [16]
8im2 16i
B2+ Ay + 198 , 168
3F Fy Urmy = —iee - (pi + pp)| 1 + F(Ai + Ap) |,
1 0
X | To(p1,p3) (A1 + A ——A2+A2},
[ o(p1, p3) (A ) 3 (A ) where as beforé\ = p> — m2. Note the off-shell part
(1)  ~PBi1. There are also corrections to the renormalized pion
propagator coming from £, [12]:

where To(fl,m) 25 To(Pl,Pz,Paz, p4) =2 S(p1 — pa)* +

(p2 — pa)?] — m; with A; = p; — mz. The tree level . ) ) 1681, , ) )

terms coming fromZ. S and the one-loop terms involving 2% (P) = (P* = m3) [1 * F (p” = mf)} i€,

L, twice will never be written explicitly. Such terms are

finite but irrelevant to the argument. The corrections to the renormalized propagator cancel
This amplitude involves an off-shell component, pro-exactly the off-shell part of the electromagnetic vertex.

portional to 8; and B,, coming from the EOM terms. This is a general result for spin zero particles and fol-

There are also a few off-shell contributions from the firstlows from the Ward-Takahashi identity [17] which im-

term, both proportional t¢A; + A3) and originating in  plies that at> = 0 the full renormalized propagator times

the momentum dependence buriedjn However, these the half off-shell electromagnetic vertex is equal to the

terms depend only on quantities available from the on-shefree propagator times the on-shell electromagnetic ver-

amplitude. tex (cf. Appendix A of Ref. [16]). Thus for spin zero
Now consider the most general field transformationbremsstrahlung one never needs to consider off-shell ef-

to O(p?) [13], U — exp(iS)U, where for arbitrary real fects at the electromagnetic vertex. For spin one-half par-

ay, ay, ticles there may be terms in the vertex involving magnetic
4 moments which are gauge invariant by themselves and so
S = F_lz [al@ — a2<)(UT — UXT are not constrained by the Ward-Takahashi identity [17].
0

These may give residual off-shell terms at the electromag-
1 T + " netic vertex which would be treated exactly as those at the
S T UT = UxH . strong vertex.

| Thus the amplitude for radiation from external legs is

ie € 3 € pi 2ie
Mz = — [T, — k- (p — — ~ “Se-(p3+
3= [To(p1, p3) (p1 ps)]<k Tps k- p1> 3 € (p3 + p1)

Sm%BQ} _ 64ief
F? 3Fg

8 [1 = BB Ty s — k- (pr — po)] - (€ - psk - ps =€ pik-p). (2

F3

The first term comes from the on-shell part of the strohgan the parameters of the interactiggy and 8,. The
amplitude. The rest arises from the off-shell part of thestandard argument of the usual approach would be that
strong vertex, which cancels the propagator denominatdsy measuring the&VNy amplitude and comparing it with

and thus looks like a contact term. the calculated,+; one could determingd; and 8, and
In this model the double scattering term [Fig. 1(b)] thus distinguish among different interactions.
would be a one-loop contributio®(p®). ThusM,;.s is This cannot be correct, however, since the field transfor-

the exact analog of what is calculated in a nonrelativistianations, which leave the measurable bremsstrahlung am-
potential model. It contains off-shell terms dependingplitude unchanged, can change the coefficightand 3,
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arbitrarily. Thus the off-shell component #f; .3, which The resolution of this problem depends on the renor-
in the spin one half case might come also from the electromalized contact term which can be calculated explicitly in
magnetic vertex, cannot be a measurable quantity. this model, unlike in the standard potential model calcula-
| tions. Itis given by

2ie [
— € - + 1 —
352 (p1 + p3)

+ 64i€,31

3F§

488,
F

5 [To(pi.p3) — k- (p1 — p3)] —
0

F47Ty =

8m2 B }
Fo

(e - p3k - p3 — € - pik - p1). 3

The B, and B, terms here cancel those iM,;; of | for what has now been some years of fruitful collaboration
Eq. (2) and the full amplitude is in fact independeni®@f on these and related topics.
andf; as it must be. In this case even the single off-shell
term appearing il which is independent g8, and 3,
cancels, though that is probably not a general result. The
final amplitude thus involves off-shell effects only via the _
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