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Liquid-Gas Critical Behavior in a Frustrated Pyrochlore Ferromagnet
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The newly discovered frustrated pyrochlore ferromagnet (“spin ice”) is investigated using Monte
Carlo simulations. The ground state is disordered and infinitely degenerate, but in an applied magnet
field the degeneracy is broken and ordering can occur. We find that the degree of degeneracy breaki
is highly dependent on the field direction, and one direction in particular leads to a complete and
spontaneous lifting of the degeneracy. We show that this occurs via a new type of magnetic phas
transition that does not involve a change in symmetry, and is related to the liquid-gas transition. Thes
results are relevant to a wide number of pyrochlore compounds. [S0031-9007(98)07616-9]

PACS numbers: 75.40.Mg, 75.10.Nr, 75.25.+z, 75.50.Lk
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The pyrochlore lattice [Fig. 1(a)] represents a mod
system in statistical physics for probing the effects
strongly competing interactions. In geometrical terms,
presents the strongest frustration possible for any kno
lattice with antiferromagneticinteractions [1], but a sur-
prising recent discovery is thatferromagneticinteractions
can also experience strong frustration [2,3]. This ca
not occur with Heisenberg spins, but only when there
strong single-ion anisotropy along thek1 1 1l axes of the
pyrochlore lattice. In particular, when the anisotropy
infinite (corresponding to pure Ising anisotropy), no ma
netic order can form on the lattice right down to 0 K [3].

In Fig. 1(b), we show the ground state of a sing
tetrahedron of spins with ferromagnetic coupling an
local Ising anisotropy along thek1 1 1l axes, which
connect each spin with the center of the tetrahedron. T
ground state is characterized by the simple arrangem
of two spins “in” and two spins “out.” Topologically,
it is identical to the problem of cation ordering on th
pyrochlore lattice considered by Anderson [4], whic
can be mapped directly onto the problem of proto
ordering on the cubic ice lattice. Pauling [5] showed th
the ground state of ice is composed of a macrosco
number of degenerate states, and is thus geometric
frustrated. For ease of reference, the frustrated pyrochl
ferromagnet is thus referred to as the “spin ice” model [2

It can also be shown [4] that the uniaxial Isin
pyrochlore antiferromagnet maps onto the ice mod
and so must in turn map onto the spin ice model [3
Both pyrochlores therefore exhibit a macroscopic groun
state degeneracy at all temperatures down to 0 K.
direct mapping between the spin ice model and the Is
antiferromagnet has recently been obtained [6] witho
resort to the ice model. However, we shall continue
discuss the frustrated ferromagnet with reference to
since the literature on ice reveals some further interest
features which may not have been anticipated simply
considering the spin models.
0031-9007y98y81(20)y4496(4)$15.00
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The first point is that the protons in the ice groun
state are effectively frozen due to the large energy barri
associated with rearrangements [7]. These slow dynam
translate directly to the spin ice model, resulting in sp
freezing reminiscent of a spin glass but without th
chemical disorder that is usually thought to be a necess
component of the spin-glass state. The second interes
property of ice that we shall mention in passing is th
its ground-state degeneracy is lifted by doping with sm

FIG. 1. (a) A schematic plot of the pyrochlore lattice. Th
spots show the positions of the magnetic ions. (b) T
ground state of a single tetrahedron of spins with ferromagne
exchange and local Ising anisotropy.
© 1998 The American Physical Society
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amounts of alkali cations. This breaks the ice rules loca
so that ferroelectric order can occur [8]. We thus expe
that, by doping spin ice with nonmagnetic ions, long
range order may be stabilized.

While this model is amusing from a conceptual point o
view, it is also of immense practical value, because a lar
number of pyrochlore oxides contain single-ion anisotrop
associated with thek1 1 1l axes of the lattice. This is
especially true where the magnetic ion is a rare ea
with a large orbital moment, such as in Ho2Ti2O7 [2],
Dy2Ti2O7, and Yb2Ti2O7 [9], which are known to offer
good realizations of the spin ice model. Other promine
examples are a number of pyrochlore manganates s
as Y2Mn2O7, Sc2Mn2O7, and Lu2Mn2O7, which exhibit
the latterly mysterious property that, while the exchan
is strongly ferromagnetic, transitions to spin-glass rath
than ordered phases are observed [10].

In this Letter, we present an exploration of the prope
ties of the spin ice model using Monte Carlo simulation
paying particular attention to those accessible to expe
ment. We find that, while no magnetic order occurs
zero magnetic field, ordered phases occur when a field
applied, consistent with experimental work on Ho2Ti2O7
[2]. But the most important result is our discovery of
new type of magnetic phase transition, analogous to t
in a fluid system.

A classical Ising Hamiltonian was used in the Mont
Carlo calculations:

H  2
1
2

J
X
i,j

Szi
i ? S

zj

j 2
X

i

H ? Szi
i , (1)

where the first summation is over nearest neighbors,H is
the magnetic field, andSzi

i is the spin on theith magnetic
ion, which has its own Ising axis denotedzi. There are
four distinct Ising axes (one for each site on the bas
tetrahedron) directed along thek1 1 1l directions towards
the center of each tetrahedron.

The Monte Carlo calculations were carried out using th
MCMAG program [11], which utilizes the standard Metropo
lis spin-flipping algorithm. To collect thermodynamic
data, a lattice size of10 3 10 3 10 cubic unit cells was
used, with a total number of spinsN  16 000. The simu-
lation lengths were generally105 Monte Carlo steps per
spin (MCSyspin), including2 3 104 equilibration steps.
This was found to be sufficient to achieve equilibratio
for all temperatures considered here: some longer simu
tions with106 MCSyspin and105 equilibration steps were
performed as a consistency check, and no significant d
ferences were observed with the shorter simulations.

In zero magnetic field, no transitions were observed
ordered states at any temperature, consistent with b
the ice mapping and experimental work on Ho2Ti2O7 [2].
However, novel behavior is revealed when a magne
field is applied. In Fig. 2 we show the magnetization p
spin calculated when a field is applied along the thr
symmetry directions: [1 0 0], [1 1 0], and [1 1 1]. Thes
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FIG. 2. The magnetization,M, per spin for the spin ice
model, calculated at a temperature ofTyJ  0.1, with a
magnetic field,H, applied along the three symmetry directions
of the pyrochlore lattice: (a) [1 0 0], (b) [1 1 0], and (c) [1 1 1].
Beneath each magnetization curve is shown a view of a sing
tetrahedron of spins looking down its41 axis, thus appearing
as a square in projection. The black arrows represent t
projections of spins ordered by the maximum field applied i
each case, while the open circles represent spins unaffec
by the field and thus disordered. The white arrows show th
projections of the field directions.

directions correspond to the41, 2, and3 symmetry axes,
respectively, of the pyrochlore space group,Fd3m. Note
that the magnetic field is given in dimensionless units o
HSyJ. It can be seen in each case 2(a)–2(c) that th
application of a field results in the selection of magnet
order from the macroscopically degenerate ground sta
such that there is a component of magnetization along t
field direction. What is interesting is that the degree o
degeneracy breaking is strongly dependent on the direct
along which the field is applied. This becomes clea
when we study the schematic diagrams in Fig. 2 showin
a single tetrahedron of spins with the full field applied
along [1 0 0], [1 1 0], and [1 1 1]. Note that the tetrahedro
is shown in projection as a square. In case 2(a), wh
the field is applied along [1 0 0], all four spins on the
basic tetrahedron order so that each has a componen
magnetization along the field direction, and the degenera
is completely broken. The saturated magnetization p
spin is321y2 ø 0.578, which is the theoretical maximum
for this field direction. The structure formed is theq  0
structure observed in Ho2Ti2O7 [2]. In case 2(b), when
the field is applied along [1 1 0], we see that the local Isin
axes for two out of the four spins are perpendicular to th
applied field, so that they cannot order at all. The on
spins thatcanorder are those two that have anisotropy axe
with a component along the field direction. The maximum
net magnetization per spin is now621y2 ø 0.408. We
emphasize that the two-spins-in, two-spins-out rule
preserved in cases 2(a) and 2(b). More complex behav
is seen in 2(c), where the field is applied along the [1 1 1
axis. Here, we find that, since there is one spin on ea
tetrahedron with its anisotropy axis parallel to the field, th
spin orders first, the other three remaining only partiall
ordered until the field is strong enough to overcome th
exchange. At this point the two-spins-in, two-spins-ou
4497
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rule can be broken, so that an ordered arrangement of o
spin in, three spins out occurs, as shown in the figur
The saturated magnetization per spin is now1

2 , and the
degeneracy breaking is atwo-stage process.

Figure 2(a) gives a hint of our most important resul
which is that the degeneracy breaking for fields along th
[1 0 0] direction occurs via a cooperative phase transitio
The magnetization has a positive curvature until a field
HSyJ  0.9 is reached, where there is an abrupt chan
to full, saturated order. This behavior is characterist
of a field-induced phase transition, in complete contra
to the behavior of a paramagnet, even though in bo
cases the degeneracy is completely broken by the fie
There is an interesting system-size effect: for small syste
sizes (N # 16), the magnetization curve has anegative
curvature for allH, like that of a paramagnet, while, for
N $ 128, it has a positive curvature until saturation, an
is almost independent of the system size. This sugge
that the phase transition is controlled by very short-rang
fluctuations, with a correlation length of the order of onl
one unit cell (N  16). They are therefore notcritical
fluctuations, in the sense of a second-order phase transit

In Fig. 3, we show the heat capacity,cH , obtained
on cooling in several different magnetic fields applie
along the [1 0 0] direction. The curves are characteriz
by a broad peak, or Schottky anomaly, atTyJ  0.25,

FIG. 3. The heat capacity at constant field,cH , calculated
with various fields applied along the [1 0 0] direction. The
inset shows the order parameter,kfl, calculated withHSyJ 
0.1. The arrow indicates the first-order jump at the transitio
temperature.
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which can be seen most clearly in the zero-field resu
(HSyJ  0). This reflects isolated spin flips. In finite
small fields (HSyJ , 1.5), a sharp spike appears a
lower temperatures to the Schottky anomaly, marking th
cooperative phase transition. As the field is increase
so the phase transition temperature increases, and
spike becomes less pronounced. ForHSyJ . 1.5 the
spike disappears completely and is replaced by a bro
feature that merges with—but is considerably strong
than—the Schottky anomaly. A clear change in behavi
has occurred: the spike incH indicates afirst-order
phase transition, which changes into a continuous orderi
process forHSyJ . 1.5.

In Fig. 4 we show the phase diagram for fields applie
along the [1 0 0] direction, obtained from the behavior o
cH . We find a line of first-order phase transitions sepa
rating two phases with the same symmetry but differe
magnetization. The line terminates at a temperature
TcyJ ø 0.16, and at all higher temperatures the system
can move continuously from one state to another witho
going through a phase transition, as shown by the dash
path. This marks a critical point. Ignoring the trivial time-
reversal symmetry of the magnetic field, Fig. 4 is identica
to the pressure-temperature phase diagram of a liquid-g
system. In this case, whenT , Tc, the order parameter
is kfl  rL 2 rG , whererL andrG are the densities of
the liquid and gas phases, respectively. By analogy, t
order parameter in spin ice iskfl  mL 2 mG , wheremL

and mG are the magnetizations of the phases above a
below the critical line, respectively. In the inset of Fig. 3
we show the order parameterkfl obtained on heating in a
field of HSyJ  0.1, with a clear first-order jump marking
the phase transition atTyJ ø 0.015.

FIG. 4. The phase diagram for the spin ice model with th
magnetic field applied along the [1 0 0] direction. The ful
line shows the line of field-induced first-order phase transition
terminating in a critical point atTcyJ ø 0.16. The letters “L”
and “G” refer to the “liquid” and “gas” phases, respectively.
The dashed path shows a way of converting from one state
another continuously.
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The phase diagram of the conventional Ising ferroma
net contains a line of first-order phase transitions along t
H  0 line, terminating at a critical point. The phase
above and below the line of transitions represent pha
with magnetization up and down, respectively. The ana
ogy typically made between the liquid-gas transition an
the magnetic transition is then purely one of symmetr
the two magnetization directions represent the two flu
phases, with magnetization up the liquid, and magnetiz
tion down the gas [12]. In our case, the analogy is mu
more physical, with the scalar value of the magnetiz
tion mapping directly onto the fluid density. As in the
fluid system, the symmetry breaking is between the lo
and high density (magnetization) configurations of pha
space. We have two phases, one with high entropy a
high enthalpy for fields below the coexistence line, an
the other with low entropy and low enthalpy above it. Bu
both have broken magnetic symmetry, i.e., a finite ma
netization. The analogy breaks down when we consid
the dynamics, since our model is essentially discrete a
cannot have liquidlike dynamics, in spite of its macro
scopic ground-state degeneracy. This is in marked co
trast to the case of the Heisenberg antiferromagnet on
pyrochlore lattice, which was recently shown to be a cla
sical “spin liquid” [13]. Instead, the analogy between ou
spin ice model and a fluid system is purely thermodynam

One might be tempted to ask why the [1 0 0] direction
so special, since fields applied along the other two symm
try axes do not result in a thermodynamic phase transitio
The [1 0 0] field direction is unique because symmetry
broken completely: a single state is selected from an infi
itely degenerate manifold, and the system transforms fro
a state of high entropy to a state of zero entropy. At tem
peratures above the Schottky anomaly there is sufficie
thermal energy for this process to be continuous, whi
below the Schottky anomaly, spin flips are exponentia
unlikely, and the process is discontinuous. The possibil
of a phase transition between two magnetic states with
same symmetry has been predicted from general Land
theory arguments [14], and we believe that our work is t
first realization of such a phase transition. The up-dow
symmetry is maintained by reversing the magnetic fie
and each half of the phase diagram is directly analogous
the liquid-gas phase transition. The point atT  H  0
in Fig. 4 is thus a triple point.

In conclusion, the predictions of this paper are em
nently suitable for experimental tests using any one
a number of rare earth pyrochlores. Since the magne
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moments of rare earth ions such as Ho31 are large, the
critical point should be accessible using a relatively sm
magnetic field, probably less than 1 T in magnitude. Th
downside of using ions with such large magnetic momen
is that dipolar coupling and demagnetization effects due
sample shape will be important. For example, very com
plex behavior was observed in the recent neutron scat
ing study of Ho2Ti2O7 [2], part of which was due to these
effects, although the overall features were consistent w
the spin ice model.
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