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We consider the effects of lateral charge fluctuations on the linear shear response of thin films. T
fluctuations break the in-plane symmetry of the system and at short enough times cause the inter
energy to depend on the relative positions of the top and bottom surfaces of the film. This g
rise to a shear stress which can be significant depending on the time scale of charge reequilib
and on the charge and thickness of the film. The results have implications for the shear of cha
membranes as well as the shear and frictional properties of electrolytes between two charged sur
[S0031-9007(98)07669-8]

PACS numbers: 87.22.Bt, 82.65.Dp, 83.50.Ax
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Recent interest in membrane adhesion and the int
calation of (charged) DNA molecules into lipid bilayer
has motivated a renewed interest in the effects of cha
fluctuations on binding and stability. While a homoge
neous, mean-field, model of interactions between simila
charged membranes, surfaces, or linear molecules res
in repulsive interactions, theoretical considerations of t
effects of charge fluctuations, which produce inhomogen
ity in the system, can generate attractive interactions [1,
Such attractions have been seen in computer simulati
[3]; their origin lies in the correlations of the charge fluc
tuations—oppositely charged groups tend to be correla
across the thickness of the film and lead to attractions.

These fluctuations uniquely enable systems of charg
thin films to show a finite, linear shear response, at lea
when the nonequilibrium [4] nature of the system
considered. The existence of lateral charge fluctuatio
means that the interactions between the two surfac
(membranes) bounding the thin film, and even the char
distributions within the electrolyte itself, depend on th
relative in-plane positions of the charges. Motion o
those surfaces results in a finite shear response at le
up to such times that the charges all reequilibrate a
the resistance to such motion disappears. One there
expects a shear stress for the system that depends on
characteristic time scale for the motion of the charge
species and the fluctuation-induced, interaction ener
density of the film.

In this paper we relate the shear stress on two bound
surfaces or membranes to the correlation function f
charge fluctuations in the top and bottom layers boundi
the film. This particular correlation function vanishe
in the equilibrium case, and we find its contribution t
the shear stress within a simple model for the dynam
of the layer charges in the system. The electrosta
contribution of the surface layers can be significant in th
limit where the surface layer charges have long relaxati
times compared with the molecules of the bulk fluid.

In order to derive an expression for the shear stre
of a charged, thin film, we consider the thermodynam
potential G which is a functional of the free energy
0031-9007y98y81(21)y4768(4)$15.00
er-
s
rge
-

rly
ults
he
e-
2].
ons
-
ted

ed,
st

is
ns
es
ge
e
f
ast

nd
fore

the
d
gy

ing
or
ng
s
o
ics
tic
e

on

ss
ic

densityf [5]:

G 
Z

d $rh ffns$rdg 2 mns$rdj  2
Z

d $rPfns$rdg , (1)

where m is the chemical potential andPfns$rdg is the
osmotic pressure of the system. This applies to syste
where the number of particles is either fixed or
equilibrium with a bath whose chemical potential
controlled by other means.

In addition to changes in the local volumes induc
by expansions or dilations of the systems, a solution
also affected by deformations in that the solute partic
themselves are rearranged by the deformations. One
compute the change in free energy due to these effect
which include shear deformations—by writing the dens
in terms of the particle positions:

ns$rd 
X
m

ds$r 2 $Rmd , (2)

where $Rm is the position of the particle labeled by th
index m. Upon a shear deformation, thea component
of the particle position vector$Rm is modified: Rm,a !
Rm,a 1 eabRm,b , where the shear strain is given b
eab wherea fi b. This change in the particle position
vectors gives rise to a change in the local density. Sin
the thermodynamic potential is a functional of the loc
density, it, too, is modified by the shear strains, and
write

DG  2eab

Z
d $r

dPfns$rdg
dns$rd

X
m

Rm,b
≠ds$r 2 $Rmd

≠Rm,a
.

(3)

Using the equality implied by the delta function, pe
forming one partial integration, and neglecting bounda
terms in the thermodynamic limit, one finds

DG  2eab

Z
d $r

≠

≠ra

√
dP

dns$rd

!
rbns$rd . (4)

The local shear stresssab is defined by DG 
2eab

R
d $rsab so that we can write

sab 

*
rbns$rd

≠

≠ra

√
df

dns$rd

!+
, (5)
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where we used the fact that the chemical potentialm is
a constant. This formula agrees, in the continuum lim
with the expression derived by Doi [6] for discrete par
ticles in solution using a somewhat different approac
The thermodynamic average is important in systems w
density fluctuations. These averages may involve t
nonequilibrium, but steady-state, distribution of particle
This is indeed the case in the charged, thin films cons
ered here where the derivative of the local free ener
per unit volume,ffns$rdg, is a constant in equilibrium (and
equal to the chemical potential). It is only the shear flo
in the system that causes any deviation of this derivati
from zero.

We now apply this general formula to the case o
two charged sheets whose layer charges are allowed
fluctuate in thermal equilibrium. The charged shee
(which can be thought of as two bilayer membranes
two charged surfaces in a surface force experiment) a
separated by a polar fluid which contains the counterion
For simplicity, and to demonstrate the most dramat
effect, we consider the case of no added salt. We fi
consider the contribution of the charged sheets and th
the counterion effects [7].

For two fluctuating charged sheets, where the fre
energy includes both the translational entropy of th
charges (and possibly excluded volume and two-bo
interaction effects [8]) and their Coulomb interactions
one can express the free energy densityf as a function
of the fluctuating layer charge densitys1s $rd for the layer
located atz  2Dy2 and s2s $rd for the layer located
at z  Dy2, where $r  sx, yd is the two-dimensional
position vector within the layer [2]. For thezx component
of the shear stress, we consider the motion of the lay
located atz  2Dy2 with a constant velocity (in the
x̂ direction) y  ÙgDy2, where D is the layer spacing
and Ùg is the shear rate, while the layer located atz 
Dy2 moves with the same velocity in the2x̂ direction.
Assuming a simple, macroscopic shear flow,$yszd  Ùgzx̂,
implies that the fluid atz  0 remains at rest. The
volume average of the local shear stress is then written

sxz 
21
2

X
i1,2

s21di

*
sis $rd

≠

≠x

√
dfs

dsis $rd

!+
, (6)

wherefs is the free energy per unit area. The result
most simply expressed in terms of the Fourier transform
of the layer charge densities,s1s $qd ands2s $qd, where$q is
the two-dimensional wave vector. We shall use the fa
that the correlation function is translationally invariant in
rewriting the stress in terms of the Fourier components.

The free energy per unit areafs due to the charge
fluctuations (the uniform terms do not contribute t
the shear stress) can be written within the harmon
approximation [2]

fs 
kBT
2A0

X
$q

As $qd fjs1s $qdj2 1 js2s $qdj2g

1 2Bs $qds1s2 $qds2s $qd . (7)
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Here, A0 is the area and the coefficientsAs $qd and Bs $qd
arise from the intralayer interactions and entropy a
interlayer effects, respectively. The intralayer effects gi
As $qd  x 1 2p,yq. For an ideal gasx (which, in
general, is proportional to the second derivative [8]
the local free energy not including the Coulomb term
is given by1ys0, wheres0 is the average charge densit
of the layer charges. The second term in the express
for As $qd arises from the Coulomb interactions whe
,  e2ysekBT d is the Bjerrum length for a medium with
dielectric constante. The interaction term is proportiona
to the product of layer charge densities and the coeffici
Bs $qd, whereBs $qd  2p,e2qDyq.

Even under shear, the steady-state correlation func
kjs2s $qdj2l is isotropic; its integral withqx therefore
vanishes by symmetry. This is to be expected since
motion of the layer cannot affect the fluctuations with
the layer to first order. On the other hand, the interlay
correlation function is no longer isotropic when the she
is applied—it contains a term linear inqx and linear
in the shear rate. Its integral withqx does not vanish
and contributes to the shear stress due to the cha
fluctuations. Thus, only the interaction term infs will
contribute and

sxz 
kBT
A0

X
$q

iqxBs $qd ks2s $qds1s2 $qdl . (8)

Although we have not written the explicit time depen
dence of the fluctuating charge densitiessis $q, td, we note
that the macroscopic shear stress is related to the e
time correlation functions of the system in steady state

In order to find the effects of the shear on the interlay
correlations, an equation of motion for the charge dens
is required. To demonstrate that the charge fluctuatio
give rise to a finite shear stress in the simplest possi
circumstances, we neglect hydrodynamic effects with
the layer and inertial effects (these are negligible at
time scales of interest) and write the equation of moti
for the fluctuating charge density in the standard man
as [9]

≠sis $rd
≠t

1

√
yi

≠

≠x
sis $rd

!
 G=2 dfs

dss $rd
1 uis $r, td ,

(9)

where the indexi  1, 2 accounts for the two layers. Th
two terms on the left-hand side of Eq. (9) represe
the viscous motion of the layer charges under the act
of the convective velocity of the shear flow. The ve
locity y1  ÙgDy2, while y2  2 ÙgDy2. The first term
on the right-hand side is the diffusive term; the in-pla
Laplacianf=2  s≠y≠x2 1 ≠y≠y2dg arises from the con-
servation of charged molecules within the layer. The s
ond term on the right-hand side represents the fluctua
forces in the system (Langevin-type term) which give ri
to the Brownian motion of the layer charges in the plan
The fluctuation forces are independent in the two lay
4769
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and are assumed to have only short ranged correlation

kuis $r, tdujs $r0, t0dl  22kBT=2Gds $r 2 $r0ddst 2 t0ddij .

(10)

All cross correlations between the different layers vani
since the noise is assumed to arise from very short ran
thermal fluctuations.

These linear equations are solved by Fourier transfor
ing in both space and time; the steady-state fluctuatio
are obtained by using the expression for the equal ti
correlation function for the layer charge fluctuations
the expression for the shear stress:

ks1s $q, tds2s2 $q, tdl ,
Z `

2`

dvks1s $q, vds2s2 $q, 2vdl .

(11)

This relation is due to the fact that in steady state, t
correlation function is only a function of differences i
the time. Since experimental shear rates are macrosco
(on the order of inverse seconds) while the molecu
relaxation rates are much largers,108 sec21d, the shear
generally acts as a small perturbation on the system.
therefore linearize the solutions of the equations of moti
in the shear rate, or velocityy, and find

s1s $q, vd


2sa 1 ivdu1s $q, vd 1 bu2s $q, vd 2 iqxyu1s $q, vd

b2 2 a2 2 vs2ia 2 vd
,

(12)

with a similar equation fors2 where y ! 2y, s1 $

s2, and u1 $ u2. In Eq. (12),a  G0q2Asqd and b 
G0q2Bsqd, whereG0  GkBT .

In the expression for the shear stress [Eq. (8)] we m
keep terms linear inqx so that the integral over the wave
vector does not vanish by symmetry. The only terms th
will contribute to the cross correlation function that ar
linear inqx give

sxz 
yG0

A0

X
$q

q2
xq2B2s $qd

3
Z `

2`

dv
kfju1s $q, vdj2 1 ju2s $q, vdj2gl
sb2 2 a2 1 v2d2 1 4a2v2 . (13)

Using the expression for the correlation functions of th
fluctuating force, we get a contribution to the shear stre
that scales similar tokBTG. Performing the integral over
v to get the equal time correlation function under she
using y  ÙgDy2, and converting the sum over wav
vectors to an integral, we find

sxz ,
kBTD Ùg

G0

Z
dq

qB2s $qd
As $qd fA2s $qd 2 B2s $qdg

, (14)

where the proportional sign indicates that a numeric
coefficient of order unity has been omitted.

The integrals over the wave vector can be simplifie
in the large and small distance limits. The scaling
4770
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these limits is determined by the relative magnitudes
the interlayer spacingD and the charge dependent lengt
l  1ys2p,s0d, over which the charge fluctuations ar
significant. Note thatl can be large with respect to
molecular sizes if the charge density is very small. Thu
small D compared withl does not have to involve
molecularly close surfaces. With these definitions, we c
rewrite the shear stress as

sxz ,
Ds0 Ùg
Gl2

Z
dx

x2e22xd

s1 1 xd fs1 1 xd2 2 e22xdg
, (15)

whered  Dyl. For large values ofd, one can neglect
the exponential in the denominator. Furthermore, t
exponential in the numerator indicates that only sma
values of x will contribute (since d is large). The
denominator may be approximated by unity and th
integral scales similar toslyDd3.

To obtain more physical insight, it is instructive to
note that the kinetic coefficientG has dimensions of the
inverse of a time multiplied by an energy. We thus writ
G21  tskBT which defines the surface diffusion time
ts for the layer charges. The shear stress now takes
following simple form:

sxz , kBT s Ùgtsd

√
1

D2,

!
. (16)

This has the correct dimensions of an energy per u
volume where the volume is set byD2,. In addition,
the shear stress depends linearly on the relaxation time
the layer charges,ts. If that time becomes very short, the
charges relax to equilibrium very quickly and the energ
to displace the two charge correlated layers becom
very small. For times less thants, however, the motion
generated by the shear displaces the regions of correla
charge fluctuations with respect to their optimal position
in the two layers, i.e., with respect to equilibrium, an
therefore costs free energy, resulting in a finite she
stress. The dimensionless product ofts and the shear rate
Ùg determine how fast or slow the rearrangement occurs
the system is sheared.

It is important to compare the magnitude of the charg
fluctuation-induced shear stress with that of the bac
ground liquid separating the two layers. Simple hydrod
namics yieldssxz , h Ùg, whereh is the viscosity. The
viscosity has the dimensions of a liquid molecular re
laxation timetl , multiplied by a typical energy density:
h , kBTtlya3, wherea is the molecular size. Thus the
background liquid contributes a shear stress:

sxz , kBT s Ùgtld

√
1
a3

!
. (17)

The ration of the electrostatic to background liquid shea
stresses, i.e., the ratio of Eq. (16) to Eq. (17), sca
similar to

n ,
tsa2

tlD2 , (18)
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where we have assumed that the Bjerrum length a
the molecular size are comparable. Although for larg
spacingsD ¿ a, the relaxation time of the layer charge
which can be impeded by the entanglement of the
hydrophobic tails in the case of membranes and by latti
effects in the case of solid, charged surfaces, may
much larger than the liquid relaxation timetl. In this
case, it is possible that the electrostatic contribution to t
shear stress will exceed that of the background liquid a
give a measurable effect. This effect may be particular
large near the liquid-gel transition of charged lipids o
surfactants where one expects the surface relaxation ti
to get very large [10].

The separation of time scales for the layer charges a
background fluid can give rise to an interesting situatio
in which the layer charge distribution can remain “frozen
in” while the background fluid remains in equilibrium.
This occurs when the shear rate is high enough that t
layer charges cannot reequilibrate (at least for short tim
after the shear is applied),Ùgts ¿ 1, but the background
liquid can satisfy,Ùgtl ø 1. In this case, the shear stres
of the background liquid isÙgh while the shear stress for
the layer charges is determined by the moduluskBTyD3

for the caseD ¿ l. Their ratio n scales similar to
sa3yD3d s Ùgtld21. This may indeed be quite large even
if D is on the order of ten molecular spacings, dependi
on the smallness of the product of the shear rate and liqu
relaxation time.

In the limit where the surfaces or membranes are clos
than the Gouy-Chapman length,D ø l, one can again
estimate the scaling of the integral in Eq. (15). In thi
case, the integral is dominated by large values ofx up
to a value x , 1yd, where d  Dyl is small. The
integral then gives a dominant contribution which scale
as logsDyld and the shear stress scales such as

sxz , kBT s Ùgtsd

√
1

l2,

! √
D
l

!
log

√
D
l

!
. (19)

One can again form the ratio of the electrostatic contrib
tion to the liquid contribution to the shear stress, and
the limit D ø l one finds (dropping the logarithm)

n ,
tsDa2

tll3 , (20)

where we have assumed that the molecular scale a
the Bjerrum length are comparable. Again, while th
length scale factors may indicate that the electrosta
contribution is small, this will not be the case when th
surface relaxation time of the membrane molecules
surface charges is much longer than the liquid, molecu
relaxation timetl when the electrostatic contribution may
dominate.

Finally, we briefly consider the effects of the “free”
counterions in solution to the shear stress. In contrast
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the layer charges whose dynamics may be much slow
than those of the molecules of the background fluid, th
fundamental relaxation time of the counterionstc should
be comparable to that of the fluid molecules. The she
stress has the form ofkBT s ÙgtcdyL3, where the length
L is maximally D3 and minimally ,3. Since tc , tl,
we do not expect that the contribution of the counterion
can ever become larger than that of the background flu
This is in contrast to the electrostatic contribution of th
layer charges whose slower dynamics can result in a lar
effect. This assumption must be checked by includin
the coupling between the counterion and layer char
fluctuations.
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