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Linear response methods applied to electron systems often display a level of accuracy which is no-
table when viewed in terms of the strengths of perturbing interactions. Neglect of higher response terms
is, in fact, justifiable in many cases, and it can be shown to stem from an intrinsic interference between
atomic and electronic length scales. For fluid metallic systems it can be further shown that electron-
ion structure (increasingly accessible experimentally) can be understood from an applicdtiwanf
responsen the electron system, combined with hard-sphere-like correlation for the ionic component.
[S0031-9007(98)07697-2]

PACS numbers: 71.22.+i, 61.20.Gy, 71.15.Ap, 71.15.Hx

The nearly free-electron (NFE) approximation underliesrecent advances in both neutron and x-ray scattering
much of our understanding of the properties of condensetéchniques. Another route to effective electron-ion inter-
matter, in particular, simple metals. Whaé initio simu-  actions therefore opens, but here through the fluid state.
lation techniques have long superseded the NFE approxi- To begin, consider the response of the interacting elec-
mation in quantitative accuracy, it remains an importantron gas to a single ion, where the electron-ion interac-
source of insight and of simplifying concepts to elucidatetion is modeled by gseudopotentialtaken as a simple
gualitative trends across different materials. It also prolocal one-parameter empty-core form [6]; i.@R’(k) =
vides guidance in situations that remain out of the reach of-(47¢?/k?) codkR.), where theatomic core radiusR,
computationalb initio techniques [1]. For many years, or equivalently the zero crossing, = 7 /2R, is typi-
the densityp™4(k) of an initially uniform electron gas in- cally fixed by an atomic property such as the ionization
duced by an embedded pseudopotentiik) has been energy (or by a measurable crystalline metallic property
successfully treated at linear order even thou@f(l?) is  such as the Fermi surfaqe [7}). The pseqdopotentlal leads
not necessarily a small perturbation. The linear approack a‘lc?c"’“ electron density inhomogeneity representable
is a key component in many applications of the NFE ap_by p" (k). T_here are two routes to represent this mduc_ed
proximation, examples of which include pseudopotentiapens'ty’ the flrst (essentially exact) fro_m soIv_lng the famil-
calculations of the free energy of simple metals, their@r sglf-consmtgnt Kohn-Sham equations within the local
relative structural stability (and corresponding cohesivelensity approximation (LDA) [8], and the second from
properties), and also the determination of effective ion-iorfn€ Standard expansion of the response in powers of the
potentials [2-5]. The accuracy of the latter is a particuP€rturbing (pseudo) potential, i.e.,
larly striking example of the efficacy of linear response; ind oS
while the energy scale of unscreened ions at typical sepa- (k) = x1(k)v™ (k) + Z Z xa2(k, ki, k2)
rations is of the order of Ry, linear screening leads to ki ke

ion-ion potentials fully capable of describing observed X vPS (kv (k) + ... (1)
structural phase transitions and implying consequent en-
ergy scales of the order of mRy. Here the response functions,(k;,...) are properties of

Here we address the evident success of the linear ape homogeneousteracting electron gas, the first being
proximation which to date remains incompletely resolvedthe well known linear-response function [5]. The second
We show that the implied neglect of higher order responsé given by
is supported by physical arguments. In particular, we 0 1 0
explicitly demonstrate that the nonlinear terms are aman X2k k2, ks) = [xa (ki ko, ks) + 5 palks, ko, k3) xy' (k)
for specific cases, and give arguments to suggest that this X xV (ko) x?(ks)]/ e(ki)e(ka)e(ks), (2)
may be expected to hold more generally, the main excep-
tion being hydrogen. As an application of the underlyingwhere (k) is the usual dielectric function: e(k) =
argument, but one with experimental consequenced, — [4me?/k + wi(k)x}(k). In (2) the xO(k,,...) are
we demonstrate that simple linear-response theorthe noninteracting response functions (known to second
augmented by a hard-sphere approximation for ioniorder [9]) and theu,(k,...,k;+;) are the homogeneous
structure leads to a quantitatively accurate analyticalimits of the nth functional derivatives of the exchange-
representation of electron-ion structure factSgs(k) in  correlation potential with respect to density. In particular,
liquid metals, these now in principle accessible throughu(k) is related to the spin-averaged local field correction
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(LFC), G(k) = (k*/4me®)u (k). Figure 1 compares the application of these classically inspired approaches to the
full nonlinear LDA response and Eq. (1), taken to seconcklectronic case would be useful.)
order; note that Eq. (1) appears to capture most of the A central question now arises, one whose answer is
complete response with considerable accuracy. important to the proposition we make on electron-ion
Interestingly enough, the combined effects of exchangstructure: Why is thenonlinear response contribution
and correlation partially cancel between first and secondepicted in Fig. 1 evidently so small? An immediate
order. In addition, the second order response contributiopossibility is that higher order terms in Eq. (1) are large,
is of the same scale as the effect of local field correctionbut actually vary in sign and therefore mutually cancel,
at first order [10]. This has important implications for order by order. But another is that the higher order
the widespread application of linear response theory inerms are eactindividually very small. The success
the derivation of effective ion-ion potentials in (simple) at the level of second order response evidently implies
metals;the neglect of higher order response results in anthat the latter is the caseWe find that the response
overestimate of the role of exchange and correlatidine  series converges very rapidlyThis might be physically
accuracy of the second order response depicted in Fig. dnticipated since a larger atomic parametgrimplies a
also implies that the use of more accurate LFC’s couldsmaller perturbing potential, and the nonlinear response
in some cases, lead to an improvement in accuracy overshows a clear decline with increasi®y. As expected,
full Kohn-Sham LDA calculation. Although much effort the second order response is found to be largest for
has gone into obtaining LFC’s beyond tfle= 0) LDA  R. = 0 (hydrogen), but ask. increases from zero a
limit at linear order [11], the second order LFC, directly noticeable secondary minimum occurs when the inverse
related tou,(k1, k2, k3), to date remains unknown beyond atomic lengthk, is equal to2kr. For the cases plotted
the LDA form. However, the second order electron LFCin Fig. 1, the secondary minimum is reduced by an
is the direct analog of the third order direct correlationentire order of magnitudevhen compared with the value
function ¢® (k,, k», k3) of classical liquid-state theory for calculated for hydrogen, and is typically a factor of 3
which various successful approximations based on loweiower than the secondary maximum at larger. This
order correlation functions have been derived [12]. (Sinceninimum is attributed to the following: The second
the electron liquids are more weakly correlated than theiorder response functiony,(k, k1, k»), itself peaks when
classical counterparts [13], it might now be suggested thahe summed arguments in (1) are close 2= [10].
Accordingly, if the pseudopotential zero crossikg is
near the response peaks2dt=, a maximal cancellation

0.0%0 ' ' f,‘. or maximal destructive interference of the atomic and
0.040 | electronic length scalesccurs, leading to a minimum in
= second order response. We may now postulate that for
 0.030 . .. .
5 the simple metals a similar interference effect occurs for
I oo | the higher order terms of (1).
= Typically the value ofky/2kr lies between 0.75 and 1,
g 00107 and is therefore very close to the secondary minimum in
S o000} the nonlinear response. Note that the ratio of the atomic
e and electronic length scales is set primarily by the volume
-eoer energy terms in the total ground state energy, and is
-0.020 : \ ; s almost independent of structure [5]. This clarifies in large
0.0 1.0 2.0 3.0 4.0 5.0 . . . . P
k/2k, part why the ubiquitous linear-response approximation

. . performs so remarkably well for many materials and
FIG. 1. A comparison of full nonlinear LDA response .y the higher order terms are indeed small. The NFE

[pk) — pWD(k)] (solid line) to second order LDA re- C A
sponse (dashed line) for an empty core pseudopotemia@pprommatlon has often been justified in a context far

with R, = 1.5a, embedded in an electron gas with density wWider than Iir)ear response alone by appeal to the ff?lCt that
parameterr, = 3a,. For the scale, compare this to the full for a crystalline solid, the structure dependent reciprocal
response with the limitp(k — 0) = 1. The higher order |attice vectors are typically near the pseudopotential zero

response is of the order of a few percent of the full reSponsecrossing ko with the inference that the net scattering
In turn, the second order response captures almost all the I 1L This i tant effect st f th
nonlinear response. (The small difference fat- 0 is a s small [1]. IS Important effect stems irom the

numerical artifact stemming from the use of a large but finiteconfluence of amtomicand astructural length scale; the
real-space cutoff radius in the Kohn-Sham procedure.) Irinterference effect we discuss is complementary, but has a
the inset is plotted the maximum of the 2nd order response Vvgifferent physical origin, namely, an interference between
R./rs for ry = 2aq (dotted), r, = 3ao (solid), andr, = Sa0 jntrinsic atomic and electronic length scales. Once again,

(dashed). Note especially the minimum & /r, = 0.41 L . .
which corresponds ta, — 2ks. It is reduced by an order of (€ clear exception is the singular case of a point-charge

magnitude from the value a&. = 0 (hydrogen) and is traced [vP*(k) ~ 4me?/k?], i.e., the case of hydrogen, which
to an interference between atomic and electronic length scaleshas no well-defined core-length scdlg no oscillations
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in the potential, and thus no interference effect in the o1 T 1.4
higher order terms. In sharp contrast to other systems oo
nonlinear response terms are large term by term. Infacig o, |

<

the response series may not even formally converge, arg »l 3

great care must be taken when applying concepts derive (@ Mg

from linear-response theory to hydrogen (it is not a simple 2

material). . . - %0 10 20 80 40 50
As noted, the continued accuracy of linear response i k (1/20)

important to an interpretation now proposed for electron-
ion structure factors,;(k) in metallic fluids, these being 06 -
defined ask-space density-density correlation functions 5 o4 f
[3]. Invoking the adiabatic approximation they can always 42 [
be rewritten in terms of the ion-ion structure factors as |-
follows:

Sei(k)

4
|
{
|
|
|
\

0.2 . h . . . .
0.0 1.0 2.0 3.0 4.0 0.0 4.0 80 120 16.0
n(k)

Sei(k) = == Si(k), 3) (10 0
vZ FIG. 2. The electron-ion structure factdy; (k) and related

which defines a new dimensionless objet). Electron-  electron-ion correlation functiog,;(r) for Mg and Bi: Car-
ion correlations can therefore be described by convolvin@";}r: glr:aellli?\ e;eriue';% o?]fsedimfé éirl] [j&]} égﬁ{'éjd |Lﬂye)a \ﬁarélr]gphere
Fhe, pseUdoeI,ECtron density (or pseu_doat@ﬂk)) with the approximation (dashed line). Panel (a) shdiygk) and panel
ionic correlations. The accuracy of linear response for thep) showsg,,(r) for liquid Mg. Panel (c) showss,;(k) and
pseudopotential in an electron gas implies that it shoulganel (d) shows.,;(r) for liquid Bi. For Mg the parameters
now also be an excellent approximationforadeterminatiorﬁtalée? fI’OéU me Iiteraturet) areftzk 2-66fao aﬂtokll RL»lT 1-flao),
of the pseudoatom density. For simple liquid megjg) ~ @nd Tor bBi the parameters (laken irom (he literature) are
is very well approximated by the Percus-Yevick analytic™ — Sjﬁé“["n(‘;"{édtﬁ;t folr' ltﬁgg'ei(?)oineh?ggioan piﬁgmggtg;acctgg
form for hard spheres by specifying a single parameter, thgygius is not physically significant].
packing fractionn, which is close ton ~ 0.46 for most
simple metals near melting [14]. Using this in (3), we
compare our approach in Fig. 2 to thel ab initio Car-  the latter’s ratio tok, is well known: for small valence
Parrinello [15] calculations of de Wijst al.[16]. The (Z = 2),2kr < k,; for large valencéZ = 3), 2krp > k,
correspondence is striking, especially when we note thdtl8]. This accounts in a straightforward way for the
the parameterg andR, area priori set by other physical two separate forms found by de Wit al. [16]: For
properties (no fitting is necessary). Mg, ko < k, (Z = 2), which belongs to théow-valence

Besides a semiquantitative description of electronclassof electron-ion structure factors. For By > k,
ion structure factors, this linear response theory nowZ = 5), and we may refer to this as thagh-valence
provides an important qualitative insight into the form of classof electron-ion structure factors [19]. Generally ions
the electron-ion structure factors [17]. The pseudoatonof valenceZ = 2 belong to the low-valence class, while
density n(k) is typically largest for smalk and rapidly ions with valenceZ > 3 belong to the high-valence class.
declines for largerk, while the near classical ion-ion lons with valenceZ = 3 typically belong to the high-
structure factorsS;; (k) follows an inverse behavior; it is valence class also, although they may be characterized by
small for smallk. Together with the product form (3) this a crossover form [10]. The analytical approach above can
implies that the shape of the electron-ion structure factoeasily be extended by using the modern theory of liquids
S.i(k) is determined primarily by the position of tizero  to obtain improved ion-ion structure factors [20], but to
crossingky of n(k) with respect to thdirst maximun,, include second order contributions to the pseudoat@m
of S;;(k). If ko < k,, thenS;;(k) selects (or filters) the necessitates not only second order electron response, but
negative part ofi(k) and S.;(k) takes a form similar to also contributions from ion-ion triplet structure. This can
that of Mg [Fig. 2(a)]. Conversely, ity > k,, then the also be carried out with concepts from the theory of
ion-ion structure factor selects (or filters) the positive partclassical liquids [10].
of n(k), and agains.;(k) takes a form similar to that of These observations have a potentially useful experimen-
Bi [Fig. 2(c)]. Sincey (k) is positive definite, the zero tal consequence: The principal features of electron-ion
crossing in linear response occurskgt The large slope structure factors can be measured by exploiting the dif-
of n(k) near the zero crossing then implies that nonlineaferences between x-ray scattering, which probes the den-
corrections must have a small effect on the location of thesity fluctuations ofall electrons, and neutron scattering
zero crossing, and together with the expected accuracy efhich generally probes fluctuations of the nuclei [21].
linear response this implies tha§ ~ ko. As mentioned X-ray measurements are usually interpreted using a free
earlier, for most metalgy is just a little less thaBkr, and  atom form factor, while our analysis suggests that for
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candidate for illuminating nonlinear effects. In a similar ~ established physically, it is similar for different represen-
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