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Nonlinear Diffusion of the Magnetic Field in Weakly lonized Plasmas
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Enhanced nonlinear penetration of the external periodic magnetic field into a weakly ionized plasma
is investigated. The penetration is enhanced by the convection of the magnetic field due to the Lorentz
force. The nonlinearity leads to the wavelike propagation of the magnetic field or to the nonlinear
diffusion similar to the diffusion in porous medium depending on plasma collisionality. It is shown
that the periodic magnetic field experiences much slower decay inside the plasma compared to that of
the standard skin effect. [S0031-9007(98)07748-5]

PACS numbers: 52.25.Fi, 52.30.—q

In this paper we study nonlinear effects that signifi-fied below. Nonlinear effects considered in this work
cantly enhance the penetration of the magnetic field int@re different from phenomena studied in [3] (see also
the weakly ionized plasma. The penetration is enhanceRefs. [4,12], and references therein). The latter are re-
by the nonlinear convection due to the Lorentz force astated to inhomogeneities of plasma density and/or to the
sociated with induced magnetic field. It is also accom-curvature of the magnetic field. In particular, the nonlin-
panied by the nonlinear generation of higher harmonicgar diffusion considered in the present paper is operative
leading to the steepening of the wave front and the forfor a homogenous plasma density and in a slab geometry
mation of a shock wave. Low frequency components ofwe consider cylindrical geometry here to make connec-
the external perturbation form a quasistationary long livedion to experimental conditions in Ref. [1]).
magnetic field inside the plasma. The nonlinear model The electron and ion components are described by the
and behavior of the magnetic field in the weakly ionizedfollowing moment equations:

plasma described in this paper have direct applications to daVy ey 1

a wide variety of laboratory [1-4] and space [5—10] plas- a m. E + AL X B |=vanVa, (1)
mas. It is also similar to the nonlinear diffusion of the i *L ) )
magnetic flux in the superconductors [11]. where v,, is the collisional frequencies due to particle-

The effects studied in this paper are associated with thBeutral interactiong = (e, i), do/dt = 3/t + v - V.
nonlinear modification of the Ohm’s law due to the in- These equations are closed with the Ampere’s law
duced magnetic fie[d?. The r'egime when the Lorentz VXB= 4_77J _4m en(Ziv; — V,). )
force (Hall term) is important in the electron momentum c c
balance equation and the ion motion can be neglected /e assume plasma quasineutrality, = n, = n, and
commonly referred to as electron (Hall) magnetohydro-neglect all perturbations of plasma density. The plasma
dynamic (EMH) [3]. Applicability conditions for EMH displacement current is also neglected in (2) assuming
are typically satisfied in the ionospheric plasma perturbethat the characteristic oscillation frequency is sufficiently
by electrodynamic tethers [5] and in the magnetospher®w. The electron equation of motion (1) is conveniently
plasma [5] perturbed by short term variations of the solamvritten in the form of conservation of the generalized
wind, as well as in laboratory pulsed plasmas, in particumomentum [3]
lar, plasm{_;\ opening switch [4]. For an unmagnetizediv X pe — VX (v, XV X p,) =
weakly ionized plasma the approach of the electron mag-d¢
netohydrodynamic is applied when the electron cyclotron 3)
frequencyw, = e¢B/m.c in the induced magnetic field wherep, = m.v, — eA/c, andA is the magnetic vector
B becomes comparable to the electron-neutral collisiondpotential, B = V X A.
frequencyw., or to the characteristic frequency of the os- The ion and electron equations (1) are combined in the
cillations w = B~'9B/dt. The weakly ionized plasma momentum balance equation
typically used in Ic_>W density ir_1ductive|y cou_pled plasma iu _ LJ ¥ B — pu + 2 v x B, 4)
reactors for materials processing are often in the regimes 9t cnm 47en
with w, ~ 50-180, v., ~ 5-20, andw ~ 1-85 [1] (in where mu =m,v, + m;v;, m = m; + m,, and v =
units of 10° s~!). Thus the low temperature plasma in (v.,m, + v;,m;,)/m. We have used the ordering~
inductive plasma reactors represents another example of ~ m.v./m; and neglected the small terms of the order
plasma that is described by the EMH. In this paper weof m,/m;.
consider a situation when, in general, ion motion is im- When the collisionless skin depth is small compared
portant, so that the EMH condition will be slightly modi- to the characteristic wavelengtkic?/w,, < 1, the field

_Venmev X Ve,
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component of the generalized momentum is dominantgoupled plasma reactors. The second term in (6) describes

m.v, < eA/c. Then Eq. (3) reduces to the convection of the magnetic field by the radial plasma
P c flow u,. The equation for, decouples from (4) and takes

EB—VX(uXB)-I—VX(M(VXB)XB) the form

9 d b2
agu,=—a—7—ur, (8)
VenMeC c r
e v X (u Ten v X B)' () where @ = w/v. The radial plasma velocity, is

riven by the gradient of the magnetic field pressure.

Nonlinear Egs. (4) and (5) describe complex couplecﬁl X ; ;
dynamics of the magnetic field and plasma velocity. In ote the an_alogy to Da_rcys law for the fluid _ﬂOW n
porous medium. Equations (6) and (8) constitute our

particular, the last term on the left hand side of this ®aua,»in equations for the nonlinear evolution of the magnetic
tion describes the nonlinear Hall effects associated wit 9 9

gradient of plasma density and curvature of the magnetic'?ld' F_or an axisymmetric infinite plgsma cylinder, a
field [3,4,12]. In this work we study a simplest one- Singularity of the radial plasma velocity, may occur

dimensional version of (4) and (5) where the nonlinearat the boundary: = R and at the center of the cylinder

convecton of the magnetc f by the pisma faves [, PISCIeRly, he Sonuly of e s fou can,
not masked by the Hall effect. We consider an infinite y b )

plasma cylinder along the axis and a uniform plasma We Investigate the |nwaro_l penetration of the harmonic
. - . . ._magnetic field along the axis applied at the surface of

density,n = const. The azimuthally symmetric magnetic . - .

7 N 7 o the plasma cylinder = R. In order to illustrate the prop-

field is in thez direction and varies in radial direction

B(r) = B(r)2. Then the Hall term in (5) vanishes iden- erties of nonlinear diffusion we solved the system (6)—(8)

X o . . for @« = 1, R = 10 with vanishing derivativesu/dr and
tically and the magnetic induction equation (5) takes theab/ar atr = 0, u(r) = b(r) = 0 atr = 0, andb(r, r —

form 5 | s 1 p R) = bysinwt). The pseudospectral Chebyshev poly-
b+ ——(ruyb) = — — (r — ) (6)  nomial approximation in space and Crank-Nicholson dis-
at roor roor\ 9dr cretization in time were used.

The radial plasma velocity:, is directed toward the  For a small amplitude of the external field(s) =< 1
axis of the cylinder. Here, the time is normalized tothe magnetic pressure gradient force is small so that

the frequency of the external perturbatioh= wt, the  nonlinear convective velocity, in (6) can be neglected.
dimensionless length scaké? — r2/82, u. — u,/wd, Then the magnetic induction equation (6) reduces to

8% = D,,/w. The magnetic diffusion coefficienti3,, =  the linear diffusion equation, and the penetration depth

Venmec?/4me?n, and the dimensionless amplitudeis  is independent of the amplitude and given by the skin

introduced by the relation depth 6. The characteristic length scale (defined as the
b2 _ e’ B (7) distance where the amplitude decreases-old times)

(Venme + VipMin)Venmec? increases with the amplitude of the external field. This

behavior is shown in Fig. 1 where the averaged over the
. o . 1 periodT profiles of the mean square of the magnetic field
the induced magnetic field to the effective collisional fre-<b> _ (9532 dt/T)\/2 are shown for different amplitudes.

quency ver = [(ve, + vinii /me)ven]'? and character- . position where the amplitude decreaseseifold
izes the nonlinearity of the problem. Note that accordmg&imes for a given amplitude is marked on each curve;
to Ref. [1] this parameter can be large in the inductively '

The parameteb is a ratio of the cyclotron frequency in

3

2_
A =
5 =
\Y

1_

0

0 2 4

FIG. 1. The averaged magnetic field) as a function of FIG. 2. The time history of the magnetic field at different
distance for different amplitudes of the external perturbationpositions ¢ = 3R/4, R/2, R/4, and0) inside the plasma for
by =1, 2, and3. by = 4.2sin27t).
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the characteristic length scale for the linear diffusion isu = 0 we found the amplitude of the mean field as
marked on thex, axis. It should be noted also that the a function of the initial phaseb. This dependence is
magnetic field decay changes from the exponential in thehown in Fig. 4. Though partially it is determined by
linear regime to a much slower pattern with a noticeabldghe low frequency part of the spectrum of the harmonic
trend of changing the sign of the curvature of the profilewave steplike switched on at= 0, it is further modified
in the region where the amplitude is large (Fig. 1). by nonlinear effects. A similar behavior of the mean
The remarkable feature of the nonlinear dynamicdield was observed also for nonlinear penetration of the
described by Egs. (6) and (8) is the fast penetration (omagnetic flux into the superconductors [11].
the time scale of several periods) of the mean magnetic In the presence of a mean magnetic field the penetration
field deep inside the plasma. We define the mean field of the external field is further enhanced due to appearance
as the average in time over the peribd= $bdt/T. As  of wave solutions to Egs. (6)—(8) that are associated with
the magnetic field penetrates into the plasma an amplitude@agnetosonic-type waves = k,vq4; k. is the radial wave
of oscillations decreases while the amplitude of the meanector,v; = B} /4mnm is the Alfvén velocity, andB, is
component grows. This is illustrated in Fig. 2 wherethe permanent magnetic field. Wavelike propagation of
the time dependent magnetic field is plotted at severahe pulses of the magnetic field and reflection from the
positions inside the plasma column. It can clearly becenter of the plasma cylinder was also observed in our
seen that while the mean component of the magnetic fieldimulations.
is absent at the plasma boundary it appears at a finite The penetrating mean and oscillating components of
distance inside the plasma. It reaches its maximum othe magnetic field create the finite averaged figéhd
a time scale of the order of several periods. It shouldn the interior region far deeper than the linear skin
be noted that this mean magnetic field is not steadylepth as shown in Fig. 5. Such finite amplitude fields
state but rather experiences a slow decay on a very longere observed experimentally in Ref. [1]. The averaged
time scale of the order of several thousands of perioddield (») in Fig. 5 are given for the external harmonic
When amplitudeb is increased characteristic decay time perturbationb = by sin(27r¢) started at = 0. For large
increases. The decay becomes faster again for largamplitudes of the external perturbation, oscillations of
amplitudes, when the oscillating components penetratthe magnetic field penetrate plasma interior and their
to the plasma interior. In our simulations we observecontribution to(b) becomes essential.
a significant amplitude of oscillations in the center for In the inertialess limit, when the characteristic fre-
by = 6 as shown in Fig. 3. Very few oscillations are quency is small compared to the collisional frequencies,
present forby = 4.2, and practically no oscillations in the « <« v, the o parameter is small and the time derivative
center are observed fop = 3. term in (8) can be neglected so that we obtain a nonlinear
The absolute value of the mean component of theevolution equation for the magnetic field [9]

magnetic field inside the plasma depends on the initial 1 3 5
conditions of the applied field. Applying at time= 0 9 b=—— (r(l + b%) — b). (9)
the perturbatiorb = by sin27t + ¢) with initial b = 0, at roor ar

This equation is similar to the porous medium equa-
tion and describes the diffusion of the magnetic field in a

5 3 plasma with a strong plasma-neutral friction [9]. In gen-
4 6 ) /\/\/\/\/\/\/\/\/\/\ eral, numerical solutions of this equation show properties
n 1
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FIG. 3. The magnetic field in the plasma center at 0 as a )

function of time for different amplitudes, = 3, 4.2, and

6. Significant oscillations of the magnetic field penetrate toFIG. 4. The mean component of the magnetic field as a
the center folb, = 6. The damping of the field driven with the function of the initial phase¢ of the external perturbation
amplitude around, = 4.2 is negligible. The inset shows the b = bysin27r + ¢) for by = 6 and by = 3 (initial » = 0,
magnetic field for the time period from= 1000 to + = 1010. u = 0 are used).
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FIG. 5. The averaged magnetic field) as a function of FIG. 6. The magnetic field in the plasma center at 0 as a
distance forb, = 4.2 and b, = 6 at + = 2007, 8007, and function of time in the inertialess regime described by Eq. (9).
12007. A weak decay of the mean magnetic field inside is

noticeable forb, = 6; it is practically negligible forb, =

4.2 where the profiles at = 2007, 8007, and 12007 are
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