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The newly discovered frustrated pyrochlore ferromagnet (“spin ice”) is investigated using Monte
Carlo simulations. The ground state is disordered and infinitely degenerate, but in an applied magnetic
field the degeneracy is broken and ordering can occur. We find that the degree of degeneracy breaking
is highly dependent on the field direction, and one direction in particular leads to a complete and
spontaneous lifting of the degeneracy. We show that this occurs via a new type of magnetic phase
transition that does not involve a change in symmetry, and is related to the liquid-gas transition. These
results are relevant to a wide number of pyrochlore compounds. [S0031-9007(98)07616-9]

PACS numbers: 75.40.Mg, 75.10.Nr, 75.25.+z, 75.50.Lk

The pyrochlore lattice [Fig. 1(a)] represents a model The first point is that the protons in the ice ground
system in statistical physics for probing the effects ofstate are effectively frozen due to the large energy barriers
strongly competing interactions. In geometrical terms, itassociated with rearrangements [7]. These slow dynamics
presents the strongest frustration possible for any knowtranslate directly to the spin ice model, resulting in spin
lattice with antiferromagneticinteractions [1], but a sur- freezing reminiscent of a spin glass but without the
prising recent discovery is th&rromagnetidnteractions chemical disorder that is usually thought to be a necessary
can also experience strong frustration [2,3]. This cancomponent of the spin-glass state. The second interesting
not occur with Heisenberg spins, but only when there igproperty of ice that we shall mention in passing is that
strong single-ion anisotropy along tie1 1) axes of the its ground-state degeneracy is lifted by doping with small
pyrochlore lattice. In particular, when the anisotropy is
infinite (corresponding to pure Ising anisotropy), no mag- (a)
netic order can form on the lattice right down to 0 K [3]. /

In Fig. 1(b), we show the ground state of a single
tetrahedron of spins with ferromagnetic coupling and ¥
local Ising anisotropy along th€l11) axes, which
connect each spin with the center of the tetrahedron. The
ground state is characterized by the simple arrangement
of two spins “in” and two spins “out.” Topologically,
it is identical to the problem of cation ordering on the
pyrochlore lattice considered by Anderson [4], which
can be mapped directly onto the problem of proton
ordering on the cubic ice lattice. Pauling [5] showed that
the ground state of ice is composed of a macroscopic /
number of degenerate states, and is thus geometrically
frustrated. For ease of reference, the frustrated pyrochlore
ferromagnet is thus referred to as the “spin ice” model [2].

It can also be shown [4] that the uniaxial Ising
pyrochlore antiferromagnet maps onto the ice model,
and so must in turn map onto the spin ice model [3]. (b)

Both pyrochlores therefore exhibit a macroscopic ground-

state degeneracy at all temperatures down to 0 K. A

direct mapping between the spin ice model and the Ising

antiferromagnet has recently been obtained [6] without *
resort to the ice model. However, we shall continue to

d.ISCUSS th_e frustrated. ferromagnet with refergnce tO.ItFIG. 1. (a) A schematic plot of the pyrochlore lattice. The
since the literature on ice reveals some further mterestlngpOts show the positions of the magnetic ions. (b) The

featu.res _WhiCh may not have been anticipated simply byround state of a single tetrahedron of spins with ferromagnetic
considering the spin models. exchange and local Ising anisotropy.
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amounts of alkali cations. This breaks the ice rules locally (@ H|[100] (b)H | [110] ©H|111]
so that ferroelectric order can occur [8]. We thus expect 06
that, by doping spin ice with nonmagnetic ions, long- _
range order may be stabilized. w %47
While this model is amusing from a conceptual point of S
view, it is also of immense practical value, because a large
number of pyrochlore oxides contain single-ion anisotropy (o #Z. .. ., . ... ]
associated with th&l11) axes of the lattice. This is 0 1 20 1 2 3 40 20 40 60
especially true where the magnetic ion is a rare eartr HS/J HS/J HS/J
with a large orbital moment, such as in H®,0O; [2],

. . . FIG. 2. The magnetizationM, per spin for the spin ice
Dy, Ti,O0;, and YbTi,O; [9], which are known to offer model, calculated at a temperature ®fJ = 0.1, with a

good realizations of the spin ice model. Other promineninagnetic fieldH#, applied along the three symmetry directions
examples are a number of pyrochlore manganates suai the pyrochlore lattice: (a) [100], (b) [110], and (c) [111].
as ;Mn,0;, SeMn,0;, and LuMn,0;, which exhibit ~ Beneath each magnetization curve is shown a view of a single
the latterly mysterious property that, while the exchangdetrahedron of spins looking down its axis, thus appearing

: . L . S a square in projection. The black arrows represent the
is strongly ferromagnetic, transitions to spin-glass rathegrojectigns of spiﬁs Jordered by the maximum fieldpapplied in

than or_dered phases are observed [10]-. each case, while the open circles represent spins unaffected
In this Letter, we present an exploration of the proper-y the field and thus disordered. The white arrows show the

ties of the spin ice model using Monte Carlo simulations projections of the field directions.

paying particular attention to those accessible to experi-

ment. We find that, while no magnetic order occurs in

zero magnetic field, ordered phases occur when a field idirections correspond to thg, 2, and3 symmetry axes,
applied, consistent with experimental work on,fioO;  respectively, of the pyrochlore space grog3m. Note

[2]. But the most important result is our discovery of athat the magnetic field is given in dimensionless units of
new type of magnetic phase transition, analogous to thatS/J. It can be seen in each case 2(a)-2(c) that the

in a fluid system. application of a field results in the selection of magnetic
A classical Ising Hamiltonian was used in the Monteorder from the macroscopically degenerate ground state,
Carlo calculations: such that there is a component of magnetization along the
1 _ field direction. What is interesting is that the degree of
Z; Zj Z; . . . .
H = —EJZSI- S — ZH S, (1)  degeneracy breaking is strongly dependent on the direction
i i along which the field is applied. This becomes clear

where the first summation is over nearest neighbHrés  when we study the schematic diagrams in Fig. 2 showing
the magnetic field, anf;" is the spin on théth magnetic a single tetrahedron of spins with the full field applied
ion, which has its own Ising axis denotegd There are along[100],[110], and[111]. Note that the tetrahedron
four distinct Ising axes (one for each site on the basids shown in projection as a square. In case 2(a), when
tetrahedron) directed along té1 1) directions towards the field is applied along [100], all four spins on the
the center of each tetrahedron. basic tetrahedron order so that each has a component of
The Monte Carlo calculations were carried out using themagnetization along the field direction, and the degeneracy
MCMAG program [11], which utilizes the standard Metropo-is completely broken. The saturated magnetization per
lis spin-flipping algorithm. To collect thermodynamic spin is3~!/2 = 0.578, which is the theoretical maximum
data, a lattice size of0 X 10 X 10 cubic unit cells was for this field direction. The structure formed is the= 0
used, with a total number of spifs = 16000. The simu-  structure observed in H®i,0; [2]. In case 2(b), when
lation lengths were generallj0’> Monte Carlo steps per the field is applied along [1 1 0], we see that the local Ising
spin (MCY/spin), including2 X 10* equilibration steps. axes for two out of the four spins are perpendicular to the
This was found to be sufficient to achieve equilibrationapplied field, so that they cannot order at all. The only
for all temperatures considered here: some longer simulapins thatanorder are those two that have anisotropy axes
tions with 10> MCS/spin and10’ equilibration steps were with a component along the field direction. The maximum
performed as a consistency check, and no significant difaet magnetization per spin is no& /2 = 0.408. We
ferences were observed with the shorter simulations.  emphasize that the two-spins-in, two-spins-out rule is
In zero magnetic field, no transitions were observed tgreserved in cases 2(a) and 2(b). More complex behavior
ordered states at any temperature, consistent with botl seen in 2(c), where the field is applied along the [11 1]
the ice mapping and experimental work on,FipO; [2].  axis. Here, we find that, since there is one spin on each
However, novel behavior is revealed when a magneti¢etrahedron with its anisotropy axis parallel to the field, this
field is applied. In Fig. 2 we show the magnetization perspin orders first, the other three remaining only partially
spin calculated when a field is applied along the threeordered until the field is strong enough to overcome the
symmetry directions: [100], [110], and [111]. Theseexchange. At this point the two-spins-in, two-spins-out
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rule can be broken, so that an ordered arrangement of onmhich can be seen most clearly in the zero-field result
spin in, three spins out occurs, as shown in the figure(HS/J = 0). This reflects isolated spin flips. In finite
The saturated magnetization per spin is ndwand the small fields @S/J < 1.5), a sharp spike appears at
degeneracy breaking istao-stage process lower temperatures to the Schottky anomaly, marking the

Figure 2(a) gives a hint of our most important result,cooperative phase transition. As the field is increased,
which is that the degeneracy breaking for fields along th&o the phase transition temperature increases, and the
[100] direction occurs via a cooperative phase transitionspike becomes less pronounced. Hé§/J > 1.5 the
The magnetization has a positive curvature until a field obpike disappears completely and is replaced by a broad
HS/J = 0.9 is reached, where there is an abrupt changdéeature that merges with—but is considerably stronger
to full, saturated order. This behavior is characteristidthan—the Schottky anomaly. A clear change in behavior
of a field-induced phase transition, in complete contrashas occurred: the spike iy indicates afirst-order
to the behavior of a paramagnet, even though in botiphase transition, which changes into a continuous ordering
cases the degeneracy is completely broken by the fielgerocess foHS/J > 1.5.
There is an interesting system-size effect: for small system In Fig. 4 we show the phase diagram for fields applied
sizes (V = 16), the magnetization curve hasnegative along the [100] direction, obtained from the behavior of
curvature for allH, like that of a paramagnet, while, for cy. We find a line of first-order phase transitions sepa-
N = 128, it has a positive curvature until saturation, andrating two phases with the same symmetry but different
is almost independent of the system size. This suggest®agnetization. The line terminates at a temperature of
that the phase transition is controlled by very short-ranged./J =~ 0.16, and at all higher temperatures the system
fluctuations, with a correlation length of the order of only can move continuously from one state to another without
one unit cell v = 16). They are therefore natritical going through a phase transition, as shown by the dashed
fluctuations, in the sense of a second-order phase transitiopath. This marks a critical point. Ignoring the trivial time-

In Fig. 3, we show the heat capacityy, obtained reversal symmetry of the magnetic field, Fig. 4 is identical
on cooling in several different magnetic fields appliedto the pressure-temperature phase diagram of a liquid-gas
along the [100] direction. The curves are characterizedystem. In this case, wheh < T, the order parameter

by a broad peak, or Schottky anomaly, &tJ = 0.25, is{¢) = p. — pg, wherep; andp¢ are the densities of
the liquid and gas phases, respectively. By analogy, the

order parameter in spinice{g) = m; — mg, wherem,,

and m¢ are the magnetizations of the phases above and
below the critical line, respectively. In the inset of Fig. 3,
we show the order parametgs) obtained on heating in a
field of HS/J = 0.1, with a clear first-order jump marking
the phase transition dt/J =~ 0.015.
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1] FIG. 4. The phase diagram for the spin ice model with the
magnetic field applied along the [100] direction. The full
FIG. 3. The heat capacity at constant field;, calculated line shows the line of field-induced first-order phase transitions,
with various fields applied along the [100] direction. The terminating in a critical point af./J =~ 0.16. The letters 1"

inset shows the order parametép,), calculated withHS/J = and “G” refer to the “liquid” and “gas” phases, respectively.
0.1. The arrow indicates the first-order jump at the transitionThe dashed path shows a way of converting from one state to
temperature. another continuously.
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The phase diagram of the conventional Ising ferromagmoments of rare earth ions such as’*Hare large, the
net contains a line of first-order phase transitions along theritical point should be accessible using a relatively small
H = 0 line, terminating at a critical point. The phasesmagnetic field, probably less than 1 T in magnitude. The
above and below the line of transitions represent phasedownside of using ions with such large magnetic moments
with magnetization up and down, respectively. The analis that dipolar coupling and demagnetization effects due to
ogy typically made between the liquid-gas transition andsample shape will be important. For example, very com-
the magnetic transition is then purely one of symmetryplex behavior was observed in the recent neutron scatter-
the two magnetization directions represent the two fluidng study of HaTi,O; [2], part of which was due to these
phases, with magnetization up the liquid, and magnetizaeffects, although the overall features were consistent with
tion down the gas [12]. In our case, the analogy is muctihe spin ice model.
more physical, with the scalar value of the magnetiza- We are grateful to P. Chandra, R. Moessner, J.T.
tion mapping directly onto the fluid density. As in the Chalker, G.I. Watson, and D.F. McMorrow for helpful
fluid system, the symmetry breaking is between the lowdiscussions, and to P. Lacorre for providmgmac. The
and high density (magnetization) configurations of phaséinancial support of the EPSRC is acknowledged.
space. We have two phases, one with high entropy and
high enthalpy for fields below the coexistence line, and
the other with low entropy and low enthalpy above it. But
both have broken magnetic symmetry, i.e., a finite mag-
netization. The analogy breaks down when we consider .
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