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Isotope Effects and Fermi Resonance in Hydrogen Bonds: A New Model
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A new and simple numerical model of O—H—O hydrogen bond dynamics is presented. The model
accurately reproduces the well-known dependence of the O—H stretching mode on the hydrogen bond
length. Other general properties of hydrogen bonds are also reproduced: The Ubbelohde effect and
anomalously low isotope shifts. A specific comparison of the model calculations with the observed
pressure dependence of the stretching mode in ice VII provides a strong support for the model. A
Fermi resonance is predicted to be a major feature of all O—H—O hydrogen bonds of 2ahdut
length. [S0031-9007(98)07939-3]

PACS numbers: 82.20.Tr, 77.84.Fa

Hydrogen-bond compounds, such as water, are omexplained in terms of a hydrogen-lattice (or hydrogen-
nipresent and play a central role in many industrial ancelectric dipole moment) interaction [5—8]. In this Letter,
most biochemical processes. They are crucial for the exwe present a model which quantitatively describes the
istence of life itself, and are of interest across the wholdollowing: first, the isotope effects observed in H-bonded
range of scientific disciplines, from physics to chemistrycompounds; second, the functional relationshiprgh;
and biology. In these compounds, the presence of thandR; and third, the pressure dependence of the changes
H bond imparts many unusual properties. Perhaps theecently reported for ice VII [9-11].
most interesting issue is the large isotope effects produced We consider a simple system of O—H—O bonds in
by deuteration of the bonds. These include the Ubbewhich the oxygens are fixed at a separationRofand
lohde effect, where the O-O distanR) increases upon the hydrogen interacts with the lattice system through the
deuteration, and also changes at the phase-transitimxygens. The Hamiltonian can be written as [7,8]
temperature(7.) of some ferroelectrics. Furthermore, H=H +H +H (1a)
deuteration is also known to seriously reduce the reaction p 1 pa:
rate of many biochemical processes [1]. 05

H-bonded compounds have attracted much interest R T
for many years, and many experimental and theoretical [
studies have been published. Novak [2] tabulated the
O-H fundamental stretching excitation energiesy) of
several compounds as a function®f He demonstrated
a strong empirical relationship, which appears to hold
true despite the widely different properties of individual
compounds (see Fig. 1). Thepy data in the figure
show that the rate of increase ofy is greatest for the
strongest H bonds, and occurs in the radgl) < R <
2.60 A. Moreover, the isotopic energy shiftson/vop)
show anomalously low valugd =+ 0.1) only over a very
limited range ofR, close t02.5 A. [

There have recently been several systematic neutron- ol i, , ,
scattering studies of important H-bond systems, such as 24 25 26 27 28 29
KH,PO; [3] and KHCG; [4]. This work has provided R (A)
new information about their structures and vibrational
spectra. In the case O.f KRQ;, a complete_ descrlptlon_ (von) on the hydrogen-bond lengilR). The open circles are
of the neutron results in terms of a vibrational pOtent'althe experimental values summarized by Novak. The solid lines

function was possible [3]. The large isotope effect onare the calculated values of,;. The dotted lines are the
the ferroelectric transitiory,.(D)/T.(H), was theoretically calculated values ofoy(0-2) and §oy (0-2).
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G. 1. Variation in the hydrogen stretching mode energy
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H, = —(h*/2m) (d*/d*X) + Uunperturb(X), (1b) Ikedaet al. [8] adjusted the parameter values in Eq. (4)
_ (2 2 0 2 2 as well as the values oig.(H) and Ag.(D) to repro-
H, (R%/2M) (d"/dq) + (1/2)Mwq, (1c) duce the excitation energies observed in both, RE, and
and KD,PQ;. All of the parameters i/ ynperturs (X) Were iden-
H,, = Agx, (1d) tical for both compounds. Those wevg = 2.3 eV,a =

-1 — — —
where X = (x,y,z). H, and H, are the Hamiltonian 30A7, 1o =098 A, f=034eV, andg = 132 eV

. : [8]. A1
of the hydrogen and the lattice systems, respectively, ”$8] The values ofAg.(H) and Aq. (D) were0.8 eV /
which the O—H—O bond is decoupled from the lattice ' KH%PO“ and 1.07 eV A" for KD2P04,2re32;:)ect|ver
system. m is the hydrogen massg and M are the [8]._ With those values, the values éiMw_)t‘ can be
coordinate in the lattice system and the effective mas§stimated for both KkPQ, and KD,PQ,, since the val-
of the lattice, respectively.H/, is an interaction term Ues of Aq.(H) and Ag.(D) can be derived using théq
between the hydrogen and the lattice systems. Here, tfiependences of(¢;H) and Ey(q; D) calculated from
lowest order of the combination gfandx is assumedx  Ed- (2a) as well as a condition 6#G(q)/dqls-4. = 0.
is a coordinate of the hydrogen along the H bond, and théhe estimated values ongZ)F2 were 0.11 A%2ev!
coefficientA is a constant. for KH,PQ, and0.115 A2 eV~! for KD,PQy, respectively.

According to Sugimoto and Ikeda [6], as well as IkedaThis indicates that the value éwazA‘z is also almost
and Yamada [7,8], we adopt the adiabatic approximationidentical in both salts.
In this case, the wave functions of the hydrogen and The shape ofUynperturs(X) in Eq. (4) is given as a
lattice, ¢(X; ¢) and©(q), as well as their eigenenergies, function of R, which introduces a stron§ dependence
E ande, can be derived from the following equations:  to all of the quantities such a&y(g;H) and Ey(g¢; D) as

[—(h2/2m) (d2/d*X)+ Uunpernars (X) + Agx]e(X; q) well as Ag.(H) and A¢.(D). Novak suggests, as shown
in Fig. 1, that the stretching excitation energy of the

= E(@)e(X;q), (2a) hydrogen is independent of the details of the molecular

and structure surrounding the bond. From this suggestion as

—(F22M) (d%/d2a) + 0 — ®(s). (2b well as the above conclusion on their KO, studies,
[=("/2M)(d°/dq) + G(9)]O(q) = €Blq).  (2D) we expect that all of the parameters il pertury (X) and

%sz)\‘z, which actually determine the value of the
stretching excitation energy through Egs. (2a), (2b), and

A modified lattice potentialG(g), is defined as, using
the ground-state energy of hydrogéh(q), obtained from

Eq. (22), (3), are identical for both the H and the D isotopomers

Glq) = (1/2Mw*q*> + Eo(q). (3)  of all of the compounds under consideration. With

The unperturbed hydrogen potential  function,this assumption, and using the values determined in the
Uunperur (X), Was given as [6,8] KH,PQ, studies for all of the parameters M, perturb (X)
Unnpertard (0,.2) = £ (@2 + a2) + £(82 + B2) as well as;Mw?A~2, the values ofAg.(H) and Aq.(D)
5 5 2112 can be calculated for varllous bond lengtt®). In
V(I =)+ Y7+ ) these calculations, we usefM w?A2 = 0.11 A2eV™!

+ V([(x — x2)? + y* + 22]'/2), for both the H and the D isotopomers.

The calculated values are shown in Fig. 2(a), where it
(4)  can be seen that bothg.(H) and Ag.(D) increase with
where x; and x, are the oxygen positions, at = R. Using these values, the effective hydrogen potentials
*R/2, anda;, and B, are the bending angles of the [Uunperurs (X) + Ag.(H)x] were calculated and are shown
hydrogen defined with respect to both oxygens (1 andn an inset of Fig. 2. It can be seen in the figure
2), respectively. V(r) is the Morse potential defined as that a notable asymmetry occurs for large valuesRof
V(r) = Vole 24U — 2e=alr=r)], Figure 2(a) shows thatg.(D) = Ag.(H) for all R, but
The ground-state wave function of the lattid®y(¢), that they differ significantly only over a small region
is extended around a stable lattice poigt, which is  of R, 2.43 < R < 2.60 A. Intriguingly, this is just the
fixed according to the condition that a minimumdt(g) range inR for which thevoy /vop ratio shows its largest
occurs atg = ¢g.. Generally, the ground-state energy of anomaly. This suggests that the D isotopomer lattices are
the hydrogen, as obtained from Eq. (2a), decreases adways more distorted than those of the H isotopomers.
g increases. Even if all parameters ifnperurn (X) are  Moreover, a critical value oR, R., can be defined as
identical, the large mass ratio of H to D has importantthe O—H—O length at which the value afy. becomes
effects. The ground-state energy of the D isotopomerszero [see Fig. 2(a)]. The values &f are2.45 A for H
Eo(g;D), changes more rapidly with; than that of isotopomers an@.43 A for D isotopomers, respectively.
the H isotopomersEy(q;H). This difference in their In recent Raman measurements on ,REA, at high
dependence on of Ey(q; H) andEy(g; D) gives different  pressures, the, mode (a PQ deformation) disappears at
stable lattice points for the H and the D isotopomersabout 3 GPa [12]. We associate this disappearance with
g.(H) andg.(D), respectively. a reduction of the O—O distance, under pressure, to a
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T T increases; second, the bond strength of H bonds is gen-

Rc(D) Aq (D) (a) erally greater than that of the respective D bonds, except
C > at the very shortest bond lengths. This is related to the

--------- well-known Ubbelohde effect, and the hydrogen-bond
| | b lengths generally increase upon deuteration. Ichikawa
[13] has summarized the changes in the bond length

>

2.0 caused by deuteration in ferroelectric hydrogen-bonded
compounds, and showed that these characteristic changes
occurred in the limited rang@.43 < R < 2.6 A. He

0 24 also speculated that a reversal of these effects might be
Lt possible forR < 2.43 A. Our calculations are consistent

with his work.

In order to successfully calculate the dependence
of the stretching excitation energies across a wide range
of R 24 <R <29 A), higher order bending terms,
(et + BT + a3 + B3), have been additionally intro-
duced into Eq. (4). Heref = 5 eV. Although the val-
B ues ofAg.(H) and Aq.(D) were recalculated in this wide
- range, those remained consistent to the previous ones in
the range2.4 < R < 2.65 A. Using those new values of
4 2.5 2.6 2.7 Ag.(H) obtained in the wide range, we calculated thgy

R (A) energies, fundamental bending energiésg (0-1) and

FIG. 2. Variation of several important parameters of theYOH(O_])’ and their overtonesjon (0-2) and you (0-2).
model with the bond length. (&) d%penden?:es of asymmetry The calculated values, as a functhnIbJ‘ are compar-ed
parametersig.(H) andAq.(D). (b) R dependences of attractive With Novak's summary of the experimental data in Fig. 1.
forces F(H) and F(D). Aq.(H) and F(H) are shown by the In this figure, the lines are solid where the hydrogen vibra-
solid lines in (a) and (b), respectivelyAq.(D) and F(D) tional displacement vectors lie approximately parallel to
a{]e Sho""][‘ tﬁy thf? dtptte% Iges, resp?ct|¥e:yerLtgi '”ngtv théhe O—H—O direction, and are dotted so as to represent
anpleg ar: Sisi?;;lgd gléggetnhgobg%a axis: = 0 is the vi_brat@onal displacements perpendicu_lar to the O—H—O
center of the bond. The solid line, dotted line, and dashedlirection. As can be seen from the figure, our calculated
line show the calculated values & = 2.4, 2.5, and2.6 A,  values are totally consistent with the observed data. We
respectively. believe that this emphasizes the overall correctness of our
model of all H-bonded compounds. Further, for values
critical length (R.) of 2.45 A; also, a local distortion of of R ~ 26 A, a strong Fermi resonance is predicted be-
the PQ tetrahedron is removed. The dependence of tween the fundamental of the stretching vibration and the
Ag.(H) explains this experimental result rather well. overtones of the bending modes. Thuskat 2.6 A, the
The total energy of the hydrogen and the lattice systemgharacter of thevoy mode changes continuously to that
at a given stable pointg.) can be approximated by of y,y;(0-2) and, atR =~ 2.65 A, it is transformed into
G(q.) of Eg. (3). The total energy of H isotopomers 5.,,(0-2). This Fermi resonance is predicted as a general
and D isotopomers are denoted@§;.,H) andG(q..D),  feature of any H-bonded compound wigh= 2.6 A.
respectively. The value d§(q.,D) is always lower than Recent’R work on the pressure dependence of the vibra-
that of G (¢, H), and thek dependence of the isotopomers tion in ice VII has produced clear evidence for this Fermi
arises mainly from the differentig.(H) and A¢.(D)  resonance [9-11], and our model calculations have been
variations. Using thesek dependences, the bonding verified by several results from this body of experimen-
strength(F) can be determined as tal work. The hydrogen-bond lengfi®) was determined
F = dG(q.)/dR, (5) from_the pressure dependence ofth_e molar volume [14], as-
suming the bcc structure. The variationzigy and other
where the attractive force is defined to be positive. Theexcitations against is shown in Fig. 3 along with our cal-
bonding strengths of the H and D isotopomers are denoteclilated values; again, the agreement is excellent and com-
asF(H) andF(D), respectively. pletely explains a series of Fermi resonanceg®f and
The calculated values of (H) and F(D) are shown you(0-2) as well asvoy and Sou(0-2). We believe that
in Fig. 2(b). Here, it can be clearly seen thafH) and  these two comparisons demonstrate that the Fermi reso-
F(D) decrease monotonically witR; F(H) < F(D) at nance is indeed a general phenomenon in compounds with
R <243 A; FH) > F(D) at 243 <R <26 A; and H-bond lengths ok = 2.6 A.
F(H) = F(D) at R > 2.6 A. These results explain two  Using the values ofi¢.(D), we have also calculated
characteristics of hydrogen-bonded compounds rathéhe R dependence ofvgp for deuterated compounds.
well: first, the H-bond strength becomes weakerRas Again, a Fermi resonance is predicted, in this case
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0.5 shape of the hydrogen potential in O—H—O bonds is
independent of the details of the molecular structure sur-
rounding the bond. Therefore, the origin of the hydrogen-
OH lattice interaction terntH,,, = Agx) must come from the
0.4 7 nature of the oxygen atoms within the bond. Present con-
siderations imply that it is strongly related to the distor-
tion of the electron distribution around the oxygen atoms
in the bond. Sincag.(D) > Ag.(H), a stronger effective
distortion occurs in the D potentials and produces a larger
asymmetry in O—D—O bonds. Such strong distortions
will always depress the ground-state energy of deuterium.
This results in a reduced rate for deuterium transfer along
the O—D—O (cf. O—H—O0) bonds, and thus depresses
the reaction rate of D isotopomers beyond that expected
from simple mass considerations [16].
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