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Transfer at Rough Sheared Interfaces
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Transfer of extensities such as heat across sheared rough interfaces is considered, with particular
attention to roughnesses characterized by a broad hierarchy of length scales. We analyze as a concrete
example the corrections to the Nu-Ra dependence in high Rayleigh number convection cells induced
when the thermal layer thickness~ L Ra # is of the order of the conducting walls roughnesges
We show that, provide(l:ﬂ,(f% = % Ral/2728 | the increase of exchange surface area due to the covering
of the rough surface by the thermal layer may significantly alter the transfer relationship in absolute
value, and in law. [S0031-9007(98)07760-6]

PACS numbers: 47.27.Te, 44.30.+v, 47.20.Ft, 68.35.Ct

Smoothness is an idealization of nature since any As the Rayleigh number Ra is increased, the thermal
material surface appears rough below a certain scalgradient steepens at the wall anddecreases aa ~
Many physical phenomena are controlled by the ratd. Ra #. For effectively flat boundaries (whenexceeds
of transfer across an irregular boundary. The exampleby far the typical roughness of the conducting plates of
include turbulent combustion and chemical reactions athe cell),8 = %at moderate Rg3 = %at higher Ra, and

distorted fronts [1—3], electrochemical transfers at porougn gy reach% at very high Ra [12,13]. We investigate in
electrodes [4], momentum transfer and friction laws Ofthis | etter the corrections to the Nu-Ra dependence when
turbulent flow through rough pipes [3], pollutant transport ) is of the order of the conducting walls roughness, and
in urban geometries [6], solute transfer at liquid-gasye are particularly interested in roughnesses characterized
interfaces [7], diffusion of heat from rough surfaces [8], py a broad hierarchy of length scales (Figs. 1 and 2). Our
and tu_rbulent convection in heat exchangers [9] or in h'ghapproach is as follows: (i) We assume that the thermal
Rayleigh number convection cells [10,11]. _ boundary layer thickness depends on Ra as it would for

In all of these situations, the interface extent, itsz flat and smooth surface accordingito~ L Ra B. (ii)
roughness, and the net flux it absorbs are intimatelyye assume that the thermal layer covers the rough surface
linked. When the net flux is imposed, the interface aregrigs. 1 and 2) like a thick sheet, able to fold within
adapts |tself_for the product of the (mean) local conversionzyery unevenness of the surface provided the ruggedness
rate at the interface by the surface area to be equal tgcgle is larger than its own transverse size (jii) We
the net flux [1,3]. When the potential difference, or agssume that the net heat flux is augmented in proportion
the local transfer rate across the boundary, is fixed, thg, the increase of surface area resulting from the covering
interface extent, possibly a function of its roughnessprocess (i) [1,3].
imposes the net flux. This latter case concerns a wide cgnditions @) and (i) are fulfilled provided crests

class of applications [4—11] and is particularly relevantof the surface irregularities having the same height are
to convection over rough surfaces, discussed as a generic

example in this paper.

We consider, with no loss of generality, a convection [~
cell as the one sketched in Fig. 1; this configuration W
has been appreciably well documented recently (see
e.g., Refs. [10-12] and references cited in [13]) and
presents, at high Rayleigh number, a coherent, large-sca
circulation induced sheared boundary layers at the walls
of the convection box. We could equally motivate what
follows by considering a wind blowing over the urban
canopy [6] or the convection flow over the protrusions in %%%m
the channels of a heat exchanger [5,9], since the paradigii
discussed here is the sheared boundary layer over a rou§hG. 1. Sketch of the convection cell in a Rayleigh number
surface. regime, where the boundary layers at the walls are sheared by a

The Nusselt number Ne= L/2) is a measure of the large recirculation flow. When the diffusion tim&/« limits

heat flux t f d th Il and i i | tthe transfer rate, the thermal layer covers all of the unevenness
eat flux transierred across the cell and 1s proportional Q¢ the syrface larger than its own thickness, thereby increasing

the ratio of the linear size of the cdllto the thickness of the exchange surfac®(A) with respect to the reference smooth
the thermal boundary layer at the wall surfaceSy.

0031-900798/81(22)/4859(4)$15.00 © 1998 The American Physical Society 4859



VOLUME 81, NUMBER 22 PHYSICAL REVIEW LETTERS 30 NVEMBER 1998

that about a fraction of a millimeter [15]. Assume that
T betweené,, and ¢, respectively, the maximal and mini-

mal scales of the surface rugosity, the surface of exchange
: S(A) follows a power lawS(A)/Sy ~ (A/&y)> "4, with
&'—-) w\j\' dy the fractal dimension of the surfacé/(= 3 — H if H
y W = l |— | ] is the Hurst exponent of the roughness distribution for a
n self-affine surface [15]). Then, with ~ L Ra #, Eq. (2)

FIG. 2. A rough surface made as a collection of adjacenteads
cubes with a given distribution of sizéq¢).

Nu ~ Raf A2, (3)

sufficiently distant from each other. In that case, therpe apparent exponeft + B(d; — 2) is larger thang
separated boundary layer in the wake of a given creslecqyse the net surface of exchasge) increases when
forms a turbulent recirculating eddy before reaching the, yecreases. Fat; = 2.1 (a typical value, see [15]), the
next crest. In this limit, valid as soon as the distance;nnarent exponent of the transfer law (2) is thus increased
between two consecutive crests is larger than abOLBy 10% with respect to the smooth case.

their height [6,7], it is easy to see that the resistance | eqyjar surfaces are more likely to be described by

to the transfer remains Ioc:_;lted in the thermal_sublayert;ne histogram of their fluctuation heigkitabove a given
mdependentl_y of the rugosity: _Le& be the helght of_ reference plane [15]. The histogram of heightsan be
any corrugation of the surface (Fig. 1). The recirculating,giysted at will by constructing a rough surface as a set of
eddy formed downstream of a protrusion of heighbas 5 iacent objects of aspect ratio unity (cubes or spherical
a linear size proportional té; estimating the mixing time balls, for instance), with variable size&s these being

in this recirculating eddy as [14}, ~ (£/u)In(5P for  ohosen according to a given probability density function
Pr>1 (¢, ~ &/u for Pr< 1), whereu is taken here P(£), as shown in Fig. 2.

to be' proportio2nal to.the mean circqlating velocity, the This setup is easily realized in the laboratory and
diffusion time A%/, with A ~ LRa# is larger than the ) esents. as for the fractal surface, an enhanced heat flux
uniformization time of temperature in the eddy as long asyjii, respect to the smooth case, but witbn-power-law
A/ > 1, thatis, IS P/Pr/2 < (L/f)Ral/zl/;B' W€ corrections to the Nusselt-Rayleigh dependence.
have made use of P+ v/« and Re= (Rg/Pn’/=. This The distribution of object size®(¢) is bounded by
condition is reached because of the factol?, even at  yavimal and minimal sizes,, andé,,, and the reference
a high Rayleigh number fo8 = 7, and thick rugosities. gy rfaces, is the sum of the projected areas on a plane of
Taking, for instance, Ra 10'° and Pr= 7, the diffusion | of the N objects in the distribution
time A%/« actually limits the transfer rate as soon as .
L/¢ = 4, a condition always fulfilled in practice. The So =N E2P(¢)déE . 4)
relevant thickness which sets the intensity of the transfer én
rate is thusi in all cases (rough or not) and the thermalwe cover entirely the smooth surface of arga with
layer lies on the rough interface, visiting all available roughness elements so that, ore&), &, and &y, are
unevennesses larger than its own size. given, the number of object& has to be adjusted so
In the other limit, when crests of a given height arethat (4) is satisfied. Let the objects have a cubic shape.
spaced by a distance much shorter than their heightyyhen projected on the reference plane, a cube of size
the flow essentially skims over the crests and over thg has a projected areg. It contributes to the increase
stable vortices in the grooves through which heat diffusesf the exchange surface by its lateral sides as soon as
slowly, realizing a “quasismooth” situation for which ) < ¢ and the corresponding increase of area, relative
rugosity plays no role [7]. to £2, is proportional to£(¢ — A). We do not consider
Under the assumptions (i) and (i), i is the any screening effect due to the presence of adjacent cubes
flux measured at the reference flat surfae(Fig. 1),  on the surface increase so that our estimate is actually an

condition (iii), expressing flux conservation, writes upper bound. Thus the net increase of area is the sum
b0So = d(A)S(A), (1) of all of the contributions of cubes whose height is larger
with ¢(A) ~ L/ A being the flux imposed by the thickness than A,
of the thermal gradient and S(A) is the net area of _ 137 _
the interface measured at scale The apparent Nusselt S(A)S S _ Ji i(f > MP(E)dg . (5)
number is thus 0 [e) £P(&)dé
L S(A) If the roughness distribution is peaked around a single

Nu ~ 0 (2) value & [i.e., P(&) ~ 6(& — &)] as in the experiments
The effect of a multiple-scale roughness on the structuref Shenet al. [11], then (5) leads tdS(A) — Sol/So =
of the transfer law (2) is readily demonstrated for a frac-1 — A/&p, for A < &,. The surface of exchange, inde-
tal or self-affine surface, a property exhibited by most ofpendent of Ra forA > &,, increases sharply when
natural, fractured, unpolished surfaces for scales smallanatchesé,, and then gets constant again fork &, as
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the Rayleigh number is further increased, augmented by 1

a constant factor. The Nusselt number thus experiences

a jump, and the transition occurs at the Rayleigh number °

such thatA = &,. Before and after the transition, Nu and <

Ra are thus linked by the same power I&Mu ~ R&®), ;‘)o
n

but with different prefactors, consistently with the obser-
vations of Sheret al. [11].

The increase of surface area is, however, continuous
as Ra is varied ifP(¢) is broadly distributed with, for . ]
instance, a power-law shape of the fofé) = A 2. - .
A is a normalizing constant. Figure 3(a) shows how 0.001 R
the exchange surface relative to the smooth surfaice 0.01 0.1 2 1
depends om for several integer values of the roughness /éM
exponenta. As A becomes smaller than the maximal
corrugation scal&,,, the whole hierarchy of ever smaller 1000 vy
and smaller cubes corrugates progressively the thermal - 3
layer and increases the surfaffgl), as soon aa compares I 7 ]
to their size¢. Ultimately, whenA < &, the interface I 1
area has been augmented by a factor proportion8j.to I T

S(A) is not a power law ofA but rather a continuous 100 L 4
crossover. For a given thermal thicknes&,,, the value i - 1
of the surface area is smaller for larger but the width e
of the crossover and the variation rat&(A)/d A are more I b)
large because the cube size distributi() is steep, i.e., |
a is large. 10—l el

The crossover is stretched and spread over a broad 10° 10° 10" 10" 10%
range of Rayleigh numbers by the transformatibn- Ra
LRa #, since < 1. By the conservation relation (2), o
the Nusselt-Rayleigh law is found to exhibit, first, larger FIC- 3. (@) Relative increase of exchange aréas) — Sp

: . with respect to the smooth surface ar&aas a function of
Nusselt numbers in absolute value with respect to th?ne thermal layer thickness for the following: (dotted line) a

smooth case and, second, a steeper dependence very clgagjue roughness size; (solid lines) a power law distribution of
to a power law (although it is not a strict power law but athe sizesP(£) ~ £~¢; and, from top to bottomg = 0, 1, 2, 3.

broad crossover) on a Rayleigh number range limited to &) Nusselt-Rayleigh dependence for the following: (dashed-
few decades. dotted line) the reference smooth transfer law NWR2/7:

: . . : (solid line) at a rough surface withh = 2 and L/ &y = 40;
| Ezzln?é)fggéng;agﬁ/eea =2 and assuming,,/én < (dotted line) a power law fit of the form Nw Ra/>.

Nu
\

Nu = 0.2 Ra2/7[2 o5t Ra 405 L Rge In<2.5 L Ra‘zﬁﬂ , (6)
&un éum Em

where Nu= 0.2R&/" has been chosen for the smooththe drag coefficient [5]. Unlike vorticity, and provided

transfer law [10—13]. One sees in Fig. 3(b) how thethe mixing time in the eddies is smaller than the dif-

Nu-Ra relationship has been altered from the smooth tfusion time in the thermal sublayer, that is, as long as

the rough case fol./&, = 40 (a maximal rugosity of In(5Pn/Pr/2 < (L/£)Ra/>728 for Pr > 1, heat transfer

a few millimeters in a container about ten centimeterss sensitive to the details of the roughness distribution.

large). The effect is dramatic. The progressive surfac&his effect should be considered with caution in the inves-

increase transforms in that particular Cas;zgdependence tigation of transfer laws and “universal ultimate regimes”

into a dependence close *o at real, and therefore _roygh, surfaces in the high Rayleigh
The rate of dissipation of vorticity at a sheared roughCf Reynolds number limit. _ _ _

surface is fixed by the maximal roughness only because | have benefited from useful discussions with S. An-

viscous dissipation takes place in the wakes and in thguetin, B. Castaing, X. Chavanne, and S. Ciliberto.

recirculating eddies downstream of the largest surface

protrusions. The size of the eddies and the mean shear-

ing velocity set the viscous dissipation rate and therefore[1] D. Damkohler, Z. Elektrochen#6(11), 601—-652 (1940).
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