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Acoustic Phase Conjugation in Superfluid Helium
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We present the first experimental observation of phase conjugate (PC) second sound (SS) w
in superfluid helium. The main feature of a PC wave is that its phase is complex conjugate to
incident wave phase. It is generated and amplified as a result of nonlinear interaction between
incident SS wave and a first sound (FS) pumping wave. At FS amplitudes larger than the thresh
value, a parametric instability, i.e., spontaneous decay of a FS wave into two SS waves, takes p
Three main, theoretically predicted, features of phase conjugate waves were verified experiment
[S0031-9007(98)08054-5]

PACS numbers: 43.25.+y, 67.40.Mj, 67.40.Pm
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Phase conjugation (PC) is the process of nonline
wave interaction in which the phase of an output wa
is complex conjugate to the phase of an input wave. T
nonlinear medium which generates this process is calle
phase-conjugate mirror. A PC mirror has several uniq
properties compared to an ordinary mirror. It reflects
incident wave back for any incident angle. The conjuga
wave can have a larger amplitude than the incident o
But it is this time-reversed phase property of the reflect
wave that makes optical PC so potentially useful for a ho
of interesting applications, and particularly for correctio
of wave front distortions [1].

One of the common realizations of PC in optics
the mirror based on four-wave (4W) interactions [1
But the 4W interaction is not the sole mechanism f
obtaining PC. It can also be realized through thre
wave (3W) interactions. In this case, PC has be
observed in various wave systems manifesting sufficien
strong nonlinear interactions, e.g., microwaves [2] a
acoustic waves [3]. In fact, the first observation o
PC was made in acoustics, as a result of the nonlin
interaction between sound and electromagnetic wav
long before the observation of optical PC [3]. PC i
acoustics results from the interaction between sou
waves and the various types of collective oscillations
solids. Interaction of sound waves (either longitudin
or shear) with electromagnetic waves in piezoelectrics
magnets, the phonon-plasmon interaction in piezoelec
semiconductors, and the interaction of electromagne
waves and spin waves in magnets are a few of ma
examples. At large enough amplitudes of an external fie
these systems exhibit a space-homogeneous param
instability. That is, an externally driven wave is unstab
with respect to generation of pairs of waves propagati
in almost opposite directions and having almost a h
driving frequency.

We recently reported the first experimental observati
of the decay of one phonon of first sound (FS) into tw
phonons of second sound (SS) via a parametric instabi
in superfluid helium [4]. This effect was theoreticall
predicted over 20 years ago [5]. In the parametr
0031-9007y98y81(26)y5812(4)$15.00
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process, a FS phonon with wave vectorK and frequency
V decays into two phonons of SS with wave vectorsk1
andk2 and frequenciesv1 andv2. The new SS phonons
are produced in adherence with energy and moment
conservation (resonance conditions):V  v1 1 v2 and
K  k1 1 k2.

Both types of acoustic excitations, FS and SS soun
in superfluid helium, have linear dispersion laws:V 
c1K and v1,2  c2k1,2, where c1,2 are the first and
second sound velocities, respectively [6]. The FS veloc
is much larger than that of SS waves, particularly
the vicinity of the superfluid transition:h  c2yc1 ø
1. Therefore, parametrically generated SS waves ha
almost half the frequency of the FS wave, and their wa
vectors are almost opposite.

The PC phenomenon of SS waves in superfluid heliu
can be observed below as well as above the parame
instability threshold. An incident SS wave with half th
frequency of the FS wave can be amplified by a F
pumping wave, generating a PC wave in the oppos
direction. This Letter will describe the first experimenta
observation of this effect below the instability threshold.

Two main factors distinguish our system from th
common manifestation of PC in optics. First, PC in optic
is usually examined only below the onset of spontaneo
oscillations (instabilities), which is unattainable at th
currently available laser intensity [1]. Second, optic
systems are of very low dissipation, so thatl ¿ L, where
L is the system’s size, andl  cyg is the dissipation
length with g being the SS waves attenuation [6
Our system is in the range oflyL $ 1 depending on
temperature [4], so the dissipation is of crucial importan
for conjugate wave generation.

Two linear (in respect to the incident and conjuga
waves amplitudes) problems can be formulated in rega
to the parametric instability of FS: (1) Determinatio
of the threshold of spontaneous SS wave generat
via a 3W interaction process; (2) the generation of th
conjugate SS wave below the instability onset due
nonlinear interaction of the incident SS wave with the F
pumping field.
© 1998 The American Physical Society
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The first problem, studied by us in [4], deals with
the spatially uniform, rotationally invariant state in a F
resonance cavity. The instability occurs at the followin
value of the FS amplitude [4,7–9]:

ath 
g

U
z

s∑
1 1

µ
j

l
L

∂2∏
. (1)

Here,z  1y2 or 1y
p

2 at Vh2yg ¿ 1 or ø 1, respec-
tively [7–9], U is the interaction amplitude of the FS an
SS waves, and the value ofj depends on the ratiolyL
and lateral reflection coefficient [4].

The second problem is related to a system with
rotational invariance externally broken by the incident S
wave having spatially dependent amplitude. Here, t
relevant question is the following: What is the amplitud
of the conjugate SS wave which is generated as a resul
a 3W interaction? Depending on the boundary conditio
and the valuelyL for the same cell geometry, this problem
can be described in two ways. One method is to consid
the problem similar to PC in optics, i.e., an inhomogeneo
problem for the space-dependent amplitude distributi
of the probe and conjugate waves in a resonance cav
with dissipation. The second method is to consider
homogeneous problem for the probe and conjugate wa
with linear decay. As our calculations and compariso
with the experimental data show [8], the second approa
is relevant to our experiment. This is due to the relative
large dissipation and, particularly, due to the nonreflecti
lateral boundaries. Thus, the nonlinear process of PC wa
generation via 3W interaction is described by the followin
set of linear equations:

f≠y≠t 1 g 1 iv1gb1 1 iUabp
2  0 ,

f≠y≠t 1 g 2 iv2gbp
2 2 iUpapb1  0 .

(2)

Here, incident and conjugate SS waves have amplitudesb1
andb2 and frequenciesv1 andv2, respectively. v1,2 
Vy2 6 d, whered is the frequency shift of the parametri
cally generated SS waves. The nonlinear power refle
tion coefficient,r  jb2s0dj2yjb1s0dj2, is obtained from
Eqs. (2) as

r 
jUaj2

g2 1 d2 . (3)

Here, b1,2s0d are the amplitudes of the incident and re
flected SS waves, respectively, at the entrance to the c

In order to describe experimental data by Eq. (3
obtained in a finite lateral geometry FS resonance cav
one can rewrite Eq. (3) by incorporating Eq. (1) in th
following form:

r 

µ
a

ath

∂2 z 2f1 1 sjlyLd2g
1 1 sdygd2 . (4)

This approach is justified in the linear regime below th
parametric instability threshold. The effective attenuatio
G  g 2

p
jUaj2 2 d2 tends to zero at the threshold
S
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and becomes negative above it, causing the SS w
amplitude to diverge exponentially. Saturation occurs d
to higher-order nonlinear effects of SS wave interactio
[7–9]. This regime will not be considered here.

The main theoretical predictions for PC waves gener
ted parametricallybelowthe onset are as follows.

(1) The amplitude of the conjugated SS wave
proportional to (a) the FS amplitude at fixed value o
the frequency shift and (b) the amplitude of the incide
SS wave.

(2) The sum of the phases of one FS and two S
waves involved in the resonance interaction isf 1 f1 1

f2  py2. For a pair of SS waves this leads tof1 1

f2  const.
(3) The power reflection coefficient has a Lorentzia

shape, as a function of the frequency shift, with a wid
equal to the SS wave linear attenuation.

The experimental setup consisted of an open FS re
nance cavity formed by two round FS capacitive tran
ducers of 52 mm in diameter held 2.8 mm apart (Fig. 1
The resonance cavity has a quality factor ofQ ø 150
for the main resonance that allows it to reach large F
amplitudes and to neglect the influence of all other acou
tic cavity modes. The cell was laterally open, and se
eral layers of crumpled paper were placed around the c

FIG. 1. Experimental cell and geometry of FS and SS wav
propagation.
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to absorb acoustic and thermal waves. The first res
nance FS frequency,Fp, of the cavity was in the re-
gion of 39.4 kHz with a slight temperature variation i
the vicinity of the superfluid transition temperature,Tl.
The cell was placed into a container, filled with approx
mately 300 ml of He4, and vacuum sealed. A three-stag
temperature regulated cryostat, having its acoustic cell
the third stage, was used [10,11]. In the experimenta
investigated temperature range1024 , t , 1023, where
t  sTl 2 T dyTl, the cell had a temperature stability o
approximately0.1 mK, achieved by using a phase of SS
as a thermometer in the SS phase-locked technique [12

The greatest technological challenge behind constru
tion of the new cell was the development of the fibe
bolometers and heater [13]. Superconducting gold-le
(2:1 composition) films of approximately 200 nm thick
ness were evaporated on8 mm diameter glass fibers. The
fiber diameter was much smaller than the SS wavelen
which was in the range of0.1 , l , 0.5 mm. In con-
trast to flat bolometers, having very narrow angular sen
tivity and used in a previous set of experiments [4,7,8,14
these fiber bolometers had uniform angular sensitivity a
could detect all waves propagating in the cell plane.
the same time, the new fiber bolometers had figures
merit sR21dRydT ø 50 K21d comparable to flat bolome-
ters and also possessed sufficient resistance. In orde
achieve long-term room-temperature stability, the sup
conducting layer was covered by 40 nm of MgF2 to de-
crease the oxidation rate. As a result of this treatment,
bolometers could survive many hours of mounting in th
cell and approximately a month in a vacuum dessica
without a noticeable change in their properties.

Eight bolometers were mounted at equally spaced
tervals on the circumference of the cell, and the transiti
temperature of each bolometer was adjusted by vary
a bias current. In the experiment reported in this Le
ter, only two bolometers were used: bolometer B4 locat
close to a heater, and bolometer B8 located on the op
site side of the cell (Fig. 1).

The nonreflecting SS emitter-heater was construct
from 31 glass fibers of8 mm diameter spaced 1 mm
apart. This grid produced a plane wave at a distance
the order of the fiber spacing, and SS waves emitted
the heater could pass through the cell without reflecti
from the bolometers. Moreover, since the bolomete
were sensitive to incident waves from the heater a
those coming from the cell, this design is well suite
to study PC in SS waves. As in previous experimen
we performed SS spectra measurements in a narr
bandwidth aroundFpy2 using a lock-in amplifier fixed
to this reference frequency [4]. The experiment wa
conducted at a fixed temperature by pumping the acous
cavity with FS waves at frequencyFp and amplitude
below the threshold value for the parametric instabili
[4,7,8]. While this pumping was occurring, a sma
amplitude SS wave was emitted by the heater. In ord
5814
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FIG. 2. Amplitudes of incident,b1, (open circles) and conju-
gate,b2, (full circles) SS waves as a function of FS amplitud
A at t  7.07 3 1024 and frequency shiftdf  212 Hz. In-
set: The spectrum of the SS signal measured on the bolom
B4 at FS amplitudeA  75 Pa.

to separate SS signals coming directly from the heater a
those coming from the cell, the incident wave frequen
was shifted fromFpy2 to f1  Fpy2 1 df. Bolometer
B8, located far from the heater, then detected only S
waves with frequencyf1. Bolometer B4, on the other
hand, located between the heater and the cell, detec
two signals: one with the frequencyf1 coming from
the heater, and another with frequencyf2  Fpy2 2 df
coming from the cell. This dual detection is clearl
seen from the power spectrum of the signal read
bolometer B4 (see inset of Fig. 2). The spectra we
measured at the reduced temperaturet  7.07 3 1024

and the FS amplitudeA  75 Pa. This amplitude was
below the threshold valueAth  162 Pa measured at the
same temperature [4,7,8]. The dependence of amplitu
of both peaks, at the same temperature, as a funct
of the FS amplitude is also presented in Fig. 2, th

FIG. 3. Dependence of the phase of the conjugate SS wav
f2, on FS amplitude (open circles), and dependence of the s
of phases,sf1 1 f2d, of the incident and conjugate SS wave
on the FS amplitude (solid circles).
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FIG. 4. Frequency dependence of the nonlinear reflecti
coefficient at constant FS amplitudeA  75 Pa and t 
7.07 3 1024. The dashed line is a fit of the experimental dat
by a Lorentzian curve with a bandwidth ofD  14 Hz.

frequency shift isdf  212 Hz. The amplitude of the
incident SS wavesb1, arriving directly from the heater
on the bolometer B4, should clearly not depend on th
FS amplitude, since these waves do not interact in t
region between the heater and the resonance cavity.
the other hand, the amplitude of the SS waves arrivin
from the cell,b2, is a linear function of the FS amplitude
below the parametric instability threshold, as follows from
the theory [see Eqs. (3) and (4)], and is also a line
function of the SS wave amplitude emitted by the heat
b1. The estimate of the slope ofb2yb1 as a function
of AyAth from Fig. 2 gives1.7 6 0.15. This value is in
fair agreement with the theoretical value of 2.05 obtaine
from Eq. (4). Thus the first property of the conjugated S
signal, following from Eq. (4), is quantitatively verified.

Particular efforts were made to verify the phase relatio
between the incident and conjugate SS waves. The pha
of each of the SS signals at frequenciesf1 and f2 were
arbitrary with respect to the pumping field, and change
randomly from one measurement set to another (op
circles in Fig. 3). However, the sum of the two phase
of both signals was constant for all FS and SS incide
wave amplitudes (Fig. 3). The standard deviation fro
the average value of the phase sum wasdsf1 1 f2d 
0.15 rad, as compared to the uniform distribution of th
phase, in a2p bandwidth, for each separate signal. Thi
result is the main evidence for PC in SS waves.

The dependence of the nonlinear reflection coefficien
r, on the frequency shift,df, at the reduced temperature
t  7.07 3 1024 and the FS amplitudeA  75 Pa is
presented in Fig. 4. Fitting of the experimental data b
a Lorentzian function gives a bandwidth ofD  14 Hz
compared with the theoretical widthDth  19 Hz. The
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theoretical width is defined solely by the SS attenuatio
in an infinite cell at the experimental values oft and
the SS frequencyFpy2 ø 20 kHz. The main reason for
the discrepancy is a near-field configuration, used in t
experiment. The latter can lead to distortions of th
linear decay.

In conclusion, we have presented the first direct ev
dence of the PC which occurs for parametrically drive
SS waves, as a result of 3W interaction between a
pumping field and the SS waves, below the threshold
the parametric instability. Since PC is a fairly gener
phenomenon in parametrically generated waves, we
convinced that it can be observed in other parametrica
driven systems. One of these easily accessible syste
is that of surface waves parametrically excited by vertic
vibration [15]. An obvious advantage of the latter syste
is the easy visualization of surface waves which can
used to verify the PC effect experimentally.
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