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Double and Triple Photoionization of Ground-State Lithium
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The double and triple photoionization of ground-state lithium is investigated in the high-ene
limit. Relative to the total photoionization cross section, the fraction of two-electron escape proce
is 0.0325, while the fraction leading to triple escape is only5.6 3 1026. Double ionization via Li1

autoionizing states accounts for more than 40% of the two-electron escape processes. A compa
of the high-energy-limit calculations with experiments at 424 eV shows close agreement for dou
photoionization. A factor of 10 discrepancy exists for triple photoionization at 424 eV, however, wh
presumably indicates that the high-energy limit has not yet been reached. [S0031-9007(98)07694

PACS numbers: 32.80.Fb, 31.15.Ar, 32.30.Rj
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Extensive research into the nature of two-electr
ejection processes has dramatically improved theoret
and experimental capabilities just in the past few yea
[1–6]. Much of the experimental improvement derive
from the higher brightness of third-generation synchrotr
light sources. On the theory side, poor understanding
how to impose appropriate boundary conditions on a co
tinuum state with two escaping electrons blocked progre
for too many years. Some aspects require further i
provement, of course, but our understanding is now in a
more satisfactory state than it was a mere five years a
The recent progress opens up new questions about the
mate capabilities and limitations of this new class of the
retical methods.

The improved capability of theory to predict the proba
bility that one photon will eject two electrons from a
simple system like He or H2 leads us to consider some
theoretical issues relating to three-electron ejection p
cesses. Experimental measurements of triple photoi
ization have recently been carried out for Li at photo
energies well beyond the threshold for three-electron
cape [7]. The only theoretical results available are calc
lations at the simplest nontrivial levels of approximatio
based on the independent-electron model.

Three-electron systems immediately raise the possi
ity of qualitatively different physical processes posses
ing no analog in two-electron photophysics. Beyond t
obvious additional process of triple photoionization, a
other major difference is the presence of indirect ph
toionization pathways in double photoionization. Fo
instance, the initial photoionization of a three-electro
atom like Li can produce a highly excited autoionizin
state of Li1. Since the autoionizing state of the ion wil
mainly decay by emitting another electron, this is a p
tentially important pathway to the double ionization con
tinuum that is absent in helium. This subgroup of doub
photoionization events possesses a signature that is lar
distinct from direct double photoionization, namely, th
energy distribution between the two electrons is fixed
the energies of the autoionizing state and the energy of
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Li 11 state produced in the decay. At energies within th
autoionization linewidth, of course, this two-step quan
tum mechanical amplitudefhn 1 Li ! sLi 1dpp 1 e2 !
sLi 1 1 e2d 1 e2g can interfere with the direct amplitude
fhn 1 Li ! Li 1 1 e2 1 e2g. This discussion is meant
to emphasize that, despite the recent progress in th
retical treatments of helium double ejection, new issu
must still be addressed to handle multielectron ejecti
processes in Li and other multielectron atoms and ions.

A remarkable combination of theoretical and exper
mental results has already emerged in the low-ener
limit. Klar and Schlecht predicted anE2.162 threshold
law for smallE just above the triple ionization threshold
[8]. This scaling law was experimentally confirmed i
experiments on O and Ne [9], but at energies larg
than 5.5 eV above threshold, a second threshold l
was observed,E1.8660.09. A subsequent theoretical study
confirmed this second threshold law,E1.821, and explained
it as excitation of a different mode of breakup [10].

In this Letter, we present theoretical results for doub
and triple photoionization of Li in the high-energy (bu
nonrelativistic) limit, adapting a formulation that wa
originally developed [11] to treat the high-energy limi
of double photoionization. In this limit, the electron tha
absorbs the photon is emitted with a large energy, a
its wave function is hence given by a plane wave. Th
approximation is valid, if the ejected-electron energy
much larger than the Li binding energy of 203.5 eV. W
therefore expect the high-energy limit to be valid fo
photon energies beyond roughly 2000 eV.

In the high-energy limit, the nonrelativistic oscillato
strength distribution for a two-electron atom behave
approximately as [12]

df1

de
 Csnsde27y2 (1)

with e the photoelectron energy andCsnsd a proportional-
ity constant to leave the residual ion in thens state, given
in a.u. by [11]
© 1998 The American Physical Society 4333
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Csnsd 
128pZ2

3
p

2
jkCs$r1, $r2djds$r2djfnss$r1dlj2 (2)

with fns a hydrogenic wave function. The proportionality
constant summed over all final states is then given by

C 
128pZ2

3
p

2

É Z
d $r1Cs$r1, $0d

É2
. (3)

For a three-electron system initially in the stat
Cs$r1, $r2, $r3d, the equation for the sum over all pro-
portionality constants changes into

C 
64pZ2

p
2

É Z
d $r1

Z
d $r2Cs$r1, $r2, $0d

É2
(4)

and the excitation of a residual Li1 state is given by

Cn 
64pZ2

p
2

jkCs$r1, $r2, $r3djds$r3djFns$r1, $r2dlj2 (5)

with Fn the nth state of Li1. The change in coefficient
between the two- and three-electron system is due to
normalization of the final-state wave function.

To determine the proportionality constantsCn, we first
have to obtain the wave function for the Li ground stat
Since the present interest is on the triple ionization of L
it is crucial to include a complete description of single
double, and triple excitations. We have used a basis
including all partial waves up to,  2, consisting of 17B
splines per partial wave defined in a box of 25 a.u. usin
an exponential distribution of the knot points, yielding
an expansion length of 18 000 basis functions. Afte
obtaining the ground-state wave function, it is projecte
onto a set of discretized Li1 eigenfunctions as indicated
in Eq. (5).

Only s wave functions have a nonzero value at$r 
0 and only the s-wave portions of the configuration
interaction expansion contribute to electron ejection in th
high-energy limit. The residual Li1 eigenstates excited
thus include only the1Se and the 3Se symmetries.
There is no interaction between these symmetries, a
the following is thus performed twice, once for eac
symmetry. To obtain the proper Li1 states, anotherB-
spline basis set is employed, defined using a partia
linear and partially exponential knot set distribution. Th
number of splines is increased to 58 per partial wav
while the box size is varied from 30 to 200 a.u. in orde
to assess the convergence of the numerics. This differ
box size means that after obtaining the transition matr
elements, we have to transform these to the Li1 basis
set. This transformation only requires the calculation
overlap matrix elements.

After diagonalization of the Li1 Hamiltonian, the
excitation probability of each Li1 box state is easily
calculated. Now the correspondence of each Li1 state
with single, double, and triple photoionization has t
be addressed unambiguously. The single photoionizat
can be derived by summing over all properly describe
Li 1 bound states including ann23 extrapolation over
4334
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the high n spectrum of the1sns Rydberg series. The
remaining photoionization originates from double an
triple ionization.

Any photoionization event that produces a residual L1

eigenstatejal lying above the Li31 threshold is assumed
to contribute only to double or triple ionization, which
should be an excellent approximation. To separate
double and triple ionization contributions to states wit
Ea . 0, we ascertain for these states whether the le
energetic electron is in a bound hydrogenic state or
a continuum state. To determine the probability that t
less energetic electron is left in a box orbitaljn,l, we have
coherently transformed the amplitudes for excitation
Li 1 eigenstatesjal having an energyEa . EsLi 31d ; 0
back into a representationjn,n0,l formed with hydrogenic
(noninteracting) box orbitalsjn,l. This produces an
amplitude given by the qualitative structure

Asn,, n0,d 
X

Ea.0

kn,n0,jal kajds$r3dj1s22sl . (6)

The probability that the less energetic electron is in th
box statejn,l is given by

Psn,d 
X

n0$n

X
,

jAsn,, n0,dj2. (7)

The final frame transformation to physical bound an
continuum states should ideally be performed coheren
[13]. For the present two-electron case, however, th
would become a two-electron transformation, which
numerically complicated since the “exact” two-electro
eigenstates are not known. This complication has forc
us to perform instead a frame transition on the probab
ties Psn,d, which, again, represent the contributions t
double or triple ionization via the statesjal with Ea . 0.
Near the Li31 threshold these are smooth functions o
n. Since the coherence information has been lost af
obtaining the values forPsn,d following Eq. (7), the
remaining single-electron frame transformation has be
performed incoherently, as proposed in [14],

Psn,d 
X
n,

Psn,djkn,jn,lj2, (8)

wherejn,l are the physical bound and continuum states
Li 21. The triple ionization contribution is finally obtained
by integrating over all states of the less energetic electr
with energye . 0,

P31 
X

,

Z `

0
Pse,dde 

X
n,

Psn,d 2
X
n,

Psn,d . (9)

In practice, we have bypassed this continuum integrati
by subtracting the probabilities for bound-state excitatio
from the total continuum1 bound-state excitation using
a completeness argument. The resulting depende
on box size, which we interpret as a measure of t
inaccuracy associated with this frame transformation,
small, approximately 5% of the triple ionization.
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The calculation of the Li ground state in th
three-electronB-spline approach gives an energy o
27.476 710 a.u. Comparing the results with large-sca
MCHF calculations [15] including a full description up
to ,  2, 27.476 760 a.u., shows good agreement for th
energy of the Li ground state. The most important wa
function contributions to the Li ground state are give
in Table I.

In the calculation of the single photoionization of Li
it must be ensured that the summed excitation probabi
of the 1sns states of Li1 has converged. We sum ove
all 1sns states that are contained within the box, an
extrapolate over the remainder of the Rydberg series
assuming ann23 behavior. By varying the box size, we
find that a converged result is obtained at a box size
200 a.u. Using this box size a value of the contributio
of single ionization to the total ionization of 96.75% i
obtained (see also Table II). This corresponds to a ra
of ss21 1 s31dys1  0.0336. As shown in Table II,
triple ionization is a factor of 6000 smaller than th
double ionization, so this ratio is essentiallys21ys1. In
Table II, the probabilities for leaving Li1 in various low-
lying states are given as well.

The probability for exciting a triplet state is large
than for exciting a singlet state, 73.75% and 26.25
respectively. This is due to the dominant emission
the 1s electron, which has the largest probability to be
r  0. Emission of a1s electron gives a 75% probability
for leaving Li1 in a triplet state and 25% for a single
state. The emission of the2s electron always leaves Li1

in a singlet state, but from the expansion coefficients
Table I and then23y2 behavior of the value of thens wave
function at $r  0, it follows that this process is a facto
of 60 less likely. This explains the relative magnitudes
the singlet and triplet state excitations.

The ratio between double ionization and single ioniz
tion is significantly larger for the ground state Li, 0.0336
than the one calculated for Li1 in either the ground state,
0.0086, or the1s2s 1S or 3S states, 0.0120 and 0.0030
respectively [16]. In addition to direct double ionization
which accounts for all double ionization in two-electro
systems, a second mechanism leading to double ioniza
in Li is hinted at in Table I. The coefficient of1s2ss1Sd3s
is larger than 0.1. The electron most likely to be em
ted from this configuration is the1s electron, leaving Li1

in the 2s3s state. This state lies above the1s threshold
of Li 21 and thus is metastable, decaying mainly by a

TABLE I. The most important contributions in the configura
tion interaction expansion of the Li ground-state wave functio
The single-electron orbitals are Li21 eigenfunctions.

Basis function Amplitude

1s22s 0.7165
1s23s 20.6721
1s2ss21Sd3s 0.1086
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toionization. Examining the2,n, states of Li1, we find
that the2,n, states contribute more than 1.4% to the to
tal photoionization (see Table II), or over 40% of the to-
tal double ionization. This mechanism is thus essentia
for establishing accurate ratios between double and sing
photoionization of three-electron systems.

The ratio of triple and total ionization cross sections is
also given in Table II. As a fraction of the total ionization,
the singlet states of Li1 contribute3.1 3 1026, whereas
the triplet states donate a comparable amount,2.5 3

1026. The total contribution is5.6 3 1026.
The accuracy of the triple ionization is studied by

changing the box size for the initial state between 15 an
40 a.u. and the box size for the final state between 2
and 60 a.u. The number of splines for the final states ha
been varied between 38 and 58 per, value. The largest
uncertainty in the calculations derives from the box-siz
dependence, which is approximately at the 5% level.

Previously, Wehlitzet al. [7], using a shakeoff mecha-
nism for the Hartree-Fock2s orbital in the Li ground state
and the ratio between double and single ionization for th
Li 1 1s2 core, estimated a ratio between triple and singl
photoionization of1.5 3 1025. This model approximates
the true physical situation in the high-energy limit by as
suming that both1s electrons are removed instantaneously
No interaction is included between any pair of electrons i
the final state. In our high-energy limit, however, only the
electron absorbing the photon is ejected instantaneous
The other emitted electrons are slow electrons, so th
the Coulomb repulsion cannot be neglected for these ele
trons. We expect this Coulomb repulsion to reduce th

TABLE II. Probabilities for single, double, and triple ioniza-
tion in the photoionization of ground-state Li. The individual
contributions for excitation of various states of Li1 are also
indicated.

Contribution to
total ionization Relative to

States % single ionization

All singlet states 26.25
All triplet states 73.75
1s2 1S 1.23 0.0127
1s2s 1S 20.89 0.2160
1s3s 1S 3.10 0.0321
1s2s 3S 54.09 0.5591
1s3s 3S 16.47 0.1702
Single ionization 96.75 1
2s2 1S 0.36 0.0037
2p2 1S 0.10 0.0011
2s3s 3S 0.66 0.0068
2p3p 3S 0.24 0.0025
Double ionization 3.25 0.0336
For singlet states 0.87 0.0090
For triplet states 2.38 0.0246
Triple ionization 0.000 56 0.000 005 8
For singlet states 0.000 32 0.000 003 3
For triplet states 0.000 24 0.000 002 5
4335
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TABLE III. Comparison of the photoionization properties in
the high-energy limit with experimental ones at 424 eV.

Process High-energy limit Experiment at 424 eVa

s21ys1 0.0337 6 0.0003 0.0373 6 0.002
s31ys1 s0.58 6 0.03d 3 1025 6.38 6 2.4 3 1025

aReferences [7,17].

shakeoff of the2s electron, since the2s orbital in 1s22s
should overlap the2s orbital in 1s2s better than the hydro-
genic2s orbital. The present calculations therefore esta
lish a factor of 3 smaller probability for triple ionization
than the model estimates, since they describe the atom
structure more precisely.

A comparison with the experimental results in Table II
in which also the estimated accuracy of the calculatio
is indicated, shows that the high-energy-limit results a
15% off the experimental results at a photon energy
424 eV for double ionization [17] and differ by about a
factor of 10 for triple ionization [7]. The comparison
of the high-energy limit and the experimental results
424 eV is, however, not obvious. For He, the differenc
between the maximum contribution from double ionizatio
to the total photoionization and the high-energy lim
are a factor of 2.5 for1s2, a factor of 4 for1s2s 1S,
and a factor of 2 for1s2s 3S [5,6,18]. The agreement
between experiment and theory for the importance
double ionization in Li is therefore surprising. However
the excitation of autoionizing states is an important proce
leading to double ionization. This process is absent in H
and could significantly change the behavior of the doub
photoionization, both at the high-energy limit and at lowe
photon energies. The high-energy limit is clearly not vali
for the triple ionization probability with a difference of a
factor of 10. Regarding triple ionization as a product o
two double ionization processes, we can use the He d
given above to estimate a similar factor of 10 differenc
between the high-energy limit and the available finite
frequency experimental results for Li.

In conclusion, we have described an approach f
determining the contributions of single, double, and trip
photoionization to Li photoionization in the high-energy
limit. The use ofB-spline basis sets and transformatio
techniques allow us to accurately separate the differe
degrees of ionization. The predicted ratio between doub
and single ionization is 0.0336, while the predicted rat
between triple and single ionization is5.8 3 1026. By
examining the contribution from low-lying autoionizing
states to the double ionization, it is found that an indire
mechanism through excitation of doubly excited state
accounts for more than 40% of the double ionization. Th
triple ionization is a factor of 6 smaller than estimated i
[7] based on a shakeoff mechanism, which suggests t
full inclusion of the two-electron interactions in both the
initial and final state is required in order to estimate th
triple ionization cross sections.
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It is difficult to compare these predictions with experi-
ment, because the lone experiment has been perform
at comparatively low photon energies. The experiment
ratio, s21ys1  0.0373 6 0.002, at a photon energy of
424 eV [7] already agrees with the high-energy limit pre
dicted here. This agreement between our asymptotic val
and the experiment may be fortuitous because of the high
different photon energies. For the ratios31ys1, a differ-
ence of a factor of 10 is observed. If both the experiment
measurement and theoretical high-energy limit are correc
this suggests an interesting qualitative difference betwee
double and triple ionization. In He, the ratio between th
maximum value ofs21ys1 and its high-energy limit is
around 2.5, whereas in Li the ratio between the maximum
value ofs31ys1 and its high-energy limit is apparently
greater than 10. A nontrivial task is now to extend the
double-ionizationR-matrix techniques at lower frequen-
cies to see whether this approach can describe triple io
ization processes. The importance of autoionizing stat
versus the direct double and triple ionization processes r
mains important to assess at photon energies closer to tho
employed in the experiment.
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