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In standard quantum computation, the initial state is pure and the answer is determined by m
measurement of some of the bits in the computational basis. What can be accomplished if the
state is a highly mixed state and the answer is determined by measuring the expectation ofsz on
the first bit with bounded sensitivity? This is the situation in high temperature ensemble qu
computation. We show that in this model it is possible to perform interesting physics simulation
have no known efficient classical algorithms, even though the model is less powerful than st
quantum computation in the presence of oracles. [S0031-9007(98)07808-9]
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Recent discoveries show that quantum computers
solve problems of practical interest much faster th
known algorithms for classical computers [1,2]. This h
lead to widespread recognition of the potential benefits
quantum computation. Where does the apparent po
of quantum computers come from? This power is f
quently attributed to “quantum parallelism,” interferen
phenomena derived from the superposition principle,
the ability to prepare and control pure states accordin
the Schrödinger equation. Real quantum computers
rarely in pure states and interact with their environme
which leads to nonunitary evolution. Furthermore, rec
proposals for using NMR at high temperature to stu
quantum computation involve manipulations of extrem
mixed states [3,4]. Recent research in error-correc
and fault-tolerant computation has shown that nonuni
evolution due to weak interactions with the environm
results in no loss of computational power, if sufficien
pure states can be prepared [5–8]. Here we conside
situation where there are no errors or interactions w
the environment, but the initial state is highly mixed. W
investigate the power ofone bit of quantum information
available for computing, by which we mean that the
put state is equivalent to having one bit in a pure s
and arbitrarily many additional bits in a completely ra
dom state. The model of computation that consists o
classical computer with access to a state of this form
calleddeterministic quantum computation with one qua
tum bit (DQC1). We demonstrate that in the presence
oracles, such a computer is less powerful than one w
access to pure state bits. However, it can solve probl
related to physics simulations (e.g., spectral density
timation) for which no efficient classical algorithms a
known. We also show that both DQC1 and determin
tic quantum computation with pure states (DQCp) can
defined in terms of estimation problems for coefficie
of unitary operators and give a simple method for m
ing pseudopure states in DQC1. Our work suggests
DQC1 is a nontrivial model of computation that is b
tween classical and standard quantum computation.
0031-9007y98y81(25)y5672(4)$15.00
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There are many kinds of problems that one might l
to solve using a computational device. In this Letter
focus on deterministic function evaluation, which reduc
to the problem of evaluating the bits of the output stri
one at a time.

The most important resources used in computation
time and space. How much of either is required depe
on the model of computation. For a given problem, o
usually tries to determine the resources required a
function of theproblem size,which for one-bit functions
is the number of bits in the input string. An algorithm
considered to beefficientif the resource requirements a
polynomial in the problem size. The powers of two mod
are considered to be the same if for any algorithm in o
model, there is an equivalent algorithm in the other mo
that uses at most a polynomial multiple of the resourc
For a comprehensive treatment of classical computatio
complexity theory, see [9]. A good reference for quantu
complexity theory is [10].

The available computational devices are assumed
include a classical probabilistic computer conforming
the model of an abstract random access machine
access to random bits, and a quantum system consis
of as many (quantum) bits as needed. We assume
the procedure used to evaluate the functionf on input
b consists of the generation of a sequence of unit
operations using a classical computer and the applica
of these operations to the quantum system in a spec
initial state. A measurement of the quantum syst
then yields the answer. Answers from one repetit
may be used to make decisions in the next ones.
models studied here differ in what are the permitt
initial states and measurements. Function evaluatio
performed probabilistically and we are satisfied with a h
enough probability of success.

The state space of the quantum system ofn bits is the
complex Hilbert spaceQn generated by the computation
basis. This basis is labeled by binary strings of lengthn;
the basis element corresponding to stringb is denoted by
jbl. Qn is then-fold tensor product ofQ1. To describe
© 1998 The American Physical Society
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unitary operators and states, it is convenient to use
operator basis consisting of tensor products of the P
operators [11]

I Ù­ s00 Ù­

∑
1 0
0 1

∏
; sx Ù­ s01 Ù­

∑
0 1
1 0

∏
, (1)

sy Ù­ s10 Ù­

∑
0 2i
i 0

∏
; sz Ù­ s11 Ù­

∑
1 0
0 21

∏
.

(2)

A Pauli operator acting on thekth bit is denoted bys
skd
b .

A general tensor product of Pauli operators is denoted
sb , whereb2k21b2k is the index of the operator acting o
thekth bit.

A pure stateof a quantum system consisting ofn bits
is a unit vector inQn. In general, the quantum syste
can be correlated with other systems that we do not h
access to. As a result, the general state of the system
be described by a density operator. When using hig
mixed (far from pure) states, it is convenient to descr
a state by means of deviations from the identity expres
as sums of Pauli operators. In general, a stater can be
written in the form

r ­
1
2n

√
I 1

X
bfi0

absb

!
, (3)

where theab are real and0 is the bit string of all0’s.
The deviation ofr is the nonidentity component of th
sum given by

P
bfi0 absb . For example, the deviation o

the state where the first bit is0 and the other bits ar
completely random is given byss1d

z .
The effect of an operation on the quantum system

be described by a unitary operatorU that maps an inpu
statejcl to the output stateUjcl. In terms of operators
U takes the stater to UrUy.

In both of the models of quantum computation to be d
cussed in this Letter, the elementary operations (quan
gates) that can be applied are a complete set of one-
two-bit unitary operators [12,13]. A network impleme
tation of a unitary operatorU is a decomposition ofU as
a product of elementary gates.

Deterministic quantum computation with pure sta
(DQCp).—The initial state of the quantum system isj0l.
In the standard model of quantum computation, the fi
(one-bit) answer is obtained by a measurement of the
bit. In DQCp, this measurement is replaced by a proc
that yields the noisy expectation ofss1d

z for the final state.
There is no loss of power by making this restriction
the final measurement. To be specific, if the state of
quantum system isr, the measurement process retu
a number that is sampled from a distribution with me
kss1d

z l ­ trsss1d
z rd and variances, wheres is independen

of the number of bits used. We call such a measurem
anestimateof the quantity measured. Repeating the co
putation and measurement is assumed to yield inde
dent instances of this distribution. Thus, the mean
be estimated to withine with probability of error at most
e
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p using Osss logs1ypdye2ddd repetitions of the computatio
[14]. DQCp is realized by an idealized bulk NMR qua
tum computer, where all molecules are initially perfec
polarized, with no decoherence or operational errors.

If U is a unitary operator with a network implement
tion, then DQCp yields an estimate of trsss1d

z Uj0l k0jUyd.
The values of trssbUjcl kcjUyd can be obtained by pre
and postprocessing the state using individual bit rotatio
Since the resources required for pre- and postproces
are linear in the number of bits, we can identify (the pow
of) DQCp with the ability to estimate these expression

Deterministic quantum computation with one
(DQC1).—The deviation of the initial state of the qua
tum system isss1d

z . The final answer is obtained as
DQCp by a bounded variance process yieldingkss1d

z l.
The initial state corresponds to having one bit in a p
state and the rest completely random.

DQC1 is realized by an idealized high temperature NM
quantum computer where there is no decoherence an
operational error. This is the regime where the init
deviation state can be approximated bye2bHyZ , 1

2n sI 2

b
P

i eis
sid
z d (noninteracting bits), with negligible highe

order terms. The one-bit initial state can be obtain
by eliminating polarization in bits other than the firs
Exploiting the additional polarization can reduce the ti
resource required by at most a factor of1yn, so that no
additional power can be gained. Constraints on the am
of polarization extractable from arbitrary initial states ha
been investigated by Sörensen [15]. DQC1 is not rob
against many error models because fresh ground-state
cannot be introduced during the computation [16].

Let U be a unitary operator with a network impl
mentation. Using DQC1 and pre- and postprocess
similar to that introduced with DQCp, we can estima
trs 1

2n saUsbUyd for anya andb. We can therefore iden
tify DQC1 with the ability to obtain these estimates.

Theorem 1.—DQCp is at least as powerful as DQC1
Proof.—Since

tr

µ
1
2n

ss1d
z Uss1d

z Uy

∂
­

1
2n

X
c

s21dc1 trsss1d
z Ujcl kcjUyd ,

(4)

the estimate obtained with DQC1 can be obtain
with DQCp by randomly sampling a few of th
s21dc1 trsss1d

z Ujcl kcjUyd and estimating the average.
If Eq. (4) is inverted one finds that the estimates av

able in DQCp are expressed as asum rather than as an
averageof DQC1 estimates. As a result, the proof can
be used to obtain the converse of Theorem 1.

DQCp and DQC1 can be used to estimate any coeffic
of certain operator expansions ofU. For DQC1, write
U ­

P
b absb , with ab ­

1
2n trssbUd. This is thePauli

operator expansion ofU. To determineab, use the
network for U to construct a network for the operatorV
that mapsj0l jbl ! j0lUjbl andj1l jbl ! j1l jbl. This is
a “conditional” U operator and can be implemented w
5673
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a linear amount of additional resources [13]. Then

1
2n11 trfsss1d

x 1 iss1d
y dVss1d

x sbVyg ­

1
2n11 ftrsUsbd 1 trssbUydg ­ ab . (5)

Since UsbUy is a unitary operator easily implemente
given networks forU, we have proved the following
result.

Theorem 2.—The ability to efficiently estimate the
coefficients of the Pauli operator expansion of the opera
implemented by a quantum network is equal in pow
to DQC1.

If the trick of the previous paragraph is used with DQC
where U is replaced byscUsd , with c and d chosen
so thatscj0l ­ jbl andsdj0l ­ jal, then we can obtain
trsUjal kbjd. Therefore any of the transition amplitude
of U can be determined to get coefficients of thematrix U
in the computational basis. Because trsss1d

z Uj0l k0jUyd ­
trsUyss1d

z Uj0l k0jd, we have established the following.
Theorem 3.—The ability to efficiently estimate the

transition amplitudes of an operator implemented by
quantum network is equal in power to DQCp.

Let the evolution of a quantum mechanical syste
be described by a (possibly time varying) Hamiltoni
H on a Hilbert spaceH . To efficiently simulate this
evolution using a quantum computer withn bits, it is
sufficient to have a unitary embedding ofH into Qn

and an extensionH 0 of the embedded Hamiltonian fo
which there are efficient quantum networks approximat
e2iH 0stdd (taking h̄ ­ 1) for small d to within Osd2d. A
class of such Hamiltonians consists of those that ar
polynomially bounded sum of two bit Hamiltonians [17
Whether it is useful to implement this simulation depen
on what information one wants to obtain. If one simp
wants to predict the outcome of a measurement in
experiment involving this system, it is possible to d
that by simulation, provided that the initial state can
computed and the final measurement can be represent
a measurement in the computational basis or expectat
of operators that can be approximated as a sum o
reasonable number of computable conjugates ofss1d

z .
Even if the initial state is restricted to the deviatio

ss1d
z , there are no known classical algorithms for simul

ing an arbitrary sum of two-bit Hamiltonians as describ
above. Since many real-world situations involve high
mixed initial states (e.g., most NMR experiments), su
an algorithm is very interesting. In fact, there are ongo
experiments exploiting the fact that many1r3 interactions
can be simulated in solid state systems such as calc
fluoride by modifying the dipolar interaction but are di
ficult to simulate using classical computation [18]. T
observation that one can efficiently implement such sim
lations in DQC1 makes this model useful and the qu
tion of the relationship between the powers of DQC1 a
DQCp or classical computation nontrivial.
5674
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For any Hamiltonian, one of its physical properties
interest is the energy spectrum. In DQC1 it is possi
to directly observe the spectrum with a resolution i
versely related to the effort used. No efficient classi
algorithms that accomplish this are known, and neithe
there a known DQCp method that can improve on th
There are experimental methods for observing energy tr
sitions of effective Hamiltonians [19]. Here is a metho
for observing spectra (rather than transitions) of Hamil
nians or unitary operators with network implementation
Let Ustd ­ e2iHt and assume that an efficient quantu
network for applyingUstd with arbitrarily small error is
available. Note that the quantum network may increase
complexity if less error is needed. Given the quantum n
work for Ustd, we can derive networks for applyingUstd
or Uystd to bits2, . . . , n 1 1, conditionally on the state o
the first bit. LetV std be the unitary operator that map
j1l jbl ! j1lUysty2d jbl and j0l jbl ! j0lUsty2d jbl. If
we first apply a gate to transform the input statess1d

z

to s
s1d
x , and then applyV std, the deviation of the state

becomes

rf ­
X

i

fcosslitdss1d
x 1 sinslitdss1d

y g jil kij

­
1
2n

X
i

fcossli tdss1d
x 1 sinsli tdss1d

y g 1 rest, (6)

where theli and jil are a complete set of eigenvalue
and corresponding eigenvectors (with repetition) ofH.
The second identity gives the expansion ofrf in terms
of sb ’s, with terms not of interest suppressed (res
The coefficients ofsx and sy can be measured and th
results combined into a single complex number with va
fstd ­

1
2n11

P
j e2ilj t. This can be sampled at as man

time points as desired, using repetition to decrease no
and Fourier transformed to obtain a broadened ene
spectrum. The same technique can be used to measur
spectrum of a unitary operator by restrictingt to integer
multiples (corresponding to powers of the operator).
the evolutionV std is implemented as a power ofV sDtd,
and the measurement in DQC1 is nondestructive, then
spectrum can in principle be observed directly as is do
in Fourier transform NMR spectroscopy.

DQC1 is strictly less powerful than DQCp in the pre
ence of oracles (aka black boxes). Suppose that
are given a black box implementing a unitary opera
U on our quantum system and we wish to determ
k0jUyss1d

z Uj0l, whose sign is the one-bitanswercomputed
by U on inputj0l. One method for obtaining this answe
using DQC1 involves preparing apseudopurestate from
the deviationss1d

z [3,4]. One kind of pseudopure state ha
deviation proportional to that ofj0l k0j. In this case mea-
surement ofss1d

z after applyingU is proportional to the
desired answer.

Here is a simple method for making a pseudopure s
from ss1d

z using an ancilla bit, labeled0. This method



VOLUME 81, NUMBER 25 P H Y S I C A L R E V I E W L E T T E R S 21 DECEMBER 1998

fo

f

se
ith

ss
.
ifi-
n-
ow

m
d

m

rk

to
st
lt of

ion

We

itary
compares favorably with those previously described
ensemble quantum computation [3,4,20]. LetTn be the
unitary operator mappingjb00l ! jsb0 1 1d0l and for
b fi 0, jb0bl ! jb0bl (addition of bits is modulo two). I
we first swap bits0 and1, then applyTn, and finally flip bit
0, the deviation is given byss0d

z s2j0l k0j 2 Id. If we apply
U to bits1 throughn, then the coefficienta of ss0d

z ss1d
z in

the state’s deviation is the answer we want. As discus
above, this coefficient can be obtained using DQC1, w
an intensity ofay2n11. Because of the exponential lo
of intensity, it can be difficult to detecta above the noise

Unfortunately, without the ability to analyze a spec
cation of U (for example, an implementation by a qua
tum network), we cannot do much better, even if we kn
that the answer ofU is deterministic, that is,a [ h21, 1j.

Theorem 4.—To determine the answer of quantu
black boxes, exponentially more resources are neede
DQC1 than in DQCp.

Proof.—The most general form of a DQC1 algorith
for determining the answer can be described byk indepen-
dent DQC1 computations consisting of quantum netwo
on
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and calls toU and an inference function that attempts
determinea from thek measurements. Consider the fir
of these measurements. The expectation of the resu
the measurement can be written in the form

ysUd ­
1

2m
trsVrU · · · UV0ss1d

z V
y
0 Uy · · · UyVy

r ss1d
z d ,

(7)
where r is the number of invocations ofU and the
Vi are the quantum networks used in the computat
using m bits (of which m 2 n are ancillas). SinceU is
deterministic,Uj0l j0l ­ jbl jcl. If U is composed with
the operatorT that, conditionally on the state of bits2
to n being jcl, flips the first bit, we get an operatorU 0

that is also deterministic but has the opposite answer.
must be able to distinguish between the two.T can be
written in the form T ­ I 2 2P, where P is the pure
state given by1

2 sI 2 s1
xd ≠ jcl kcj (the m 2 n ancillas

have been suppressed in this expression). For un
operatorsW1 and W2 acting on m $ n bits, we have
j

1
2m trsW1PW2dj #

1
2n . By expandingU 0 ­ U 2 2PU in

the expression forysU 0d we can write
ysU 0d ­
1

2m
htrfVrs22PdUVr21U 0 . . .g 1 trsVrUVr21U 0 . . .dj

­
1

2m
htrfVrs22PdUVr21U 0 . . .g 1 trfVrUVr21s22PdUVr22U 0 . . .g 1 trsVrUVr21UVr22U 0 . . .dj

­
1

2m
htrfVrs22PdUVr21U 0 . . .g 1 trfVrUVr21s22PdUVr22U 0 . . .g 1 · · · 1 ysUdj . (8)
ng
h/

A

,

-
,

Thus,ysU 0d ­
1

2m sa1 1 · · · 1 a2r d 1 ysUd, wherejaij #

2m2n11. It follows that jysU 0d 2 ysUdj # 4ry2n.
Therefore, to confidently distinguish betweenU 0 and U
requires exponentially many experiments or invocati
of the oracle.

We have introduced a new model of computat
(DQC1) with power between classical computation a
deterministic quantum computation with pure sta
(DQCp). Since DQC1 requires only one quantum bit
information, the possibility that it adds power to classi
computation is surprising. If this is the case, the us
reasons given for why quantum computation appear
be so powerful may have to be revised. On the ot
hand, a proof that DQC1 can be efficiently simulated
classical computation would be extremely interesting,
this could lead to practical algorithms for simulations
many experimentally interesting physical situations.
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