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Quantum Metamorphosis of a Conformal Transformation in D3-Brane Yang-Mills Theory
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We show how the linear special conformal transformation in four-dimensionalN  4 super-
Yang-Mills theory is metamorphosed into the nonlinear and field-dependent transformation for the
collective coordinates of Dirichlet 3-branes, which agrees with the transformation law for the space-
time coordinates in the anti–de Sitter (AdS) space-time. Our result provides a new and strong
support for the conjectured relation between AdS5 3 S5 supergravity and super-Yang-Mills theory
(SYM). Furthermore, our work sheds elucidating light on the nature of the AdSySYM correspondence.
[S0031-9007(98)07828-4]
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One of the most interesting recent outcomes fro
studies of various duality relations in superstring theori
is the correspondence between the largeN super-Yang-
Mills (SYM) theories describing the low-energy dynamic
of Dirichlet branes and supergravities in the backgrou
of anti–de Sitter (AdS) space-times. Based on som
earlier results [1], the precise criteria for the validity o
such correspondence are discussed in [2] and the conc
formulation of the relations between correlation function
on both sides are proposed in [3,4]. From the viewpoi
of string theory, the correspondence may be regarded
a special version of olds-t duality which relates open
strings in s channel and closed strings int channel.
In connection with this view, it has been emphasize
that, at the heart of this remarkable relation, there is
underlying duality between the short and large distanc
on each side, the “space-time uncertainty relation” in t
language of [5,6] or “ultraviolet-infrared relation” using
the terminology of [7].

As far as we can see, however, the basis for the c
respondence is yet phenomenological in nature, and
logical or “intrinsic” explanationwithin the framework
of super-Yang-Mills theory has been known, except f
some analogy with lower dimensional examples such
those between the three-dimensional Chern-Simon th
ries in the bulk and the corresponding two-dimension
conformal-field theories (CFTs) at the boundary. Very r
cently, some works [8–11] trying to fill this gap appeare
In the present Letter, we provide another approach aim
toward such a goal.

One of the handles in pursuing such an explanati
is the (super-) conformal symmetry on both sides. A
is well known, the four-dimensional conformal grou
of 4D Yang-Mills theory is isomorphic to the isometry
group of the five-dimensional anti–de Sitter space-tim
AdS5. In the coordinate frame most appropriate fo
making comparison with the standard formulation o
Yang-Mills theory, the metric on the supergravity side
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AdS5 3 S5, is

ds2  a0

√
R2

U2 sdU2 1 U2dV2
5d 1

U2

R2 dx2
4

!
, (1)

where (and throughout the present paper) we use the sa
conventions as Ref. [2]. ThusU is the radial coordinate
measured in the energy unit,U  rya0. The throat radius
of the AdS space-time in the dimesionless unit isR 
s2g2

YMNd1y4, and the Yang-Mills coupling is related to the
standard string couplinggs  ef by g2

YM  2pgs. The
special conformal transformation for the longitudinal four
dimensional coordinatesxa sa  0, 1, 2, 3d and the radial
coordinateU as a part of the isometry of this metric are

dKxa  22e ? xxa 1 eax2 1 ea R4

U2 , (2)

dKU  2e ? xU . (3)

In the usual interpretation of the Yang-Mills theory a
the boundary field theory corresponding to supergravi
in the bulk, the ordinary transformation law on the Yang
Mills side is identified with these transformations in the
limit U ! ` of (2) and (3). This is certainly a consisten
interpretation.

On the other hand, from the viewpoint of effective
world-volume theory for D3-brane, the Higgs fields o
the N  4 super-Yang-Mills theory must play the role
of the collective coordinates which are transversal
the D3-brane, and hence correspond to the directio
described by the radial coordinateU together with the
angle coordinates describing S5 in the bulk theory. The
above metric should therefore be detected in the dynam
of these coordinates representing a probe D3-brane in
presence of the background corresponding to the hea
source described by a large number of coincident D
branes at rest at the origin. From this point of view, th
Yang-Mills theory as a wholecannotbe regarded as living
on the boundary (or anywhere) of the AdS space, since t
above interpretation crucially depends on the choice
© 1998 The American Physical Society
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D-brane configuration as the background of the Yan
Mills theory. Clearly, the question “Where are the
branes?” can meaningfully be asked only after a choi
is made for the background in Yang-Mills theory.

One way of approaching this picture is of course t
try to compute the effective action for the probe D3
brane from the Yang-Mills side [8], just as we do fo
D-particles [12,13] in matrix theory. In the following, we
take a different approach. Namely, we try to derive th
transformation law in the bulk theory directly from Yang
Mills theory. In other words, we shall clarify how such
a field-dependent transformation law can emerge from t
ordinary linear transformation law.

The classical Yang-Mills action in our convention is

Sd3  2
Z

d4x
1

4g2
YM

3 Tr

√
FabFab 1

2
s2pa0d2 DaXmDaXm

1
1

s2pa0d4 fXm, Xng2

!
1 . . . , (4)

where we suppressed the fermionic part. Here the spa
time indicesm, n for the Higgs fieldsXm run through
the transverse directions from 4 to 9 and the world
volume coordinates are identified with the space-tim
coordinates in the longitudinal directionsa  0, . . . , 3
assuming the static gauge for the parametrization in fl
world volume. The action is invariant under the ordinar
special conformal transformation generated by

dKAasxd  sdKxbd≠bAasxd 2 2e ? xAasxd

1 2xae ? Asxd 2 2eax ? Asxd , (5)

dKXmsxd  sdKxbd≠bXmsxd 2 2e ? xXmsxd . (6)

The effective dynamics of D3-branes is described b
the diagonal matrix elements of the Higgs fields. If th
distance between the source and the probe is first assum
to be large, the energy scale of the off-diagonal part
large or the length scale in the world volume is small, an
it is appropriate to integrate over the off-diagonal par
keeping fixed the low-energy (or large-distance) dynami
of the diagonal part. In order to carry this out, we hav
to fix the gauge for the off-diagonal part. The mos
convenient is the usual background-field gauge, assum
the diagonal partB of the fields as the background fields
Namely, the gauge function is

F  ≠aAa 2 i
1

s2pa0d2 fBm, Ymg ,

where we have denoted the off-diagonal part of the Hig
fields byYm, i.e.,Xm  Bm 1 Ym.

Let us now consider the effect of the special conform
transformation on the gauge functionF. We find

dKF  sdKxad≠aF 2 2e ? xF 1 4e ? A . (7)

Thus the gauge condition cannot be invariant under t
special conformal transformation and, hence, we ha
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to perform a field dependent gauge transformation
recover the original gauge condition. The required gau
parameter is

L  4n21
B e ? A , (8)

wherenB is defined by

nBL  2Da≠aL 1
1

s2pa0d2 fffBa 1 Ya, fBa, Lgggg ,

which of course is the kinetic operator for the gho
action

R
d4x TrsCnBCd. Thus the special conforma

transformation for the Higgs fields is modified as

d̃KX  dKX 1 4ifn21
B e ? A, Xg . (9)

A similar modification of the special conformal transfor
mation was essentially noticed long ago in [14], in th
case of Feynman gauge. It is straightforward to che
that the measure is invariant under this transformati
using the BRS formalism following Ref. [14]. In the
BRS formalism, the modified term is supplied from th
field-dependent BRS transformation whose Jacobian co
pensates the violation of the special conformal inva
ance of the gauge fixing term

R
d4x

1
2gs

Tr F2. Integration
over the ghost fields gives the same final form for th
modified term.

Because of this modification, the conformal War
identity for the effective actionG for the diagonal
parts, which is the sum over the diagrams one–parti
irreducible (1PI) with respect to the diagonal Higgs field
B, takes the formZ

d4x sdKB 1 4ikfn21
B e ? A, Xgdiagonalld

dG

dB
 0 ,

(10)

where the subscript “diagonal” for the commutator ind
cates that only the diagonal part is taken and the brac
k?l indicates the expectation value with respect to the p
integral over the off-diagonal part.

We can now evaluate the expectation value of t
additional term. For small transverse velocities, th
lowest nontrivial contribution comes from the diagram
with one vertex

2
2

g2
YMs2pa0d2

Z
d4x Trs≠aBmfYm, Aagd

inserted, which mixes the gauge and the Higgs field
Since this vertex is already of first order in velocity
we can use the static approximation for the rest. Th
the result for the probe D3-brane in the presence ofN
coincident source D3-branes at the origin is

4ikfn21
B e ? A, Xgdiagonall  16ig2

YMN
Z d4k

s2pd4

3
1

sk2 1 M2 2 ied3 e≠B


g2

YMN
2p2M2 e≠B ,
5073
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where M2  s r
2pa0 d2. Note that the background Higgs

fields take the following form (r2  rmrm):

Bm 

0BBBBB@
0 0 · · · 0
0 0 · · · 0
? ? · · · ?

? ? · · · ?

0 0 · · · rm

1CCCCCA ,

where the only nonzero entry is the lastsN 1 1, N 1 1d
matrix element corresponding to the probe D3-brane a
the N zero diagonal elements represent the source D
branes which can be assumed to be at rest in the largeN
limit. Note also that the modification of the conforma
transformation of the source D3-branes can be neglec
compared with that of the probe in the largeN limit.

The above result,including the numerical coefficient,
precisely gives the last term in the transformatio
law for the world-volume (i.e., longitudinal) coor-
dinates of the anti–de Sitter space-time (2) sin
R4yU2  s2pa0d2g2

YMNy2p2r2. The transformation
law of the diagonal Higgs fields now takes the AdS form
(3) corresponding to the radial coordinateU. Remember
here that the transformation of the world-volume coord
nate and the scaling of the fields are oppositely relat
to each other. We have thus succeeded in deriving
transformation law in the bulk starting from the “bound
ary” conformal field theory. We would like, however, to
remind the reader that our interpretation is somewhat d
ferent as already emphasized before. Also, our derivat
shows that in general the transformation law is subje
to higher order corrections both in velocities and in th
Yang-Mills coupling constant. Furthermore, the corre
tions can in principle be computed using the conform
Ward identities for arbitrary backgrounds. For gener
backgrounds, however, the modifed transformation ru
cannot be interpreted in terms of simple space-tim
picture based on classical geometrical language. T
further suggests that some kind of collective field theo
which describes the dynamics of the diagonal part af
eliminating the off-diagonal part might be a convenien
tool for establishing the AdSySYM correspondence in a
more general way. A discussion concerning the relevan
of collective field theory is given in [15].

As shown in [2], the modified transformation law is
very powerful in determining the effective action for th
D3-brane on the AdS background in the low-velocit
approximation. Combined with a few assumptions,
particular, a supersymmetric nonrenormalization theore
the form of the action in the leading approximation in th
velocity expansion is uniquely determined to allclassical
orders in the string coupling, coinciding with the familia
Born-Infeld action. Thus our result implies that the prob
D3-brane described by the Yang-Mills theory must dete
the anti–de Sitter space-time described by the met
(1), since the metric is uniquely characterized by th
transformation law (2) and (3).
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At this juncture, let us comment once more on th
interpretation of the AdSySYM correspondence. Our
result indicates that the super-Yang-Mills theory in thi
correspondence can indeed be interpreted as the effect
theory of D3-branes applicable to arbitrary backgroun
configurations of D3-branes. The AdS transformation law
emerges upon integrating over the off-diagonal degrees
freedom, which, in the picture ofs-t duality emphasized
in the beginning of the present paper, represent th
dynamics of closed strings in thet channel using the
dual s-channel language. If there are a large numbe
N1, of probe D3-branes at a sufficiently large radia
distanceU from the source consisting ofN2s¿ N1 ¿ 1d
coincident D3-branes, the system of the probe D-bran
is treated as UsN1d Yang-Mills theory, and the conformal
transformation reduces to the usual linear one. It seem
that the boundary conformal field theory is identified with
either the probe or the source Yang-Mills theory with
reduced gauge group UsN1d or UsN2d, respectively. This
suggests that the AdSySYM correspondence may possibly
be proven by establishing that the gauge-broken pa
UsN1 1 N2dyUsN1d 3 UsN2d, of the whole UsN1 1 N2d
Yang-Mills theory describes supergravity in the low-
energy and the largeN1, N2 limit. As is more or less
evident from our discussions, the low-energy (or long
distance) effects on the supergravity side are in tur
related to the high-energy or short-distance effects on t
Yang-Mills side, reflecting the space-time uncertainty o
“UV yIR” relation. This makes the above scenario fo
a possible derivation of the AdSySYM correspondence
conceptually feasible.

In Ref. [5], two of the present authors argued tha
the conformal symmetry can be extended to the case
D-particles and may be useful for discussing the dynam
ics of D-particles in almost the same sense as for D
branes. The present derivation of the bulk conforma
transformation for D3-branes stemmed from our invest
gation along this line. Actually, however, the extension o
the present formalism to other “dilatonic” branes includ
ing D-particles requires some more intricate treatmen
and will be discussed elsewhere [16]. It is also interes
ing to see whether the present method can be extend
to other nondilatonic examples [2] of the AdSyCFT
correspondence.

The present work grew out of discussions that wer
begun at the workshop “Dualities in String Theory” a
ITP, Santa Barbara. We thank the organizers of th
workshop and the staff of ITP for providing a stimulating
atmosphere and for hospitality. The work of A. J. is
supported in part by the Department of Energy unde
Contract No. DE-FG02-91ER40688-Task A. The work
of Y. K. and T. Y. is supported in part by Grant-in-
Aid for Scientific Research (No. 09640337) and Grant-in
Aid for International Scientific Research (Joint Research
No. 10044061) from the Ministry of Education, Science
and Culture.
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