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We discuss a novel mechanism for obtaining a spin-gap state through the creation of a coherent
spin-orbital structure in systems with orbital degeneracy. Using the density matrix renormalization
group, we calculate the phase diagram for a coupled spin-orbital model. We find that, in addition
to ferromagnetic and power-law antiferromagnetic phases for spin and orbital degrees of freedom,
this model has a gapless line extending from the ferromagnetic phase to the Bethe ansatz solvable
SU(4) critical point, and a gapped phase with doubly degenerate ground states which form alternating
spin and orbital singlets. The relevance to several recently discovered materials is discussed.
[S0031-9007(98)07919-8]
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The problem of appearance of spin gaps in different sysbecomes [6]
tems and in different situations is one of the central prob-
lems in the physics of quantum spin systems nowadays 31 — j, Zgi cSiv1 + s Z(i - Tisy + AT?T, )
[1-3]. There are several mechanisms traditionally in- 7 ;
voked to explain the opening of a spin gap: Haldane-gap
in spin-one chains, spin-Peierls mechanism, even-leg spin + KD 8i+ Siwi(Ti - Ty + BTiTE ). (2)
ladders, frustration as in Majumdar-Ghosh models, etc. i
We show in our work that there exists yet another, un- , iop — (2 — /12 —
known until now, possibility to open a spin gap. Although The S'm.pIeSt assumptions = ¢~ = 1,1 = 0, together
mathematically closely related to the spin-ladder and spinVith @ singleU’, lead to
Peierls systems, this new mechanism is physically quite

different. It arises in systems with spin and orbital degen- H = Z[Jlgi “Siv1 + LoTi - Tig
eracy and requires coherence over neighboring atoms of i
both degrees of freedom. We also motivate such a spin- + K(Si - Siv1)(Ti - Tiv1)] (3)

orbital model from a quantum-chemical analysis of re- ] . ]

cently discovered spin-gap materials,NaSkO [4] and ~ With J1 = Jo = K /4. This special point has SU(4) sym-

NaV,0s [5] and discuss the relevance of this new phase ténetry. However, there are many ways in which one can

them. find deviations from these parameters. For example, it
The two-band Hubbard model is well known in contextWas shown by Arovas and Auerbach [7] in the context

of magnetic insulators with Jahn-Teller ions [6]. TheOf Ceo that more than oné/,z lead to the Hamiltonian
Hamiltonian is in Eq. (3) with the SW2) X SU(2) symmetric parameter

space reducing té, + J, = K /2, but with J; not neces-
sarily equal ta/;.

Here we study the ground states of this model with
SU(2) X SU(2) symmetry with arbitrary/;, J,, and posi-
wherei, j are site indicesq, 8 = 1,2 the orbitals, and tive K. The calculated ground-state phase diagram is
o,o' the spin indices. Quarter filling of the bands shown in Fig. 1, where the Arovas-Auerbach ling,+
amounts to one electron per atom. In the strong coupling, = K /2, is shown by the dotted line (which goes through
limit this system is a Mott insulator, the state of eachpoint A). It is well known that the presence of orbital
ion can be characterized by a spfa, and the orbital degrees of freedom can alter the nature of spin order,
state can be mapped into a pseudospir- 1/2 so that giving rise to both ferromagnetism and antiferromagnetism
orbital one corresponds t@* = 1/2 and orbital 2 to [6]. The ground states in phases I, Il, and Ill are known
T° = —1/2. Thus in the strong coupling limit, the exactly. They are direct products of spin and pseudospin
effective spin-pseudospin Hamiltonian in one dimensiorground states. In phase I both spin and pseudospin degrees

af
H = Ztij Ci-;ngﬁa— + Z Uaﬁniaa'niﬁo” (l)
(@) #(Ba)
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7 ground-state energy is accurate with that obtained by the
v Bethe ansatz [8] to the fourth significant decimal place and
v / the excitation gap vanishes to numerical accuracy. We

c/ also verify the ground-state energies and quantum num-

S bers of phases |, Il, and Ill and obtain their phase bound-
aries by DMRG. In all our calculations described below,
we have kept the cutoff to be120 < m < 150. All the
calculations are repeatedly checked by exact diagonaliza-
tion results for small system sizes, and we report here the
results for system sizes up d = 30. Note that each site
contains a spin and an orbital variable.

We have calculated the excited state energies in the
subspace of(S!*, T!*") = (1,1) while the ground state

m remains in(S\, T1°') = (0,0) subspace. For the linBA

as well as for the whole of the incommensurate line (line
AD in Fig. 1), we have calculated the excitation gaps from
theN = 4n data. This is to avoid many-fold ground-state
FIG. 1. Phase diagram for the model in Hamiltonian (3) indegeneracy foN = 4n + 2 [12]. Furthermore, to obtain
the Ji/K, J»/K parameter space. Thick solid lines are 1st-these gaps in the thermodynamic limit, the calculated
order phase boundaries aBd is a critical line. See text for finite-size gaps, for th&/ = 4n systems are fitted with a

details. function of the form

h/K

. 075%

I

0.25

0.25

of freedom are fully polarized ferromagnets. In phase Il AN)=A + A/N + B/N?> + C/N* + ... 4)
the pseudospins are ferromagnetic, whereas the spins are
antiferromagnetic and their ground state is the Bethe ansatz We find that the SU(4) critical poirt is the end point
ground state of the spin-half antiferromagnetic chain. Irnof a critical line AB, where the poinB is a special point
phase IlIl, spins and pseudospins are interchanged witlvhere the ground state is infinitely degenerate. The 0
respect to phase Il. All these three phases are conventionahtropy is finite at this point= In3). In fact, ground
magnetic phases appropriate for 1D, with gapless spistates of the whole of the boundary lines of the fully
excitations. We will concentrate in the rest of the paper orferromagnetic spin and pseudospin phase are infinitely
the region 1V, which we show has an excitation gap, andlegenerate and the ground-state entropy is calculated to
the critical lineAB, where gapless excitations exist. Therebe =In2 [13]. Note that this finite entropy ground state
are two other points in the phase diagram, where the grounid quite uncommon for interacting quantum many-body
state is known exactly. The poiAthas SU(4) symmetry systems.
and is also Bethe-ansatz integrable [8]. It has gapless At the SU(4) pointA, we have verified that the spin
excitations and power-law correlations. The exact groundtructure factor peaks at = 7/2 and the decay of the
state for pointC was recently obtained by Kolezhuk and power-law real-space correlations are consistent with the
Mikeska [9]. This ground state is doubly degenerate and/2 power [14]. Furthermore, all along the open interval
there is a gap in the excitation spectrum. AB, the structure factor peak remainsgat= 7 /2. Also
To determine the properties of the region IV and the lineon this open interval, the ground state is a singlet and the
AB, we turn to numerical methods. We use the densityspin and pseudospin gap remains zero. Numerically we
matrix renormalization group (DMRG) method [10] to find that the gap opens with an exponentldf = 0.25
calculate the ground state, the excitation gap, and the spadong the lineAD close to the poinA.
and orbital correlation functions. The overall features of The pointC is known to have degenerate ground states
the method remain essentially the same for this problerwhich can be written as a matrix product consisting of
as for the Heisenberg spin problems [11]. As the systenalternating singlet bonds in both the spin and orbital
possesses a global 8) X SU(2) symmetry, we define a variables [9]. There is a finite correlation length and the
single site with four states from the spin and orbital degreeground-state spin structure factor peakg at =. Along
of freedom and ensure that at every iteration bfjthand  the line AC above the SU(4) poind, the ground state
TE, are preserved as good quantum numbers. remains doubly degenerate with a spin gap (see Fig. 1).
We have used periodic boundary conditions through-This gap goes through a maximum at=J, = J, =
out this study and have verified our results extensively(0.5 = 0.02)K, while going from pointC to pointA where
The ground-state energy for poiat (see Fig. 1) is cor- it vanishes to zero. Along this line, from poiAtto the
rect to numerical accuracy and the lowest excitation gapoint where the gap becomes maximum (pairih Fig. 1),
calculated to bé.3756 in units of K compares with the the spin as well as the pseudospin pair correlations are
variational estimate 00.375 [9], with the DMRG cut- incommensurate. The peak in the structure factor moves
off, m = 100. Atthe SU(4) point (pointi in Fig. 1),the fromg = 7 atD tog = 7 /2 atA.
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Consider now the line which runs from poiit to  perature phase transition &t =~ 110 K [4]. Below this
infinity with equalJ;/K andJ,/K values. All along this temperature the uniform susceptibility drops sharply with-
line, the spin correlations stay peaked@tf 7) and there out any formation of magnetic order, and shows activated
is a finite spin gap. In the smaki/J limit, the results are (spin-gap) behavior. No lattice dimerization was observed
similar to those found for the ordinary spin ladder, whereeither by x-ray or by neutron scattering. In this material,
a gap opens for any finite interchain coupling. Our resultgshe spin-half Ti*(4') ions form a square lattice. Thus,
are consistent with those of Nersesyan and Tsvelik [15] anthis behavior is in marked contrast to the undoped cuprates,
Mostovoy [16] in that the gap is linear iki/J. In Fig. 2,  which show antiferromagnetic order.
we plot the lowest excitation gap in units 6f= J; = J», This material has inverse “WiF,” structure, consisting
as a function ofK' /J. of layers of oxygen ions forming square lattice, and Ti ions

Over the entire region 1V, the ground state wNh= 4n  sitting in between them. The Sb ions are located above
is doubly degenerate. It is a spin and pseudospin singleand below the centers of oxygen plaquettes as shown in
with a finite excitation gap. These results are in accordancEig. 3a. Each Tiion is surrounded by four Sb ions and two
with the Lieb-Schultz-Mattis theorem [17]. Furthermore, oxygens, forming approximate octahedron. In this local
it has the same broken symmetry as the exactly solvetktragonal coordination, the triply degeneratelevels are
point C. This is verified by calculating the square of the split into doublete, anda; levels. Because of its 4-fold

order parameter coordination, the oxygen levels lie well below the Fermi
Qi — j) = (S} Sixy — ) (SiS5y — ©)
+ (TTiy = N(TiTi = ) () @ S e
for large i — j, where S} and 7/ are thez component i i

of spin and pseudospin operators, respectivety.and
¢’ are the average of two-particle correlations, ie=
1/NY (SiSivyandc’ = 1/N > (T{Tf:), andN is the

number of spin-orbital pairs. We find th&> remains ° Py
finite in this phase. S sb
We now turn to some recently synthesized spin-gap S S o
materials for which this model is relevant. The mate- Oo
rial Na Ti,ShhO was recently found to have a finite tem-
(b)
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7 ‘ ‘ ‘ S FIG. 3. (a) Structure of the material NE,ShO. (b) The
0'00_0 1.0 2.0 3.0 4.0 formation of doubly degenerate chains in,NaSkh,O. Here
K/J only one-half of each octahedra &b, is shown for clarity. De-

generated orbitals of Ti and overlapping with them orbitals
FIG. 2. Lowest excitation gap in units of as a function of of Sb are shown (white and black orbitals, respectively). Two
K /J for the line from pointA to infinity through pointsD and  sets of mutually perpendicular degenerate chains are formed
C as in Fig. 1. this way [see (a)].
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energy [18]. As the covalency of the Ti-Sb bond, whichpolarized ferromagnetic phase to the Bethe ansatz soluble
gives the main contribution to the crystal-field splitting, is SU(4) critical point, and the presence of incommensurate
very strong, thez, doublets should lie lower in this case. spin correlations in certain parts of the gapful phase. The
Thus the ground state of Ti contains odeelectron in  relevance of these findings to various recently discovered
a doubly degenerate orbital, which choosing the O-Ti-Ospin-gap materials is discussed.
axis as thez axis are thel,. and thed,, orbitals. These We thank M. Mostovoy, S. Ramasesha, and D. Sen
orbitals overlap through strong hybridization with the for valuable discussions. We have also benefited from
correspondingp,, orbitals of Sb thus giving rise to two earlier DMRG programs developed in S. Ramasesha’s
independent one dimensional structures extending alongroup. This work was financially supported by NSF Grant
two mutually perpendicular axes of the crystal (Fig. 3b).No. DMR-96-16574, by the Netherlands Foundation for
Thus to a first approximation this represents a quasithe Fundamental Study of Matter (FOM), and by OXSEN
1D quarter-filled 2-band system and a perfect physicahetwork.
realization of Eq. (3).
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