VOLUME 81, NUMBER 26 PHYSICAL REVIEW LETTERS 28 BCEMBER 1998

Quantum Repeaters: The Role of Imperfect Local Operations in Quantum Communication
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In quantum communication via noisy channels, the error probability scales exponentially with the
length of the channel. We present a scheme of a quantum repeater that overcomes this limitation. The
central idea is to connect a string of (imperfect) entangled pairs of particles by using a novel nested
purification protocol, thereby creating a single distant pair of high fidelity. Our scheme tolerates general
errors on the percent level, it works with a polynomial overhead in time and a logarithmic overhead in
the number of particles that need to be controlled locally. [S0031-9007(98)08063-6]

PACS numbers: 03.67.Hk, 03.65.Bz, 42.50.—p

Quantum communication deals with the transmissiorthe distance between the nodes is presently limited by (a
and exchange of quantum information between distanfew times) the absorption length of the fiber [11].
nodes of a network. Remarkable experimental progress The theory of fault-tolerant quantum computing [12]
has been reported recently, for example, on secret keiynplies that any computation can be performed with
distribution for quantum cryptography [1,2], teleportation polylogarithmic cost in time and space [13], if the
of the polarization state of a single photon [3,4], and theerror probability for each gate operation can be made
creation of entanglement between different atoms [5]. Orsufficiently small. A special case of a computation is the
the other hand, first steps towards the implementation afansmission of information, for which these fault-tolerant
guantum logical operations, which are the building blockanethods must therefore have the same (or a better)
of quantum computing, have been demonstrated [6]. Imsymptotic complexity. An explicit scheme for quantum
view of this progress, it is not farfetched to expect thetransmission has been discussed by Knill and Laflamme,
creation of small quantum networks in the near futureusing concatenated quantum codes [14]. Their method
Such networks will involve nodes, where qubits are storedequires one to encode a single qubit into an entangled
and locally manipulated, and which are connected bystate of a polynomially large number of qubits, and to
guantum channels over which communication takes placeperate on this code repeatedly during the transmission
by sending qubits. This will open the possibility for more process. The tolerable error probabilities for transmission
complex activities such as multiparty communication andare less thari0~2, whereas for local operations they are
distributed quantum computing [7]. less thans X 1073. This seems to be outside the range

The bottleneck for communication between distantof any practical implementation in the near future. A
nodes is the scaling of the error probability with the lengthcrucial figure for any experiment will be the number of
of the channel connecting the nodes. For channels sugtarticles that can be manipulated locally in a coherent
as an optical fiber, the probability for both absorptionfashion, together with the precision with which such local
and depolarization of a photon (i.e., the qubit) growsmanipulations can be realized.
exponentially with the length of the fiber. This has In this Letter, we present a model ofi@antum repeater
two effects: (i) to transmit a photon without absorption, that allows the creation of an entangled (EPR) pair of par-
the number of trials scales exponentially with(ii) even ticles over arbitrary large distances with a tolerability of
when a photon arrives, the fidelity of the transmitted stateerrors in the percent region. Once an EPR pair is cre-
decreases exponentially with One may think that this ated, it can be employed to teleport any quantum infor-
last problem can be circumvented by standard purificatiomnation [15,16]. Our solution of this problem comprises
schemes [8—10]. However, purification schemes requirthree novel elements: (i) entanglemgnirification with
a certain minimum fidelityF i, to operate, which cannot imperfect meansncluding analytic results for the range
be achieved as increases. Furthermore, in any realisticand the working conditions of standard protocols; (ii) a
situation, the operations that are part of the purificatiormethod for creation of entanglement between particles at
protocol are themselves imperfect, and this defines distant nodes that uses auxiliary particles at intermediate
maximum attainable fidelity'max and limits the efficiency “connection points” and anested purification protocol;
of the scheme. For this reason, it is not obvious, first(iii) a scheme for which the time needed for entanglement
what the allowed error tolerances of local operations arereation scales polynomially whereas the required material
for entanglement purification to be applicable at all andresources per connection point grow ofdgarithmically
second, how the resources that are needed for purificatiomith the distance. Since our model is based on two-way
grow with the length of the channel. In the experimentsclassical communication, it is qualitatively different from
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quantum error correction. By exploiting this property weon the initial fidelity, the degradation of the fidelity un-
will obtain a higher efficiency and significantly more fa- der connections, and the efficiency of the purification pro-
vorable error tolerances. tocol. The total number of elementary pairs involved in
In classical communication, the problem of exponentialconstructing one of the more distant pairs of lengtlis
attenuation can be overcome by using repeaters at certalnM. On the second level, we connettof these more
points in the channel, which amplify the signal anddistant pairs at every checkpoifit, (k = 1,2,...) except
restore it to its original shape. Guided by these ideasat C;:,Cy;2,...,Cy—2. As aresult, we havd//L? pairs
for quantum communication, we divide the channel intoof length L? betweenA and C;-, C;> and Cy;2, and so
N segments with connection points (i.e., auxiliary nodespn, of fidelity =F,. Again, we needV parallel copies of
in between. We then creat¥ elementary EPR pairs these long pairs to repurify up to the fidelityF,. The
of fidelity F; between the noded and C;, C; and total number of elementary pairs involved in constructing
C,...,Cy—; and B, as in Fig. 1(a). The numbeN  one pair of lengthL.? is thus(LM)?. We iterate the pro-
is chosen such thaF,n < F1 < Fnax. Subsequently, cedure to higher and higher levels, until we reachritre
we connect these pairs by making Bell measurements &vel. As a result, we have obtained a final pair between
the nodesC; and classically communicating the resultsA and B of length N and fidelity =F;. In this way, the
between the nodes as in the schemes for teleportatidiotal numberR of elementary pairs will béLM)". We
[15] and entanglement swapping [15,17]. Unfortunately,can reexpress this result in the form
with every connection, the fidelit§’’ of the resulting pair R = N"%M+1 (1)

will decrease: on the one hand, the connection PrOCESThich shows that the resources grow polynomially with

involves imperfect operations which introduce noise; ONy o distanceV. A similar formula was obtained in [14]

the other hand, even for perfect connections, _the flclellt)for the overhead required in propagating the concatenated
decreases. Both effects lead to an exponential decreaa(aamum code. Note that depends only od, andM. In

of the fidelity Fy with N of the final pair shared between order to evaluate, we need to know the specific form

A andB. E"ef‘t“‘?”y' the Value.oFN d'rops belOWFm‘.”’ .. of the error mechanisms involved in the purification and
and therefore it will not be possible to increase the fidelity

by purification. The number of paits < A that may be connections, which in turn depend on the specific physical

connected by this method seems therefore to be restrict(%] sfrgﬁlnt?itgi?egf iﬂiﬁlizntgngfﬁgoer% etlanilsgenltre}r?nl,r dvé?
by the conditionF; > Fin. y 9 ’

Our proposal, theested purification protocotombines to estimateM, we will choose a generic error model for
Prop : P P imperfect operations and measurements.

.the mthOdS of entanglement swapping and p_ur|f|cat!on We definemperfect operationsn states of one or more
into a single (meta) protocol that circumvents this restric-

tion. For simplicity, assume tha&f = L" for some inte- qubits by the following maps:
gern. On the first level, we simultaneously connectthe , _, 0,p = pioisl, 4 1 — pi tripten,, (2
pairs (initial fidelity F;) at all of the checkpoints except 2
atCr,Cyr,...,Cy—r. As aresult, we hava//L pairs of ideal
length L and fidelity 7, betweend andC;, C; and C,;, p— Onp = p015" p + trio{p} ® 112, (3)
and so on. To purify these pairs, we need a certain NUMpe first of which describes an imperfect one-qubit op-
ber M of copies that_ we construct in parallel fashion. Wegration on particle 1, and the second an imperfect two-
then use these copies on the segmendC,,, C;, and  qubjt operation on particles 1 and 2. In these expressions,
Cy., etc., to purify and obtain one pair of fideliggF; on  pideal 5 the ideal operation, and; and I;, denote unit
each segment. This last condition determines the (avegperators on the subspace where the ideal operation acts.
age) number of copief that we need, which will depend The quantitiesp; and p, measure theeliability of the
operations. The expressions (2) and (3) describe a situ-
ation where we have no knowledge about the result of an

1 —ps

(a) () 09 ] error occurring during some operation (“depolarization”),
A C G B o8 Fimax T/ except that it happens with a certain probability— p;).
0.7 Any sequence of two one-qubit operations on the same
(b) o 0.6l Fnin qubit is equivalent to a single one-qubit operation, and is
1} 05 therefore described by a single parameier Similarly,
) ) . 4 . a sequence of a two- and a one-qubit operation counts
L i 03~ as a single two-qubit operation and is thus described by
T 03040506070809 1 p2. An imperfect measuremewin a single qubit in the
F computational basis is described by a POVM (positive-
FIG. 1. (a) Connection of a sequence &§f EPR pairs; (b) OPerator-valued measure) corresponding to
nested purification with repeated creation of auxiliary pairs; pg’ = n]0)0] + (1 — n)[1){1],
(c) “purification loop” for connecting and purifying EPR pairs. . (4)
Parameters are = 3, 5 = p; = 1, andp, = 0.97. P = qn1){1] + (1 — 5)]0){0].
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The parameten is a measure for the quality of the projec- works even in the presence of errors which we take into
tion onto the basis states. For example, for the siate  account. Connectinfj neighboring pairs as explained ear-
|0) (0| the measuring apparatus will give the wrong resultlier, one obtains a newL' pair” with fidelity
(“1™) with probability 1 — n = 0. A detailed discussion
of this and more general models for imperfect operations 1 3 (pfpz(4n2 _ 1)) 1(4F _ 1>L
will be given elsewhere [18]. With these error models,we Fp = — + —| ————— . (5)
. . 4 4 3 3

have a toolbox to analyze all of the processes involved in
the connection and purification procedures. For example,
the Bell measurement required in the connection can b&his formula describes an exponential decrease of the
decomposed into a controlletbT (CNOT) operation, ef-  resulting fidelity, unless both the elementary pairs and
fecting, e.g.,[0)]0) = |1)]|1) — (|0) = |1))]0), followed all of the operations involved in the connection process
by two single-qubit measurements. are perfect. There are several possibilities to do the

The basic elements of the nested purification protocopurification, and we first analyze the scheme introduced
are (i) pair connections and (ii) purification. In the fol- by Bennettet al.[8] in the case of imperfect gate and
lowing we analyze these elements using the error modelsieasurement operations. In short, the scheme takes two
introduced above. Assume now that all of the pairs inadjacentL pairs of fidelity F, performs local (1-bit and
Fig. 1(a) are in Werner states (see [8]). These states cahbit) operations on the particles at the same ends of the
be produced using depolarization (as in Ref. [8]) after eaclpairs, and obtains with a certain probability,.. a new
connection and purification process. This depoIarizatWorpair of fidelity

o [F2 + (5521002 + (1= 2] + [FCSE) + (920020010 — )] + (% o
[F2 + 5F( = F) + 51 = FPIm> + (1= m2] + [FO50) + (521800 — m)] + 405 %)

-3
2
8py

The value ofpgcc is given by p3 times the denominator from F, the fidelity F, after connectingl pairs can be
of this expression. For perfect operationg,= 1 and read off from the curve below the diagonal. Reflecting
p2 = 1, (6) reduces to the formula given in Ref. [8]. this value back to the diagonal line, as indicated by
Figure 1(c) shows the curves for connection (5) andhe arrows in Fig. 1(c), sets the starting value for the
purification (6) for a certain set of parameters. Thepurification curve. If F; lies within the purification
purification curve has three intersection points with theinterval, then iterated application of (6) leads back to the
diagonal, which are the real fixpoints of the map (6). Ininitial value F (staircase). Once the initial valug is
addition to the trivial point atF = 1/4, there are two reobtained, we havev/LF pairs and we can start with
nontrivial fixpoints. The upper pointFn. < 1, is an  the levelk + 1. In summary, each level in the protocol
attractor and gives the maximum value of the fidelitycorresponds to one cycle in Fig. 1(c). Note that if, in
beyond which no pair can be purified. Note also thethe loop, F, = Fnn then purification is not possible.
existence of the minimum valug,, > 1/2. Together, Being polynomial inF, the lower curve gets steeper
they define the interval within which purification is and steeper neaF = 1 for higher values ofL. From
possible. The limiting situatio'.x = Frmin defines the this, one sees that for a given starting fidelfty there
threshold for the applicability of the purification protocol. is a maximum number of pairs one can connect before
For all pairs(p2,n) for which there is only one real purification becomes impossible.
fixpoint (at F = 1/4), the imperfections of the local For the resources we obtaitd = [],m2/pm)
operations introduce more noise than one gains from thehere p;ggc is the probability of obtaining the required
purification, so the scheme breaks down. For examplegutcome (00 or 11) in the measurement at théh
for n = 1 the threshold is ab, = 0.95; that is, thecNOT  purification step. The total number of stepgya, is the
gate must work with a reliability 095%, at least. Please same as in the staircase of Fig. 1(c).
note that the fixpoints and the threshold condition can In Fig. 2(a),M is plotted against the working fidelity.
all be given analytically from (6). The connection curve, Because of the discrete nature of the purification process,
which looks like a simple power in Fig. 1(c), stays belowthe fidelity of the repurified pairs need not be exactly the
the diagonal for all values of betweenl/4 and1. The same on each nesting level. The working fidelity is thus
offset of this curve af" = 1 from the ideal valug®’ = 1  defined as the fidelity maintainemh averagewvhen going
guantifies the amount of noise that is introduced througlhrough different nesting levels. The error parameters for
imperfect operations in the connection process. this plot aren = p; = p, = 0.995. One can see that
With the above results, we can now analyze the nestethere exists an optimum working fidelity of abo094
purification protocol. Let us consider a given levein  which requires a minimum number of about 15 resources.
this protocol, where we hav®¥ /L*! pairs of fidelity F A purification protocol that converges faster and
each. The two-step process connection-purification catherefore involves less parallel channels was proposed
now be visualized as follows [see Fig. 1(c)]. Startingby Deutschet al.[9]. We have employed this protocol,
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100 15 Fig. 1(b). Here, the dependence of the fixpoint on the
(@) (b) form of the auxiliary pair becomes quite important: When
& 10 we use our method together with the recurrence protocol

M so M of Ref. [8], which is based on Werner states, the fixpoint
5 F(m) is too small and the nesting condition cannot be

% satisfied for anyL = 2. On the other hand, the nesting
T ] BTy TR condition can _be satisfied if we adopt a similar sequence

F = of local operations as in Ref. [9], which does not involve

a depolarization to Werner states.
FIG. 2. M (see text) versus working fidelitif’. (a) Realiza- Using this method, the vertical axes in Fig. 2 are

tion of the repeater with the aid of the purification schemes of i i
Refs. [8] (upper curve) and [9] (lower curve). The error IDroba_essentlally translated into temporal resources [18]. On

bilities of all operations are 0.5% (error parameters 0.995), an?he other hand_, the number OT par.tlcles at each. hode
L =2. (b) Lower curve in (a) for different error probabilities. [Se€ Fig. 1(b)] increases by unity with every additional
From bottom to top0%, 0.25%, 0.5%, 0.75%, 1%. nesting level, and thus depends only logarithmically on

the distance between the initial and the final node. In
the context of a quantum optical implementation [19], for
using imperfect operations (2)—(4). As is demonstrategxample, this would correspond to the number of ions that
in Fig. 2(a),M can be reduced by a factor of the orderneed to be controlled in a cavity at each node [20]. Note,
of 10. Since this number has to be taken to #ith  however, that this method requires perfect memory during
power, this reduces the number of total resources thahe process. In this particular implementation, the storage
are required at each connection point by many orders adecoherence time is orders of magnitude longer than the
magnitude. In Fig. 2(b)M is plotted versus the working estimated duration of the process [20].
fidelity for different error parameters. One can see that This work was supported in part by the Austrian
for errors in the one percent region, a working fidelity Science Foundation, and by the TMR network ERB-
can be maintained with, on average, figairs on each FMRX-CT96-0087.
nesting level. We note that the procedure also works
for error probabilities up to abo®%, but the number of
purification resources gets larger.

. . *On leave from Institut fir Theoretische Physik, Uni-
In the remainder of this paper, we propose a method versitdt Milnchen, Theresienstrasse 37, D-80333

for which the resources grow only logarithmically with Manchen, Germany.

the distance, whereas the totahe needed for building 1] \v. Tittel et al., Phys. Rev. Lett81, 3563 (1998).

the pair scales polynomially. Imagine that we purify a 2] w. T. Buttler et al., Phys. Rev. Lett81, 3283 (1998).
pair not with the help of\ copies, but instead with one [3] D. Bouwmeesteet al., Nature (London}390, 575 (1997).
auxiliary pair of constant fidelitym, that is repeatedly [4] D. Boschiet al., Phys. Rev. Lett80, 1121 (1998).
created at each purification step. The purification with [5] E. Hagleyet al., Phys. Rev. Lett79, 1 (1997).

the help of such a pair leads to a maximum achievable[6] C. Monroeet al., Phys. Rev. Lett75, 4714 (1995); Q.A.
fidelity Fra(o) that depends on the value af, and, Turchetteet al., ibid. 75, 4710 (1995).

more generally, on the state of the auxiliary pair. This [7] L.K. Grover, quant-ph/9704012.

purification method is different from the standard schemes!8] C.H. Bennetiet al., Phys. Rev. Lett76, 722 (1996).
[8,9], and the purification limitFuay is usually smaller [2] D-Deutschet al, Phys. Rev. Lett77, 2818 (1996).

i [10] N. Gisin, Phys. Lett. A210, 151 (1996).
than for the deSItII.Ia.tIOI; mefthOd' In_ th.e Iconte)ﬁt %f the[ll] For optical fibers, this length is typically 10 km (see [1]).
repeater protocol, itis therefore n@priori clear Whether 1151 p_shor, quant-ph/9605011; A. M. Steane, Phys. Rev. Lett.

the fidelity that is lost by the connection process can be ~ 7g 2252 (1997).

regained with this_ metho_d. o o [13] E. Knill, R. Laflamme, and W. Zurek, Scien@¥9, 342
When connecting. pairs of fidelity 7 as in Fig. 1(b), (1998); D. Aharonov and M. Ben-Or, quant-ph/9611025;
we obtain a resultind. pair of fidelity =9 = F.. In the A.Yu. Kitaev, Russ. Math. Sunb2, 1191 (1997).

first step, this pair is swapped to two auxiliary particles[14] E. Knill and R. Laflamme, quant/ph-9608012.

at the ends of thel pair, as indicated by the arrows [15] C.H. Bennetiet al., Phys. Rev. Lett70, 1895 (1993).

in Fig. 1(b). In the next step, ah-pair of fidelity [16] C.H. BenneFtet al.,Phys. Rev. A54, 3824 (1996).

is again created by using the same string of particlefl?] M. Zukowskiet al., Phys. Rev. Lett71, 4287 (1993).
as before, which is now used to purify the pair stored8] Vﬁ./%ggzt:g.,quant-ph/9808065; G. Giedlat al., quant-
between the auxiliary particles. This procedure can b P :

. . o 19] S.J. van Enket al., Phys. Rev. Lett.78, 4293 (1997);
iterated and thus the stored pair be purified back to th ] Science279 205 (1998)%/ ( )

fidelity F given that the nesting conditiofinax(FL) > F [20] For a distance 01280 km and a local node every 10 km
is satisfied.If this is the case, then the same procedure can ~ [11], this amounts to, e.g.7 = log,(128) particles per

be applied at higher levels, thereby purifying correlations  node and an estimated purification time of less than
between more and more distant particles as indicated in 1 s [18].

5935



