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Quantum Mechanical Effects on the Static Structure Factor
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Neutron diffraction results on low density orthodeuterium gas at four densities along the 36.0 K
isotherm are reported. The zero-density limit of the Fourier transform of the pair correlation function
of this quantum mechanical system has been derived and computed both classically and quantum
mechanically using a recently proposed intermolecular isotropic potential for hydrogen. The pure
quantum effects on the static structure factor of the deuterium pair, mainly due to the diffraction of
Boltzmann particles, have been thus measured. The comparison between experimental and theoretical
results confirms the inadequacy of the classical description, while the quantum mechanical calculation
gives a good account of the structural properties. [S0031-9007(98)07976-9]

PACS numbers: 51.90.+r, 34.10.+x, 61.12.—q

In an isotropic fluid ofV spherical particles contained in gon [2—4]. Moreover, measurements of the dependence
avolumeV at a temperaturg, the pair correlation function of S(k) on the densityn have allowed the extraction of
g(r) can be written as a series expansion with respect tél,(k) and H(k) [2,3]. In those experiments the argon
the number density.. In particular, for sufficiently low gas was maintained &t = 140 K, therefore classical sta-
density, only the first two terms of the series need to bdistical mechanics applied satisfactorily for the description

retained, giving [1] of the sample properties. In the classical limgif(r) is
5 given by g.(r) = exd— ¢ (r)/kgT], where ¢(r) is the
g(r) = go(r) + ngi(r) + 0(n°), (1)  pair interaction potential ankls the Boltzmann constant.

. Hence an experimental determinationHf(k) and conse-
wherer = |r; — r,| andr, andr, are the position vectors g ently of g,(r) gives the possibility of direct experimen-
of particles 1 and 2go(r) is the zero-density limit, which 15| jetermination of the pair interaction potential [2].
is completely determined by the pair interaction, while \yhen the deviations from classical behavior are signifi-
g1(r) is the three-body correlation term, which contains,cant o quantum mechanical approach has to be applied.
in principle, also the correlation induced by the irreducible \yay of considering theoretically these effects has been
three-body interaction.  Similar to Eq. (1), the quantity yresented in Ref. [5] and consists of calculating the en-

H (k) defined as ergy eigenfunctions for the relative motion and summing
S(k) — 1 i the appropriately weighted probability densities over all
Hk) = — — = / dr exp(—ik - r)[g(r) — 1], eigenstates. In particular, for an isotropic quantum me-

) chanical system composed of molecules with internal de-
grees of freedom that do not couple with the translational

whereS (k) is the static structure factor arkdis the wave  motion, go(r) is given by [5]

vector, can be expanded with respect to density, i.e.,

go(r) = 4V2 XD P, > Wi(r)exp—H /kgT)W,(r),
i J
(6)

whereH and¥;(r) are the translational Hamiltonian and
Ho(k) = / dr exp(—ik - r)[go(r) — 1], (4) translational wave function of the relative motion of the
two particles, respectively, whilé = h/(QamkzT)"/? is
the thermal wavelength of the molecule of masst the
Hq(k) = / dr exp(—ik - r)g((r). (5) temperaturd’. The Boltzmann factorg;, normalized ac-
cording toy ; P, = 1, account for the internal states of the
Recent large and small angle neutron diffraction experitwo particles. In this case a measurementlgtk) gives
ments have permitted high precision determinations of théirect and relevant information on the quantum mechanical
structure factors (k) of diluted monatomic gases, e.g., ar- behavior of the considered pair, which is contained in the

H(k) = Ho(k) + nH,(k), 3

where
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wave functionW;(r). To this end, starting from Eq. (6),  The neutron scattering experiment was performed at
Ref. [5] shows that the quantum mechanigglr) can be the D4B diffractometer of the Institute Laue Langevin
written in a form which separates the quantum diffrac-(ILL) in Grenoble, at four densities (1.47, 1.79, 2.13, and
tion effects of Boltzmann particles from the quantum effect2.77 molecules nm?), along thg36.0 + 0.5) K isotherm.
of symmetry properties, related to either Bose-Einstein oiffhe orthodeuterium gas was contained in a cylindrical
Fermi-Dirac statistics, as vanadium vessel (outer radius 10 mm, wall thickness
_ 0.2 mm, and height 70 mm) mounted on an ILardnge
] go(r) = gs(r) + gS_(r?’ 0 cryostat! The equilibrium concentration of the ortho-
where g(r) is the Boltzmann statistics terngs(r) con-  geuterium species at 36 K is 88%, approximately, and
tains the symmetry effects, and its attainment was speeded up by the presence of a solid
* * catalyst made of GOs;-yAl,O;. The temperature and
gs(r) = > ai(r), gs(r) =y > (=D'gi(r), (8) pressure were measured continuously and were stable
_ 1=0 =0 within a few parts per thousand. The incident wavelength
with was Ao = 0.7037 A and the diffractometer was in its
1 * standard configuration, i.e., with twidde multidetectors,
3(1 +y) =D P;. (9)  the first one at 1.50 m from the sample position and
the second at 0.75 m. The measurements were taken in
The plus and minus refer to summation over states thatpeated runs to judge the stability of the experimental
are symmetrical and antisymmetrical upon interchange ofetup. The data were corrected for background, multiple
the two molecules, respectively. Hefds the value of scattering, attenuation effects, and incoherent and inelastic
the relative angular momentum of the pair, while(r)  scattering following a procedure already successfully
consists of a contribution from both the continuum andadopted in previous cases [2,6]. Also, an effective
bound states of the pair, i.e., correction for replacing the nominal scattering angle by

V2 A3 fxdk o ex;< A2k2> Fu)l the average scattering angle was applied [2], and finally

gir) = @ +1) =3 o the data taken with the two detectors were matched in the

overlap region. The high-intramolecular contribution
V2 A3 ) ) to the cross section was used for calibration purposes and
+ @20 +1) - D exp(—Eu/ksT)IRu(r)”.  then the center of mass structure factors derived. (The
" (10) data analysis details will be published elsewhere.) In

Fig. 1 the resulting experimental center of mass structure
The first term in Eqg. (10) is the contribution from factorsS(k) for the four densities are shown. The statis-
the continuum states,(r); the second term is the tical uncertainty of the finab(k) was less than 0.4% for
contribution from the bound staté,;(r) of the pair, and all the densities and over the entirgange investigated.
the sum is over all the bound states of enekyy for a
given value ofl.
In this Letter we report the results of neutron diffrac- ;5

tion measurements in low density gas from which the \ ' ' ' '
Hy(k) of an interacting quantum mechanical system has T :‘ - T
been evaluated for the first time. We then compare the | [ % i, i
experimentalH,(k) with the theoretical one derived by . i ﬁ’”’ %‘k - ]
Fourier transformation of thgo(r) — 1] calculated from 1.00 : § i %g,@»ﬁ‘uﬂ“‘%«
Egs. (7)—(10). The investigated quantum system is gas-_ [ ,55’ ’,gf‘ it ]
eous orthodeuterium &t = 36 K. Several reasons have & = | E A ]
motivated this choice. First, the orthodeuterium molecules oo |- B S -
in their J = 0 rotational state interact with an isotropic I ”wﬁf

potential like atoms do, therefore the theoretical approach ** [ RN i
outlined previously applies and the states of the pair can o0 | nas 4
be calculated neglecting the anisotropic potential contribu- i

tion, which is small anyway. Moreover, at that tempera- ", 5, .

ture the symmetrys(r) contribution tog(r) is negligible
for deuterium [5]; therefore only the quantum behavior of
the Boltzmann particles is detected and studied in this cas€!G. 1. Experimental center of mass static structure factors
Finally, the choice of deuterium allows a more accurate des (k) of orthodeuterium af” = 36 K for the four investigated
termination ofHo(k) because of the favorable Coherent/denSItleS' Circles, squares, diamonds, and stars, Iabe_l_ed as
. . - . ; curves a, b, ¢, and d, correspond to numerical densities
incoherent Scatterlng cross section ratio with reSpeCt tQ = 1.47, 1.79, 2.13, and.77 molecules nrﬁ3, respective|y_

hydrogen. Error bars, where not discernible, are within the symbol sizes.

k [A7]
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The correspondingd (k)'s have been evaluated from with the classical curve shifted towards highieralues.
Eq. (2). For eacl value theH (k) data showed, as a func- On the contrary, experiment and quantum results agree
tion of n, a linear behavior within the experimental uncer-fairly well in almost all the investigated range. In
tainties. We therefore estimated the coefficigfgtk) of  particular, the phase displacement between classical and
Eq. (3) from a weighted, linear in the density, least-squareguantum results shown in Fig. 2 can be interpreted quali-
fit to the H(k) data. The resultinddy(k) is reported in tatively supposing that, at this temperature, the quantum
Fig. 2. effects roughly imply an enlarging of the classical mole-

As far as the theoretical approach was concerned, theule size by about 3%. The pure quantum mechanical
guantum mechanical calculation gf(r) has been per- response of the system, due to the wave function distribu-
formed in two steps. First, the eigenfunctions were gention present in Eq. (6), is shown in Fig. 3, where the dif-
erated by numerical integration of the radial Schrodingeference between classical and quantHgik) is reported
equation for the interacting orthodeuterium pairs, similarlytogether with the corresponding difference between classi-
to what was done in Ref. [5].go(r) was then calculated cal and experimental results. The two curves are in satis-
from Egs. (7)—(10) using a computer code [7] and assumfactory agreement for most of the investigatedange,
ing, for the isotropic part of the interaction potential of thus confirming the capability of the performed quan-
orthodeuterium pairs, the empirical form given by Schaetum mechanical calculation in reproducing the structural
fer and Kohler [8]. The parameter defined in Eqg. (9) properties of deuterium. Some significant differences be-
assumes in orthodeuterium the valiy®. The chosen in- tween experiment and quantum theory are evident only
teraction potential has four bound states and one resonander k < 0.5 A~!, where Hy(k) increases sharply toward
Estimates based on repeated calculations with varying radhe compressibility value &t = 0.
dial grid size, free state energy increments, and truncation In conclusion, we have reported accurate experimental
points of the partial wave summations, suggest that the nuand theoretical determinations of the zero-density limit of
merical precision of the resulting radial distribution func- the Fourier transformation of the pair distribution func-
tion go(r) amounts to better than 1%H,(k) was finally  tion of orthodeuterium at 36 K. At that temperature the
obtained by Fourier transformation g§(r) — 1. quantum behavior of orthodeuterium pairs is appreciable

In order to assess the importance of the quantum efand mainly due to the diffraction of Boltzmann patrticles,
fects, we have calculated a classid@}(k) by Fourier while symmetry effects are almost negligible. The com-
transformation ofg.(r) — 1 and by using the same pair parison between neutron scattering data and theoretical
interaction potentiat (r) [8] already chosen in the quan- results confirms the extent of the quantum effects and, con-
tum calculations. Classical and quantum resultsfglk)  sequently, the clear inadequacy of a classical picture to rep-
are displayed in Fig. 2. The comparison between mearesent the structural properties of this system. Moreover,
sured and classical results shows a significative disagred-the quantum mechanical scheme introduced in Ref. [5]
ment between the two sets of data in all the exploredor computingg,(r) and a realistic isotropic intermolecu-
k range, which results mainly in a phase displacementiar potential are used, a satisfactory descriptiofgffk) is
obtained, with small discrepancies showing up at the lower
investigatedk values. More accurate experimental and
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FIG. 2. Hy(k) of orthodeuterium af" = 36 K. Circles with 0 1 2 8 4
error bars: experimental data obtained from a weighted, linea k A7

in density, least-squares fit to thié(k) data; continuous and

dashed lines represent quantum mechanical and classical resuif5. 3. Difference between classical and experimental (circles
(see text). The pair interaction potential of Ref. [8] has beerwith error bars) and classical and quantum mechanical (line)
used for the theoretical curves. Hy(k) for orthodeuterium af’ = 36 K.
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