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Comment on “Theorem for Nonrotating
Singularity-Free Universes”

In Ref. [1], Raychaudhuri has proved an interesting r
sult applicable to nonrotatingopencosmological models
giving an important insight into the question of th
existence of singularity-free cosmological models. Esse
tially, the result states that in any nonrotating singularit
free universe satisfying the strong energy condition (SE
the spacetime averageof the energy density (and simi-
lar quantities) must vanish. This is true for the explic
models known hitherto (see [2,3] and references there
However, a closer look at Raychaudhuri’s result revea
that this property is not exclusive of singularity-free mod
els, but rather a remarkable property ofmost nonrotat-
ing open cosmologies. As an illustrative example, t
computation of the averages for the simplest stand
Friedmann-Lemaıˆtre-Robertson-Walker (FLRW) models
will be given below and will show to vanish in general.

The spacetime average of anyf over a regionD is

k flD ;

R
D fhR
D h

;

R
D fh

VD

, (1)

where h is the volume element 4-form so thatVD is
the 4-volume ofD . The spacetime averagek fl of f is
the limit of (1) whenD is the whole spacetime. For the
nonsingular perfect-fluid solutions of [2],krl, kpl, and
kul vanish, wherer, p, and u are the fluid energy
density, pressure, and expansion, respectively. This w
generalized in [1] to nonrotating open singularity-fre
models satisfying SEC.

Is this a genuine property of nonsingular models? T
answer this, let us compute the spacetime averages in
flat FLRW spacetimes

ds2 ­ 2dt2 1 a2std sdx2 1 dy2 1 dz2d .

By assuming the simplest equation of statep ­
grs21 , g , 1d, astd and rstd are given by (units
8pG ­ c ­ 1)

astd ­ const3 t2y3s11gd, rstd ­
4

3s1 1 gd2

1
t2

(2)

with the big bang placed att ! 0. Use as region
D any 4-“rectangle” limited by valuest0 . t1 . 0. A
straightforward calculation using (1) and (2) provides

krlD ­
4s3 1 gd

3s1 1 gd2s1 2 gd

3

√
t

s12gdys11gd
1 2 t

s12gdys11gd
0

t
s31gdys11gd
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!
from which we immediately get

krl ­ lim
t!`

4s3 1 gd
3s1 1 gd2s1 2 gd

t22 ­ 0
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so that the spacetime average ofr and p vanish for
these simple models. This holds for any open spatial
homogeneous model. Therefore, the vanishing of th
spacetime matter averages is a propertyshared by all
models. In the singular ones, matter quantities blow up
the singularity, but this is just thedefiningdifference with
the nonsingular cosmologies. Thus, the word “empty
used in [1] to qualify the nonsingular models seem
unfortunate, for it could be applied to the FLRW models
which are nonempty from any possible viewpoint.

In conclusion, let us stress that purespatialaverages (at
anyt) of the matter quantities also vanish in the nonsingu
lar models [2], while they do not vanish for spatially ho-
mogeneous models. Intuitively, the vanishing of spatia
averages is fundamental for the absence of singularitie
and perhaps the original ideas in [1] may be improve
as follows. In most regular cases, Eq. (2) in [1] implies
that S:x0 ­ const are Cauchy hypersurfaces. Then, ap
plication of Raychaudhuri’s equation [1,4] leads to a sin
gularity in the finite past if the expansion of the geodesi
congruence orthogonal toS is bounded from below by
a positive constant atS [3,5]. Thus, nonsingular every-
where expanding models need the vanishing of the expa
sion at spatial infinity, implying in many cases thatspatial
averages of the scalars appearing in Raychaudhuri’s eq
tion vanish. All in all, we put forward the following.

Conjecture.—In any singularity-free nonrotating ev-
erywhere expanding globally hyperbolic model, if SEC
holds, the spatial averages of the matter scalars vanish.

In yet other words, if thespatialaverages do not vanish,
then spacetime must be singular to the past. Thus,
seems that a possible satisfactory distinguishing fact
between singular and nonsingular models could be th
vanishing of the spatial average of the energy density.
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