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Strong Interaction of Vortices with Attractive Point Defects, and Application
to Neutron Star Rotation
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The rate of energy transfer to Kelvin waves is obtained for a slowly moving vortex interacting
strongly with a point defect distribution. Vortices are trapped by attractive point defects for relatively
long time intervals: a critical vortex velocity below which pinning occurs can be defined in terms of the
interaction time. An expression is found for the dissipative force at higher velocities and applied here to
superfluid neutron vortices in a neutron star, with reference to the recovery of the spin-down rate change
in pulsar glitches. [S0031-9007(98)07752-7]
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Ordered motion of the vortex lattice in an electronic[6,7]. Qualitatively, the reason is that vortices are only
type-Il superconductor has been observed recently [1jvery weakly pinned in a large defect-free single crystal.
A transition from a state of vortex creep to one oflts regularity of structure allows vortex displacement,
coherent motion of the lattice was induced by increasinginder a Magnus force, to a continuous sequence of
the Lorentz force acting on the vortices. The possiblenew positions with extremely small changes in energy.
existence of a similar transition of the neutron-superfluid(Consideration of a vortex pinned to a line of nuclei in
vortex lattice in a neutron star is important for the a direction such ag100} or {111} is not apt because
interpretation of pulsar glitch relaxation. Pulsar glitchesa generally oriented vortex will at some point cross to
are sudden increases in rotation angular frequeficy an adjacent line; see the moving kinks shown in Fig. 1
observed in the periodic radio emission, caused by largesf Ref. [7].) Significant pinning can occur only through
scale vortex unpinning and angular momentum transfeinteraction with lattice defects which, in neutron stars, are
from the neutron superfluid to the charged componentsxpected to be those in local thermodynamic equilibrium
of the neutron star. At all times, the large-scale motionat solidification and having the lowest free energy of
of the vortices satisfies the constraifit; + fr = 0, formation [7]: Consequently, this Letter considers the
wherefg(v,) is the dissipative force per unit length and general problem of Kelvin wave excitation on a vortex
fyy = pr X (v, — v,) is the Magnus force acting on moving through a random distribution of point defects
unit length of a vortex moving with velocity, through (monovacancies or interstitals). The resulting dissipative
superfluid of bulk velocityv,. (The velocities are those force is known for Kelvin one-phonon processes, where
in the rest frame of the Coulomb lattice of nuclei formingthe vortex displacement is negligible compared with
the solid crust of the star:p is the superfluid density the range of the vortex-nucleus interaction [4,5]. (The
and « the quantum of circulation.) The recovery of the interaction range, the superfluid coherence lengtiand
spin-down rate changé() is associated with relaxation the bcc lattice constard are all of the same order of
of v, and v,, in certain regions of superfluid, to new magnitude10~''-107'?2 cm.) However, we find that the
steady-state values consistent with the postglitch rotatiomteraction, if attractive, is always strong at small,
rate. The relaxation time is of the order of several day$ecause the action of the defect on the vortex moving past
and is one of the few observables which may be sensitivé produces large long-wavelength displacements. The
to the internal state and temperature of the neutron staemphasis here on individual point defects differs from
Its magnitude is consistent with eithég given by the that of collective pinning [8,9] which would be valid
creep of pinned vortices [2] or almost exact co-rotation ofin neutron superfluids only for unphysically large point
vortices and superfluid in which the for€g is a result of defect concentrations.
vortex-defect interactions in the Coulomb lattice of nuclei This Letter gives expressions for the energy transfer to
[3]. From the Magnus relation we see that the azimuthaKelvin wavesZ, and for the interaction time,, which
component off; is associated with radial movement of are valid for an attractive interaction in the nonperturba-
vortices and change of superfluid rotation velocity. tive limit at very smallv,. They are obtained from the

Excitation of the helical displacements of the vortexfree-vortex Green function for the excitation of undamped
axis known as Kelvin waves is the most importantKelvin waves at zero temperature. The interaction time
dissipative process in vortex motion relative to the solids,, is that for which the vortex is trapped by an attractive
crust [4,5]. The contribution from the planar defects ofpoint defect. It is important in the definition of a vortex
polycrystalline structure is too small, in the limit of very velocity thresholdv;, such that, for a given system of at-
small v;, to give the pinning required for pulsar glitches tractive point defects, pinning always occursat< vg,.
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An expression is obtained for the dissipative fofe in which the vortex enters the force field at= 0
at velocitiesv; > v;, and is applied here to neutron with impact parameterx; and force, length, and time
superfluids and pulsar glitch relaxation. The relationshipare expressed, respectively, in units ®f0)/ro, ro,

between dissipative force and pinning velodity, is di-  and ry/v,. All parameters are subsumed into a single
rectly relevant to the interpretation of glitch phenomena. dimensionless quantity defined by

The Cartesian coordinates adopted here are fixed in 3 v(0) cx 172
the rest frame of a point defect: Theaxis is parallel C = ( )( ) (6)
with the axis of an undisturbed vortex which moves pregro ) \8mrovy
with coordinatesx(#) in the x-y plane such thaty =  For ¢ large and negative, it is easy to see that the
0, x = —v;. Displacement of a vortex axis from its solution of Eq. (5) has the foru,| < ro andus =~ u; +

undisturbed path in the-y plane caused by interaction y, — x,(0) + v, ¢, with both force components’; /, =
with point defects is denoted by the vectfz, 7). The ;1/2/7¢. The vortex remains trapped in the attractive
interaction is represented by a potentidlr), whereF = noint defect potential withy, + u| < ro for a long time

x + u (a vortex can be assumed locally rectilinear overinterval 0 < ¢ < 1,,. In this limit, the energy transfer to
intervals ofz of the order of the interaction range). The kelvin waves is of the form

potential assumed is a truncated version of the long-range

hydrodynamic term given by the change in kinetic energy T, = ft'" Faitadt = yV(0)C?, @)
of the circulating superfluid [10]: 0
£ and the interaction time is
'O = RO s tn = £C% v, ®)
=0, F > ro, (1) whereC = C(ro/£)¥? is independent of the cutoff,.

. . . . The numerical solution of Eq. (5) with the initial condi-
in which the superfluid coherence lenghis assumed ions 1. (0) = 0 has confirmed the form of Egs. (7) and
larger than the nuclear radius. The Green function [6’718) with the parametersy = —0.65 and ¢ = 2.1 (for

giving the displacemeni(z, 1) produced by unit impulse methods, see Ref. [11]). The position of a vortex in an

in each of thew = 1,2 directions is attractive potential witlC = —1.0 is shown, for succes-
/ ; (siny + io,cosy) sions of equal time intervals, in Fig. 1. The extent to
Gaplz = 2,1 = 1) = — , hich th i d f latively |
2prlmex(t — 1)) which the vortex remains trapped for a relatively long

time is obvious, as is the similarity with the displace-
(2) mentu(s) expected for large negativ€. Energy trans-

where fer and interaction time are shown in Fig. 2 as functions
(z — 7)) T of C2. For C < 0, these are almost; independent for
X = dex(t — 1) 4 B —c>10 NearC= 0, they tend to the one-phonon
and o, is the Pauli matrix. Unperturbed Kelvin waves
of angular frequencyw and wave numberp have a -1 :
dispersion relationrw = cg p?, in which the logarithmic Mo At=10
dependences of the parametgr = —(x/47)Inp& can S \
be neglected. The displacement given by the external e '"v.,.
forcesF; derived from interaction with a distribution of T ..,
point defects at coordinates is 0 i Y
! / !/ !/ ‘
oz t) =D | dt'Gaplz = zit — t)Figlu(z, 1], "
i —00 o x....
X R TUPRUPAOR
4 1
. N “) At = 0.02 —
[Equation (4) assumes the vortex to be rectilinear over
intervals of z smaller thanry; this is valid except for 1 0 5 i

time intervalst — ¢/ < ri/cx which are many orders

of magnitude less than the basic unit of interaction timeFIG. 1. Vortex position¥;, in the attractive potential is

ro/v..] For the case of a single force at= 0, Eq. (4) shown at equal time intervaldr = 0.02ry/v, for the case

can be reduced to a pair of nonlinear Volterra equationgozit_l'o’ ¢ = 0.5r0 and impact parameter; (0) = 0.479r,.

ions near the origin are too closely spaced to be resolved

of the first kind giving the displacement at= 0, at this interval. Positions in the box0.2 < %, < 0.0 are
ot Fi(u:1') T Fy(u:t)) shown(X5) in the upper right-hand sector at long time intervals
ui (1) = Cf dr’ 21 225 , (5 At = ry/vr. A vortex moves rapidly into this region, remains
2 0 (t — )12 trapped for a time,,, and then exits rapidly.
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— T T — T — 1% u¢ = rg. Given thatu,(tr > 0) is the total displacement,
7 that part of the displacement obtained from Eq. (4) with
wor . the Green function Eq. (2) is, — u¢ (this subtraction
ne 271y is possible becausg, satisfies the free-vortex equations
of motion). Calculation ofE, has shown that the effect
of u¢, # 0 decreases asC increases. This is consistent
with the expectation, derived from the solution of Eq. (5),
s one-phonon 710 that bothE, and t,, become independent of the initial
/ £, (x10) conditions forC large and negative. For intermediafe
S averaging over, and¢ cancels, to at least the first order
Ot 6 s 10 " in wuvy !, the effect onE, and on the collision width.
2 It is possible to see how a moving vortex pins in
. the case of interaction, initial conditiom, (0) = 0, with
EFI'IGO\.N?]. fof?(t)ﬁgpg;es% ezngfgy gﬁgﬁfggsaciopeﬁgh’]'gtaw%‘;ei a'%n array of attractive point defects spaced at regular
0.479r, as functions ofC? [(I)eft-hand scale, units of1V(0)|; mteryalsAz 'along theg axis. Assume thafc.pomt defects
solid curves]. For attractive point defects atd| > 1 the J # i contribute substantially at some instantto the
energy transfer isE, « C2 and the trapping time (right-hand displacemeni(z;, ) given by Eq. (4). The form of the
scale, units of¢v;'; broken curve) ist, = C2. The one- Green function Eq. (2) shows that a sufficient condition
phonon energy transfer is I-ir]e_ar i Thfls repulsive case for this is that|z; — 7l < (4cgt)!/2 for n point defects
energy transfer is showtx10); itis Z, « C~! for C > 1. j # i, which can be reexpressed adz < (4cKt)1/2.
The effect of contributions fronn point defects can
values, an energy transfer @¢fV(0), apart from anx;-  be approximated to within an order of magnitude by
dependent factor of order unity, and an interaction timehe replacement — nC in Eq. (5), giving a trapping
of 2x,(0)/v,. The energy transfef, is shown for the time of ns,, with 7, defined by Eq. (8). A sufficient
caseC > 0. Itis Z, = 0.3V(0)/C for C = 1, which  condition for indefinite trapping is that should increase
is independent of(0) and shows the large difference, with time so thatr < n?s,, for all ¢, which is satisfied
at smallv;, between interactions with attractive and re-provided Az < (4ck1,,)'/2. More generally, a single
pulsive point defects. (Fo€ > 0, the discontinuity at vortex interacts simultaneously with a large number of
7 = ro had to be removed fror(7) by the addition of point defects in the random distribution through which
a fringe potential allowing the vortex to enter the regionit moves, the displacement being given by Eq. (4). The
7 <rp.) interactions are independent provided that, within the time
Before investigating what can be learned from thesénterval 0 < r < r,, of interaction with a given point
results for a single point defect about interaction with adefect atz;, point defectsj # i contribute negligibly to
random distribution, we consider some limitations. Thethe displacementi(z;,¢). A sufficient condition is that
initial condition u,,(0) = 0 will not be satisfied exactly their mean separation satisfids > (4ck1,,)"/%. If this
in reality owing to thermal excitation or interaction with condition is not satisfied we can infer, by reference to
other point defects. At temperatufg the mean square the linear array, that pinning occurs Az < (4cgt,)'/2.

Ear [IV(O)]
tm['s/VL]

displacement of a free vortex is For a random distribution of attractive point defects, the
) kgT fi necessary fractional concentration is
(ug) = ; ©)
2mpkckpo  2mpké a® (10)
W= ———— .
where p, is a small wave number cutoff. Fdf = 7 vty (degty)'?

107 K and typical neutron superfluid parameters, therma
displacements larger than the bcc lattice constant
have very small wave numbers10° cm™'. Although
thermal motion will produce large deviations from the Ve 34 [V (0)]c, 12

prYL, = e (11)

LI'his can be reexpressed in terms of the veloaity.
Pinning occurs fow; =< v;,, where

initial state of vortex rectilinearity assumed here, the 2
corresponding thermal velocity componentigu,| <

107* cms’!, are small compared witly; and will not  Equation (11) is identical, except for a numerical factor
lead to any increase in the number of attractive pointlose to unity, with the very elementary static estimate
defects with which a vortex interacts. The effect ofof v;, obtained previously [Eq. (28) of Ref. [7]] and so
Kelvin waves produced by the interaction with distantprovides a more firm basis for the statement [7] that an
point defects at earlier times< 0 should be negligible unphysically large concentration of point defects would
for C large and negative. This has been confirmed bype necessary to give the pinning strength required for
assuming an initial displacemenit = u*co§wt — pz +  pulsar glitches. The dissipative force per unit length of
¢), us = —u’sinwt — pz + ¢) with o =1, and vortex at velocitiey;, > vy, Where the interactions are

4pkcgaé3
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independent, and for which Eq. (7) and (8) are valid, is siderable uncertainties in both the superfluid parameters
\1/2 5 and V(#) [14,15], these values indicate that the attrac-

caEq _ (2777 ) (pKva> (12) tive point defect concentration, is much more impor-

a? ;3 vy ’ tant. Butf could be a very complicated function of

) ) if there were appreciable contributions from both attrac-

(The equivalent expression forC >0 would be e and repulsive point defects.

¢, E,/a* = v)") For|C| = 0.1, where the one-phonon I the pinning causing pulsar glitches is in the liquid

energy transfer expression is valid (see Fig. 1), the core of the star, the spin-down rate recoveér§) could

dependence becomgg v[l/z [4,5]. be the relaxation of the subset of vortices which pass
On the basis of these results, a transition from vorteonly through the crust. If this is so and assuming the

creep to motion of the vortex lattice occursigsincreases above value of C| for 8 X 10'3 g cm™3, the spin-down

to vy > vg,. It is analogous with that in electronic rate recovery time of the order df’ s observed in the

type-ll superconductors [1], the Lorentz force beingVela pulsar imposes the following constraints on point

replaced by the Magnus force, except that the intervortedefect concentrationse, < 107!, ¢, = 10710, If it

spacing in the neutron superfluito~> — 1073 cm) isso  were established that such concentrations are unphysically

large compared with vortex displacements of the order ofow, spin-down rate recovery would have to be associated

v t,, that the intervortex interaction is not an importantwith unknown phenomena in the liquid core of the star

factor. and, with no crust involvement, it would be necessary to
The actualV(7) may be much less simple than that reassess what could be learned from glitch observations

assumed in Eg. (1). It may change sign at samghe  about the neutron star interior.
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