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lon Structure Factors and Electron Transport in Dense Coulomb Plasmas
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The dynamical structure factor of a Coulomb crystal of ions is calculated at arbitrary temperature
below the melting point, taking into account multiphonon processes in the harmonic approximation.
In a strongly coupled Coulomb ion liquid, the static structure factor is split into two parts, a Bragg-
diffraction-like one, describing incipient long-range order structures, and an inelastic part corresponding
to thermal ion-density fluctuations. It is assumed that the diffractionlike scattering does not lead to the
electron relaxation in the liquid phase. This assumption, together with the inclusion of multiphonon
processes in the crystalline phase, eliminates large discontinuities of the transport coefficients (jumps of
the thermal and electric conductivities, as well as shear viscosity, reported previously) at a melting point.
[S0031-9007(98)07942-3]

PACS numbers: 52.25.Fi, 95.30.Qd, 97.20.Rp, 97.60.Jd

We consider a strongly coupled Coulomb plasmawhere N is the total number of iongp and p’ are the
(SCCP) of ions immersed in a nearly uniform charge-electron momenta before and after scattering, respectively,
compensating electron gas. The ions may be disorderdid] = p’ — p, iw = €' — € is the difference between
(liquid phase) or arranged in a crystalline lattice. Thefinal and initial electron energies, adg, . is the matrix
energetically favorable body-centered cubic (bcc) latticeelement of the operator of elementagy interaction.
appears atl’ > T, = 172 [1], where I = (Ze)*/aT  S(q,w) is the dynamical structure factor of the plasma,
is the ion-coupling parameter] is the temperature, the most important quantity of the theory. In the liquid
a = (47rn;/3)~'/3, andn; is the ion number density. regime, p(x,t) is the operator of the charge density in

Many astrophysical objects (interiors of white dwarfs, units of Zle|: p(x,t) = A1(x,t) — n;, wheref(x,1) is
massive stars, and giant planets; envelopes of neutrahe ion-density operator ang = n./Z takes account of
stars) are made of such a plasma. Its kinetic propertiethe compensating electron background with the electron
required for various applications are determined mainlydensity n.. In the solid regime,p(x,t) = A1(x,7) —
by electron-ion ¢i) scattering. A general framework >, 8(x — R;) (where R; is a lattice vector), i.e., the
for calculation of these transport properties has beeoperator of fluctuations of the charge density.
described in [2]. Numerous calculations (e.g., [3—7]), Integrating ovex andx’ we obtain the structure factor
done under additional assumption of strong electrorof the ion-density fluctuations in the solid phase in the
degeneracy, predict large (a factor of 3—4) discontinuitie$orm
of the electric and thermal conductivities at the melting B iq-(R,—R)[iqu(t) _
point. In contrast, the thermodynamic quantities in the NSso1(q, 1) = <Ze TR R igu) _ ]
liquid and solid phases, determined solely by ions, are
very similar nead” = I'), (e.g., [1,8]). This suggests that X [eiauw(0) — 1]> , (3)
properties of the ion system serving as a main scatterer T
for electrons should vary smoothly through the meltingyhere u; is an ion displacement fronk,;. Expanding
transition. In this Letter, we propose a modification of iy the phonon normal coordinates and using the Weyl
the transport theory which removes large jumps of the)perator identityee? = eA 84812 we can decompose
transport coefficients. , Swi(q,7) into the elastic (Bragg) and inelastic parts

The differentialei scattering rate in a SCCP averagedg_ | (q,7) = S,(q) + S/,(q,7). The elastic part is easily
over initial and summed over final electron spin states cg|cylated (cf. [9]):

i,
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S 1 +oo - the Debye-Waller factor, exp W) = (exp(iq - u;))r,
yW) = — dte''S(q,t
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27N J In this case,M is the ion massy = (k,s), s = 1,2,3
x (pt(x,1) p(x',0)r, (2) enumerates phonon modds,is a phonon wave vector,
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e, the polarization vectorw, the frequency, and, = The static structure factor is defined as
(e — 1)”! is the mean number of phonons, = S(q) = ffzS(q,w)dw = S(q,0). Thus the inelastic
hw,/T. For the lattice types of interest (e.g., bcc), contribution toS(q) in the solid is given by setting = 0
W = r#q%/6, wherer? = (u?); is the mean-squared ion in Eq. (7), which yieldsS (q) = 1 — ¢ 2V,
displacement (cf. [6,9]). Let us turn to the liquid phase. Numerical simula-
The Bragg scattering of electrons results in the energyions by different authors show the appearance of incipi-
band structure of the electron Bloch states but does nant long-range order af > 1. For example, Schmidt
contribute to thei collision integral in the kinetic equation et al.[11] observed a shear mode Bt> 100 in their
[2]. Indeed, this scattering occurs at the boundaries of thenolecular-dynamics experiment along with the familiar
Brillouin zones and translates an electron from one zon&ngitudinal ion plasmon. We have verified that the spec-
to another. The transition requires change of the electrotrum of these modes can be described by the phonon spec-
energy by the value of the interband gap; thus anothetrum averaged over orientations of a crystal. Although the
particle must be involved to carry the excess energy. long-range order does not persist forever, it may be well
Therefore only the inelastic part of the structure factorpreserved during typical electron scattering time. Thus
contributes to the collision integral. The inelastic part cana temporary electron band structure emerges, and an as-

be found by the same technique [9]: sociated elastic scattering does not contribute to the con-
= duction (as in solid). This is in line with Edwards’s [12]

NSU (g, 1) = e 2V D el RimR) K - argument that one should deal with a local disorder “ob-

ij n=1" served” by an electron along its mean free path, rather

h (q-e,)? than with the global disorder. Therefore we suggest to
X 2MN Z o, subtract the elastic contribution from the total static struc-
v ture factorSq(g) in the liquid (e.g., [13,14]). Since in
the liquid an electron couples directly to the ion number
density, the elastic part must have the form [9]

n

X [aiju(f, + 1) + a7, i1, (6)

where @;;, = exflik - (R, — R;) — iw,t]. The sum- Sha@ = e 2 @7)’n; Y 8(q — G). (8)

mation overi, j yields the delta function which removes G#0

one summation ovek (included in the sums over). Then the “inelastic” part which determines the transport

Thus we haven sums overs andn — 1 sums overk  properties isSiiq(q) = Siq(q) — Siiq(q). There may be

in eachnth term of Eq. (6). various types of periodic structures in this regime, but
Retaining the first termn = 1, we recover the one- they are very similar and we can use the bcc lattice. We

phonon approximation employed in previous works (e.g.have checked that the result is almost the same for face-

[2—6]). Our point is that this approximation fails near the centered cubic (fcc) and hexagonal close-packed (hcp)

melting point. In fact, the contribution of the-phonon lattices.

processesnth term) at7 above the Debye temperature At this stage we need to specify the matrix element

can be estimated a&grr)*/n! ~ (kprr)*/n!, where of the elementaryi interaction Uq.o'0- Assuming the

kr = (3mn,)'/? is the electron Fermi wave vector, Coulomb potential screened by the static polarization of

ri~u_a*/T, u_y = (wy/wy)pn = 13 is a frequency ideal, relativistic, strongly degenerate  p’ = fiky)

moment for a bcc lattice [8]w, is the ion plasma electrons, we obtain

frequency, and(---),, denotes averaging over phonon

spectrum (e.g., [6]) in the harmonic-lattice approximation.

27N 1 27N 1672724
= Z |Ugorol* = —

For instance, for the Fe plasma Bt~ I',, we obtain a B2 & B2V? g*le(q)l?
typical value ofn ~ (krrr)? = 3, which is not small. R2c2q?
An important difference of astrophysical Coulomb x| 1= 2l ) 9)
F

crystals from the terrestrial metals is that the umklapp

processes dominate the scattering, because the equival )
radius of the Brillouin zoneyz = (672n;)"/? is smaller Where <, L
than typical momentum transferg ~ kr. For g >
gp one can approximately replace,(q - e,)*f(w,) —
q*(f(@,))pn [10]. Then the remaining summations in
Eq. (6) are done explicitly:

c* + pic?]V? is the electron Fermi

energy,V is the normalization volume, ane(g) is the
electron longitudinal static dielectric function [15].

The electric ¢) and thermal £) conductivities, and
shear viscosity4) can be written in the form [2]

2
nee? 7Tn, ReM,VF

hq? cojw,t) = M€ — T e = MeMVE 4
eV Sii(g, 1) = exp{ﬁ <m 7 mivy’ “ 3mive’ K Svy (10
i wherem? = er/c?, and
B ism(wyt)> } 1@ F

ph

W, Vo = 477'mj,]‘Z2e4L(,,K,,7nl-/(iik,p)3 (11)
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are the effective collision frequencies. Here, the effective r
Coulomb logarithms are 1000 400 200 100 40 20 10

— 13
L. = kaF dq4q3 1 — 1 ( hq ’ S, c(q) T
> Ja dtle(@P 4 \mie) ot

(12)
L, = 3f2kF dag (- q—z)
K o  q*le(@)? 4k}

2
><[1—1<’??Hsg<q>, (13)
4 \ mic

qo = 0 for the liquid phase and, = ¢p for the solid
phase [6], andS, .(q) are theeffectivestatic structure
factors. In the liquid regime, we approximafg ,(q) by
Siiq(q) as described above. In the solid regime, we have

1 -1

o
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$ol@) = 5o [ de [ e s, | |
T J - —w € FIG. 1. Dependence of the electron electric (left vertical
scale) and thermal (right vertical scale) conductivities of carbon

(14) plasma at density0* gcm 3 on temperature (lower horizontal
) scale) or ion coupling parameter (upper horizontal scale).
Se(q) = S, (q) + 3kp 1 55.(q) (15) Dashes are traditional results in ion liquid [3,7] and bcc crystal

«\q o\q g2 2 «\q) [4,6] for T',, = 172. Solid line is the present multiphonon

calculation in solid, extended artificially to high; dots show

1 teo teo ot the present calculation with reduced structure factor in liquid
0S«(q) = — dw dte at T' = 225. Vertical dotted lines correspond tb = 172
2 » — and 225,
Z
X ———S1(q,1), (16) L .
I —e tor Siiq(g) in ion liquid [3,7] and in the one-phonon ap-

with z = iw/T. The integration overw can be per- Proximation [4,6] for bcc crystal (notice that the results
formed analytically. The remaining numerical integrationOf Ref. [6] for fcc crystals are in error; actually, they are
over ¢ is then facilitated by shifting the integration path Very similar to those for bcc). One can see strong jumps

in complex planer = ¢/ — ii/2T, wheret' is real. The 0f x ando at the melting point’,, = 172. Solid lines
final result reads are the present results in the solid phase (including mul-

o tiphonon processes), while dots show the present results
S, (q) = lf dx e WK(q,T,1), (17) inthe liquid obtained using the analytic fits for the static

2 J-« coshx structure factoSjiq(¢) atT' = 225 [14] by subtracting the
| — 2sinfx long-range correlations (see above). For illustration (as
8S.(q) = x ————— ¢ WK(q,T,1), suggested by H. DeWitt), we have extended the improved
1 o cosit x i

results in liquid by shifting artificially the melting point
to lower T (to I' = 225, considering thus supercooled
liquid) and the improved results in solid by shifting the
melting to higherT (lower I', superheated crystal). The
, lig? codw,t') curves for liquid and solid ions match one another quite
K(g.T.1) = ex 2M \ w, sinh(z,/2) -1 well, and the jumps at the melting point actually disap-
ph pear. In a wide temperature range the improved curves for
(19)  Jiquid and solid almost coincide. We have verified that
Retaining the termx ¢ in the expansion ok (¢, T,t), we  the same is true for all transport coefficients (including
recover the standard one-phonon approximation [3—6]. shear viscosity) in a wide range of densities for a number
Figures 1 and 2 show temperature dependence of thaf chemical elements. Thus one can observe that electron
electric and thermal conductivities for carbon plasma atransport properties in SCCP of ions appear to be fairly
density 10* gcm™3 and for iron plasma at0® gcm 3, insensitive to the state of SCCP (liquid or solid, bcc or
respectively, calculated in the Born approximation. Inother crystals). This should be taken into account in vari-
spite of large differences in densities and chemical eleeus astrophysical applications, for instance, in calculating
ments, the figures are fairly similar. Dashes show theahe temperature growth from the surface into interior of
traditional results calculated with the full structure fac-the isolated neutron stars important for theories of neutron

(18)
wherex = 7 t'T/h and
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