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Strong Interaction of Vortices with Attractive Point Defects, and Application
to Neutron Star Rotation
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The rate of energy transfer to Kelvin waves is obtained for a slowly moving vortex interacting
strongly with a point defect distribution. Vortices are trapped by attractive point defects for relatively
long time intervals: a critical vortex velocity below which pinning occurs can be defined in terms of the
interaction time. An expression is found for the dissipative force at higher velocities and applied here to
superfluid neutron vortices in a neutron star, with reference to the recovery of the spin-down rate change
in pulsar glitches. [S0031-9007(98)07752-7]
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Ordered motion of the vortex lattice in an electroni
type-II superconductor has been observed recently [
A transition from a state of vortex creep to one o
coherent motion of the lattice was induced by increasin
the Lorentz force acting on the vortices. The possib
existence of a similar transition of the neutron-superflu
vortex lattice in a neutron star is important for the
interpretation of pulsar glitch relaxation. Pulsar glitche
are sudden increases in rotation angular frequencyV,
observed in the periodic radio emission, caused by larg
scale vortex unpinning and angular momentum transf
from the neutron superfluid to the charged componen
of the neutron star. At all times, the large-scale motio
of the vortices satisfies the constraintfM 1 fR  0,
wherefRsyLd is the dissipative force per unit length and
fM  rk 3 svL 2 vnd is the Magnus force acting on
unit length of a vortex moving with velocityvL through
superfluid of bulk velocityvn. (The velocities are those
in the rest frame of the Coulomb lattice of nuclei forming
the solid crust of the star:r is the superfluid density
and k the quantum of circulation.) The recovery of the
spin-down rate changed ÙV is associated with relaxation
of yL and yn, in certain regions of superfluid, to new
steady-state values consistent with the postglitch rotati
rate. The relaxation time is of the order of several da
and is one of the few observables which may be sensiti
to the internal state and temperature of the neutron st
Its magnitude is consistent with eitherfR given by the
creep of pinned vortices [2] or almost exact co-rotation o
vortices and superfluid in which the forcefR is a result of
vortex-defect interactions in the Coulomb lattice of nucle
[3]. From the Magnus relation we see that the azimuth
component offR is associated with radial movement o
vortices and change of superfluid rotation velocity.

Excitation of the helical displacements of the vorte
axis known as Kelvin waves is the most importan
dissipative process in vortex motion relative to the sol
crust [4,5]. The contribution from the planar defects o
polycrystalline structure is too small, in the limit of very
small yL, to give the pinning required for pulsar glitches
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[6,7]. Qualitatively, the reason is that vortices are on
very weakly pinned in a large defect-free single crysta
Its regularity of structure allows vortex displacemen
under a Magnus force, to a continuous sequence
new positions with extremely small changes in energ
(Consideration of a vortex pinned to a line of nuclei i
a direction such ash100j or h111j is not apt because
a generally oriented vortex will at some point cross
an adjacent line; see the moving kinks shown in Fig.
of Ref. [7].) Significant pinning can occur only throug
interaction with lattice defects which, in neutron stars, a
expected to be those in local thermodynamic equilibriu
at solidification and having the lowest free energy
formation [7]: Consequently, this Letter considers th
general problem of Kelvin wave excitation on a vorte
moving through a random distribution of point defec
(monovacancies or interstitals). The resulting dissipati
force is known for Kelvin one-phonon processes, whe
the vortex displacement is negligible compared wi
the range of the vortex-nucleus interaction [4,5]. (Th
interaction range, the superfluid coherence lengthj, and
the bcc lattice constanta are all of the same order of
magnitude,10211 10212 cm.) However, we find that the
interaction, if attractive, is always strong at smallyL,
because the action of the defect on the vortex moving p
it produces large long-wavelength displacements. T
emphasis here on individual point defects differs fro
that of collective pinning [8,9] which would be valid
in neutron superfluids only for unphysically large poin
defect concentrations.

This Letter gives expressions for the energy transfer
Kelvin wavesEa and for the interaction timetm which
are valid for an attractive interaction in the nonperturb
tive limit at very smallyL. They are obtained from the
free-vortex Green function for the excitation of undampe
Kelvin waves at zero temperature. The interaction tim
tm is that for which the vortex is trapped by an attractiv
point defect. It is important in the definition of a vorte
velocity thresholdyLp such that, for a given system of at
tractive point defects, pinning always occurs atyL , yLp .
© 1998 The American Physical Society
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An expression is obtained for the dissipative forcefR

at velocitiesyL . yLp and is applied here to neutron
superfluids and pulsar glitch relaxation. The relationsh
between dissipative force and pinning velocityyLp is di-
rectly relevant to the interpretation of glitch phenomena

The Cartesian coordinates adopted here are fixed
the rest frame of a point defect: Thez axis is parallel
with the axis of an undisturbed vortex which move
with coordinatesxstd in the x-y plane such thatÙx1 
0, Ùx2  2yL. Displacement of a vortex axis from its
undisturbed path in thex-y plane caused by interaction
with point defects is denoted by the vectorusz, td. The
interaction is represented by a potentialV sr̃d, wherer̃ 
x 1 u (a vortex can be assumed locally rectilinear ov
intervals ofz of the order of the interaction range). Th
potential assumed is a truncated version of the long-ran
hydrodynamic term given by the change in kinetic energ
of the circulating superfluid [10]:

V sr̃d 
j2

j2 1 r̃2 V s0d, r̃ , r0

 0, r̃ . r0, (1)

in which the superfluid coherence lengthj is assumed
larger than the nuclear radius. The Green function [6,
giving the displacementusz, td produced by unit impulse
in each of thea  1, 2 directions is

Gabsz 2 z0, t 2 t0d  2
ssinx 1 is2 cosxd

2rkfpcK st 2 t0dg1y2 ,

(2)
where

x 
sz 2 z0d2

4cK st 2 t0d
2

p

4
, (3)

and s2 is the Pauli matrix. Unperturbed Kelvin wave
of angular frequencyv and wave numberp have a
dispersion relationv  cKp2, in which the logarithmic
dependences of the parametercK  2sky4pd ln pj can
be neglected. The displacement given by the exter
forcesFi derived from interaction with a distribution of
point defects at coordinateszi is

uasz, td 
X

i

Z t

2`

dt0 Gabsz 2 zi , t 2 t0dFibfuszi , t0g .

(4)

[Equation (4) assumes the vortex to be rectilinear ov
intervals of z smaller thanr0; this is valid except for
time intervals t 2 t0 , r2

0 ycK which are many orders
of magnitude less than the basic unit of interaction tim
r0yyL.] For the case of a single force atzi  0, Eq. (4)
can be reduced to a pair of nonlinear Volterra equatio
of the first kind giving the displacement atz  0,

u 1
2
std  C̃

Z t

0
dt0 F1su; t0d 7 F2su; t0d

st 2 t0d1y2 , (5)
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in which the vortex enters the force field att  0
with impact parameterx1 and force, length, and time
are expressed, respectively, in units ofV s0dyr0, r0,
and r0yyL. All parameters are subsumed into a single
dimensionless quantity defined by

C̃ 

√
V s0d

rkcKr0

! √
cK

8pr0yL

!1y2

. (6)

For C̃ large and negative, it is easy to see that the
solution of Eq. (5) has the formju1j , r0 andu2 ø u1 1

x1 2 x2s0d 1 yLt, with both force componentsF1y2 ø
t1y2ypC̃. The vortex remains trapped in the attractive
point defect potential withjx2 1 u2j , r0 for a long time
interval 0 , t , tm. In this limit, the energy transfer to
Kelvin waves is of the form

Ea 
Z tm

0
Fa Ùuadt  gV s0dC2, (7)

and the interaction time is

tm  z C2jyyL , (8)

where C  C̃sr0yjd3y2 is independent of the cutoffr0.
The numerical solution of Eq. (5) with the initial condi-
tions uas0d  0 has confirmed the form of Eqs. (7) and
(8) with the parametersg  20.65 and z  2.1 (for
methods, see Ref. [11]). The position of a vortex in an
attractive potential withC̃  21.0 is shown, for succes-
sions of equal time intervals, in Fig. 1. The extent to
which the vortex remains trapped for a relatively long
time is obvious, as is the similarity with the displace-
ment ustd expected for large negativẽC. Energy trans-
fer and interaction time are shown in Fig. 2 as functions
of C2. For C , 0, these are almostx1 independent for
2C . 1.0. Near C  0, they tend to the one-phonon

FIG. 1. Vortex position x̃1,2 in the attractive potential is
shown at equal time intervalsDt  0.02r0yyL for the case
C̃  21.0, j  0.5r0 and impact parameterx1s0d  0.479r0.
Positions near the origin are too closely spaced to be resolve
at this interval. Positions in the box20.2 , x̃1,2 , 0.0 are
showns35d in the upper right-hand sector at long time intervals
Dt  r0yyL. A vortex moves rapidly into this region, remains
trapped for a timetm, and then exits rapidly.
4561
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FIG. 2. Computed energy transfers to Kelvin waves a
shown for the casej  0.5r0 and impact parameterx1s0d 
0.479r0 as functions ofC2 [left-hand scale, units ofjV s0dj;
solid curves]. For attractive point defects andjCj ¿ 1 the
energy transfer isEa ~ C2 and the trapping time (right-hand
scale, units ofjy

21
L ; broken curve) istm ~ C2. The one-

phonon energy transfer is linear inC. The repulsive case
energy transfer is showns310d; it is Er ~ C21 for C ¿ 1.

values, an energy transfer ofCV s0d, apart from anx1-
dependent factor of order unity, and an interaction tim
of 2x2s0dyyL. The energy transferEr is shown for the
caseC . 0. It is Er ø 0.3V s0dyC for C * 1, which
is independent ofV s0d and shows the large difference
at smallyL, between interactions with attractive and re
pulsive point defects. (ForC . 0, the discontinuity at
r̃  r0 had to be removed fromV sr̃d by the addition of
a fringe potential allowing the vortex to enter the regio
r̃ , r0.)

Before investigating what can be learned from the
results for a single point defect about interaction with
random distribution, we consider some limitations. Th
initial condition uas0d  0 will not be satisfied exactly
in reality owing to thermal excitation or interaction with
other point defects. At temperatureT , the mean square
displacement of a free vortex is

ku2
al 

kBT
2prkcKp0

1
h̄

2prkj
, (9)

where p0 is a small wave number cutoff. ForT ø
107 K and typical neutron superfluid parameters, therm
displacements larger than the bcc lattice constanta
have very small wave numbers&105 cm21. Although
thermal motion will produce large deviations from th
initial state of vortex rectilinearity assumed here, th
corresponding thermal velocity components,jvuaj &

1024 cm s21, are small compared withyL and will not
lead to any increase in the number of attractive poi
defects with which a vortex interacts. The effect o
Kelvin waves produced by the interaction with distan
point defects at earlier timest , 0 should be negligible
for C large and negative. This has been confirmed
assuming an initial displacementue

1  uecossvt 2 pz 1

fd, ue
2  2ue sinsvt 2 pz 1 fd with v  t21

m and
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ue # r0. Given thatuast . 0d is the total displacement,
that part of the displacement obtained from Eq. (4) with
the Green function Eq. (2) isua 2 ue

a (this subtraction
is possible becauseue

a satisfies the free-vortex equations
of motion). Calculation ofEa has shown that the effect
of ue

a fi 0 decreases as2C increases. This is consistent
with the expectation, derived from the solution of Eq. (5)
that bothEa and tm become independent of the initial
conditions forC large and negative. For intermediateC,
averaging overx1 andf cancels, to at least the first order
in vuey

21
L , the effect onEa and on the collision width.

It is possible to see how a moving vortex pins in
the case of interaction, initial conditionuas0d  0, with
an array of attractive point defects spaced at regula
intervalsDz along thez axis. Assume thatn point defects
j fi i contribute substantially at some instantt to the
displacementuszi , td given by Eq. (4). The form of the
Green function Eq. (2) shows that a sufficient condition
for this is thatjzi 2 zjj , s4cK td1y2 for n point defects
j fi i, which can be reexpressed asnDz , s4cK td1y2.
The effect of contributions fromn point defects can
be approximated to within an order of magnitude by
the replacement̃C ! nC̃ in Eq. (5), giving a trapping
time of n2tm, with tm defined by Eq. (8). A sufficient
condition for indefinite trapping is thatn should increase
with time so thatt , n2tm for all t, which is satisfied
provided Dz , s4cK tmd1y2. More generally, a single
vortex interacts simultaneously with a large number o
point defects in the random distribution through which
it moves, the displacement being given by Eq. (4). Th
interactions are independent provided that, within the tim
interval 0 , t , tm of interaction with a given point
defect atzi, point defectsj fi i contribute negligibly to
the displacementuszi , td. A sufficient condition is that
their mean separation satisfiesDz ¿ s4cK tmd1y2. If this
condition is not satisfied we can infer, by reference t
the linear array, that pinning occurs ifDz & s4cKtmd1y2.
For a random distribution of attractive point defects, th
necessary fractional concentration is

ca *
a2

yLtms4cKtmd1y2 . (10)

This can be reexpressed in terms of the velocityyL.
Pinning occurs foryL & yLp , where

rkyLp 

√
z

2p

!3y4√
jV s0dj3ca

4rkcKa2j3

!1y2

. (11)

Equation (11) is identical, except for a numerical facto
close to unity, with the very elementary static estimat
of yLp obtained previously [Eq. (28) of Ref. [7]] and so
provides a more firm basis for the statement [7] that a
unphysically large concentration of point defects would
be necessary to give the pinning strength required fo
pulsar glitches. The dissipative force per unit length o
vortex at velocitiesyL ¿ yLp , where the interactions are
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independent, and for which Eq. (7) and (8) are valid, is

fR ø
caEa

a2 

√
2pg2

z 3

!1y2√
rky

2
Lp

yL

!
. (12)

(The equivalent expression forC . 0 would be
crErya2 ~ y

1y2
L .) For jCj & 0.1, where the one-phonon

energy transfer expression is valid (see Fig. 1), theyL

dependence becomesfR ~ y
21y2
L [4,5].

On the basis of these results, a transition from vorte
creep to motion of the vortex lattice occurs asyL increases
to yL . yLp . It is analogous with that in electronic
type-II superconductors [1], the Lorentz force bein
replaced by the Magnus force, except that the intervort
spacing in the neutron superfluids1022 2 1023 cmd is so
large compared with vortex displacements of the order
yLtm that the intervortex interaction is not an importan
factor.

The actualV sr̃d may be much less simple than tha
assumed in Eq. (1). It may change sign at somer̃ (the
long-range hydrodynamic interaction [10] is attractive fo
monovacancies and repulsive for interstitials [7]). Bu
Eqs. (7) and (8) should remain approximately valid pro
vided the maximum attractive force is substituted for th
given by Eq. (1)f0.65V s0dyjg. The concentrationca of
attractive point defects could equal that of either monov
cancies or interstitials, and modern computational spee
may allow its estimation by calculations of mobility and
of enthalpy of formation. The phases of rod and slab n
clei predicted [12] at densities intermediate between t
bcc lattice of spherical nuclei and the liquid core do no
contain point defects.

Equations (11) and (12) are particularly significant fo
models in which the relaxation giving spin-down rat
recovery d ÙVstd occurs in superfluid regions where the
vortices are not pinned but co-rotate withyL almost
exactly equal toyn [3]. A large glitch produces ini-
tial deviationsdyL,n & 102 cm s21 from the steady-state
values of the new postglitch rotation rate. With a co
herence length derived from the neutron energy gap
Ainsworth et al.[13] andV sr̃d given by Bildsten and Ep-
stein [10] the value ofC (for yL  1 cm s21) has a maxi-
mum jCj ø 350 at a matter density of3.4 3 1013 g cm23

but decreases rapidly at both lower and higher densit
sjCj ø 14 at 8 3 1013 g cm23d. Although there are con-
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siderable uncertainties in both the superfluid paramete
and V sr̃d [14,15], these values indicate that the attrac
tive point defect concentrationca is much more impor-
tant. ButfR could be a very complicated function ofyL

if there were appreciable contributions from both attrac
tive and repulsive point defects.

If the pinning causing pulsar glitches is in the liquid
core of the star, the spin-down rate recoveryd ÙV could
be the relaxation of the subset of vortices which pas
only through the crust. If this is so and assuming the
above value ofjCj for 8 3 1013 g cm23, the spin-down
rate recovery time of the order of105 s observed in the
Vela pulsar imposes the following constraints on poin
defect concentrations:ca & 10211, cr & 10210. If it
were established that such concentrations are unphysica
low, spin-down rate recovery would have to be associate
with unknown phenomena in the liquid core of the star
and, with no crust involvement, it would be necessary to
reassess what could be learned from glitch observation
about the neutron star interior.

[1] U. Yaron et al., Nature (London)376, 753 (1995).
[2] M. A. Alpar, K. S. Cheng, and D. Pines, Astrophys. J.346,

823 (1989); M. A. Alpar, H. F. Chau, K. S. Cheng, and
D. Pines, Astrophys. J.409, 345 (1993).

[3] P. B. Jones, Mon. Not. R. Astron. Soc.263, 619 (1993).
[4] R. I. Epstein and G. Baym, Astrophys. J.387, 276 (1992).
[5] P. B. Jones, Mon. Not. R. Astron. Soc.257, 501 (1992).
[6] P. B. Jones, Phys. Rev. Lett.79, 792 (1997).
[7] P. B. Jones, Mon. Not. R. Astron. Soc.296, 217 (1998).
[8] G. Blatteret al., Rev. Mod. Phys.66, 1125 (1994).
[9] E. Chevalier, Astrophys. J.414, L113 (1993).

[10] L. Bildsten and R. I. Epstein, Astrophys. J.342, 951
(1989).

[11] P. Linz, Analytical and Numerical Methods for Volterra
Equations(SIAM, Philadelphia, 1985), pp. 143–161.

[12] K. Oyamatsu, Nucl. Phys.A561, 431 (1993); C. P. Lorenz,
D. G. Ravenhall, and C. J. Pethick, Phys. Rev. Lett.70,
379 (1993).

[13] T. L. Ainsworth, J. Wambach, and D. Pines, Phys. Lett. B
222, 173 (1989).

[14] C. J. Pethick and D. G. Ravenhall, Annu. Rev. Nucl. Part
Sci. 45, 429 (1995).

[15] P. M. Pizzochero, L. Viverit, and R. A. Broglia, Phys. Rev.
Lett. 79, 3347 (1997).
4563


