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Analytical Envelope-Function Theory of Interface Band Mixing
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An analytical theory of intervalley mixing at semiconductor heterojunctions is presented. Burt's
envelope-function representation is used to analyze a pseudopotential Hamiltonian, yielding a simple
é-function mixing betweerl” and X electrons and light and heavy holes. This coupling exists even
for media differing only by a constant band offset (i.e., witb difference in Bloch functions).
[S0031-9007(98)06534-X]
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It is well known in semiconductor physics that bulk the complete orthonormal Luttinger-Kohn functions [1]
effective-mass theory [1] is not valid at an abrupt hetero-y,(r) = U,(r)e’*™, whereU,(r) is a periodic Bloch func-
junction, since the rapid change in potential at the intertion from some bulk reference crystal (e.g., the virtual crys-
face causes a mixing of wave functions in different energyal AlysGasAs). The U, need not come fronl’, since
bands, and the neglect of such mixing is a key approximaBloch functions fromX and L are periodic if one adopts
tion in the development of this theory. It is consequentlya nonprimitive unit cell (e.g., a simple cubic lattice with
almost universally believed that a realistic description ofan 8-atom basis faX, or an fcc lattice with a 16-atom ba-
the interface can only be achieved numerically, by persis for bothL andX), which effectively folds these points
forming a microscopic supercell calculation. The purposentoI'.
of this paper is to demonstrate that a careful application of To form an envelope-function Hamiltonidi,,. (r), the
modern envelope-function theory yields a fudlypalytical  first step is to sandwicl between two basis states:
description of interface band mixing. . . h2k?

The most widely used form of envelope-function the- XnH X = U, <H + ;k Pt U, (1)
ory is Bastard’s “envelope-function approximation” (EFA) thus generating the familidc - p perturbations [3]. The
[2], which openly ignores any interband mixing not found second step is to send (1) through a low-pass filter,
in bulk k - p theory [3]. Less well known is Burt's the- removing all Fourier components outside the Brillouin
ory of the envelope-functiorepresentatior}4,5], whichis  zone. This step is an integral part of the change of
an exact representation of the Schrodinger equation, fullyepresentation; it doesot result in loss of information
capable of describing any effect found in pseudopotentigis 5]. It is roughly equivalent to averaging (1) over a
theory. Thus far, the main applications of this theory haveynit cell [20], so for simplicity the latter procedure will be
been a one-dimensional proof [5] that in long-period suadopted here. This yields
perlattices, interface-induced mixing is a small perturba- R2 k2

h
tion on the EFA, and the resolution of an ambiguity in the Huw(r) = [U,|H|Ux] + ke b, (2)

EFA ordering of differential operators [6,7]. _ where the brackets [] denote an average over a unit cell
Unfortunately, the former work [5] is often miscon- centered om, andp,. = [U.|p|U.]is independent of.

strued as implying that Burt's theory is no different from The final step is to lek = —iV, in which case (2) is just
the EFA [8—11]. This interpretation is not warranted, be-the |ocal version of Burt's Hamiltonian [4,5].

cause even small perturbations can have a dramatic impactThe primary difference between (2) and the EFA

when they introduce couplings of a qualitatively different yamiltonian is that (2) does not exclude the interface re-
nature. In this paper the envelope-function representaion from the averaging process. To apply (2), one needs
tion is used to analyze an empirical pseudopotential modelyplicit basis functiond/, for zinc-blende semiconduc-

[12] of the GaAgAIAs (001) heterojunction. The resultis tors. |n the pseudopotential method [12], one expands

a simple analytical theory of the interface-induced mixingthese functions in a small number of plane waves,
betweenI” and X electrons [13—-16] and light and heavy

holes [17-19], in which the coupling takes the form of a Un(r) = > Uyge'®™, 3)

finite-width & function whose strength is given directly in ) . G

terms of pseudopotential form factors. The most striking!N€reG is a reciprocal-lattice vector. In GaAs and AlAs,

outcome is that there iso limit in which the EFA is valid the States: of interest have symmetry;, I'is, X;, and

for abrupt heterojunctions, since the coupling exists ever3 [12]- One can use group-theory projection operators

for identical Bloch functions. [21,22] to s_ymnjetrlze expansion (3) for each of these
| begin by presenting a paraphrased (nonrigorous) vef€presentations in turn. This reduces (3) to the form

sion of Burt's theory. Let the microscopic Hamiltonian U _ Ci U 4

be H = p?/2m + V(r), and choose as basis functions (r) Zl: wUn(r) @
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where the coefficients’; satisfy>; |C4|> = 1, and the  The average of this function between— 7 a andz +
functions U (r) are given in Table | (for states with %a is zero wherlz| > %a, sinceV§ (z) is constant apart
kinetic energy up to 2 Ry) and Ref. [23] (up 10 5 RY). from a step ofAV; atz = 0. Thus, as expected, there
The origin of coordinates is fixed at an anion site, withjg zone-centels,-I'ys, coupling in bulk material.
a neighboring cation aﬁ a[111] (where a is the cubic
lattice parameter). The indexefers to the value of? in
units of (27 /a)?, with an additional labek or ¢ referring
in a rough sense to whether a state is centered on th | PP
anion or cation. For the triply degenerdig;, X;, andX; e[UFm VglUFlsf] - CFISCFISAVOS(I + cosdmz/a).
representations, only the state is listedx andy states (7)
are given by cyclic permutations. o . _ . . _

The coefficientsC! are found by diagonalizing/ ina  This is a §-like function of width 5 a. Since slowly
bulk crystal, where the pseudopotential takes the form varying envelope functions are primarily sensitive to the

area under this function, one can replace (7) for most

. . . 1
However, in the interface regiolx| < ; a, the average
is no longer zero:

V, = V5 + 4V¢ U%]“/x/g purposes by a coupling of the forfw,,, §(z), where
crr3c Arrd
+ 4VSUE /N8 — 2ViUL /4/2/3 Orpr, = % ClCEAVS. ®)

8 a rrlla
+ 4VSSUF1/ 4/3 + ViU, /\/% This seemingly trivial result has important consequences.
— 4V, Ure/\8/3 — 8V1A2U}2A/\/§. (5) First, the use ob-function coupling in phenomenological
: : theories of intervalley mixing [13,15-19] has been given

Here the expansion coefficients are standard pseudop8-simple and direct justification. Second, this coupling
tential form factors [12], withV§ = Vi — v{f andVv§ =  exists even when the Bloch functions of two media are
VS + VA, The Bloch functions of interest are tabulatedexactly the same (since a constant offsk¥y has no
in Ref. [23], using the phase conventidi(0) > 0for I,  effect on the Bloch functions). Hence therenis limit
andX;, andaU,(0)/dz > 0 for I';s, andXs,. in which the EFA is valid at an abrupt heterojunction.

The Bloch functions of GaAs and AlAs are very similar, One can now apply the same averaging process to each
so their differences can be treated accurately in perturb#f the remaining terms in (5). The resulting coefficient
tion theory [24]. Since Bloch functions cannot be identical(2.. is conveniently expressed in the form
unless the bulk potentials (5) are identical (to within a con- ,
stant offsetA V§)), the actual perturbation is the difference O,y = — Z Ci(Pij + Wij)Ch, (9)
between the heterostructure potentidk) and the refer- am
ence(AlysGay sAs) potential. The present work considers

. ) ; where the matrixP;; is given in Table Il forl';s.-I'ys,
only first-order interface effects—namely, the direct ma i )5 9 15x L5y

. - ) o . li Ref. [23] f ther t f ling), and
trix elements ofV/ (r) within the manifold consisting of the %(/)urg r:jgisgsuesesedeb e[l ovx]/ oLrJ soinge;thSe-;;/) Bﬁggﬁ :‘E%Z:ti?)zs
groundTI';s and first excitedl’;, X;, and X3 states of the 0flj°~|osGEb5AS tabulated in [23], one finds

reference crystal. Second-order effects are also of some

importance, but their analysis will be deferred to a later, a u .

more extensive publication. Orisrs, = 2 [0.35AVG + 0.40AVS + 041AVS
To illustrate the techniques involved, the coupling " s u

between thel';s, and I';s, valence bands is calculated — 0.28AVy — 0.16AVy — 0424V,

in detail below. The simplest model of a heterojunction — 1.16AVY, + 0.13AV1A2]. (20)

is an abrupt planar junction, in which each form factor in

(5) has a step discontinuity at the interface (namely, thdhe numerical coefficients in (10) were calculated using

As planez = 0). Consider first theG = 0 form factor the pseudopotentials of Ref. [15], but they do not change

V$(z). Averaging over thery plane, one finds much if other pseudopotentials (e.g., [25,26]) are used

instead. The main variation comes from the explicit form-

[Ur,, V5 |Ur,, 1oy = 2CH.Ci5, Vi (z) sindmz/a) . (6)  factor dependence shown in (10).

TABLE I. T andX basis functions for a kinetic-energy cutoff of 2 Ry (given in units wherg'a = 1).

i Uf, (r) U, (r) j U, (1) U, (1)

0 1 e 1 V2 cosz V2sinz
3a \/8 cosx cosy cosz J8cosxcosysinzg 2 2 COSx COSy 2sinx siny
3c V8sinx siny sinz V8sinxsinycosz 5  +/2(cos2x + cos2y)cosz /2 (cos2x + cos2y)sinz
4 \/2/3 (cos2x + cos2y + cos2z) V2 sin2z
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TABLE Il. Interface coefficientsP;; = P;; for coupling be-

tweenI';s, andT';s, at a planar interface.

i\j 3a 3¢ 4

3a. 0 AVS — SAVE — AVE + 3 AV AVE — SAV
a 3 a

3¢ 0 AVE — 5 AVY

4 0

FIG. 1. Surface separating the two bulk regions of a (001)
AlAs /GaAs heterojunction in the waffle interface model.

At this stage, one may wonder how much the result

(10) depends on the initial assumption of a planar inter- , . ,
face. This question will be addressed by modifying theb€ obtained by examining the effects of self-consistency

potential to include information about the atomic structureln the screening of an external charge by an electron gas.
of the interface [27]. The potential will still be piecewise AN €xternal chargge(r) placed in an electron gas will
periodic, but its value at any given point will now be de- attract an induced charge,a(r); in linear-response the-
termined by the cation and anion closest to that point. 1€7Y, this effect is described in Fourier space by the di-
these are Ga and As, the potential is that of bulk GaAs; if'ectric functione(q) = pext(@)/[pext(@) + pina(q@)]. If
they are Al and As, it is that of bulk AlAs. This is equiva- (heré were no such thing as the uncertainty principle or
lent to constructing fcc Wigner-Seitz cells around eacHf!€ctron-electron interactions, screening woulgbefect
cation and anion, and defining the potential by the region&" external chargpey(r) = ¢5(r) would generate a re-
of overlap between cells. Such a model should provid&PONS&ina(r) = —ed(r), i.e., e(q) = . ,
a reasonable first approximation to the effects of charge SUch a sharply peaked response is, of course, physi-
transfer at a real heterojunction [27]. cally !nadm|SS|bIe; uncertainty and electronfelectron in-
Within this model the interface has the “waffle” shapet€ractions tend to smooth the response, with the result
shown in Fig. 1, in which the influence of atoms near thethat screening is never ab_solute. This smoothing effect is
interface extends a distanéez beyond the plane = 0. characterized by the functicf(a) = —pina(q)/pex(a@) =

_ -l i =
For i, tan AAiGans 001 o e A | 0} O peretseenng e ) 1
at a[111] may lie belowz = 0, but it still governs the po- 9, @ P

) ) _ are filtered out:S(q) = (1 + ¢*/k2)~', wherek; ! is the
t.entlal. for0 <z < Ea over a region of square crolss sec- screening length (which is aboétof the nearest-neighbor
tion given by(z — ;a <x STnzsys<-zF 74)-  spacing in GaAs). The functio$i(q) will be used here to
Similarly, the Ga atom at a[111] governs the poten- smooth the transition between bulk potentials. For sim-
tial for —% a < z < 0 over the region(—z < x < z +  plicity, e(q) is taken to be the Lindhard dielectric function
%a, —z<y<z+ %a). One can treat this “waffling” of a free-electron gas with a density of eight valence elec-
as a perturbation on the planar interface and calculate it§ons per primitive unit cell.
contribution to(),,,, just as before; this is the source of Smoothing is easier to apply in the plane-wave basis
the extra termW;; in Eq. (9). The matrix;; is given in  (3) than in the symmetrized basis (4). Indeed, in a plane-
Ref. [23]; its effect is to chang@r . 1, from (10) to wave basis, one can use the same expression for all types

of interband mixing:
Orore = ~—[0.69AVS + 0.94AVE + 0.25AVE

T 27 Q= D UlgUueAVerl(G — G' = G"). (12)

— 0.76AV — 0.21AVE — 0.73AV, GGG
— 0.64AVE, + 0.14AV?2]. (11) Here_I((.}) is just the Fourier transform_ of the inFerface
function; e.g., for a smoothed planar interface, it is the
Obviously the deviations from planarity are not negligible, transform of a unit step function multiplied 8(G):
since many of the coefficients have changed by a factor of |
2 or more. I(G) = 66,006,0(1 — 86.0) = S(G). (13)
A final source of concern is the discontinuous nature of ' ' iG,
the junction potential; such a potential clearly cannot beThis was used in [4,5] (wittf = 1) to studyI" electron-
self-consistent. A simple way to compensate for this qamole mixing in one dimension. For the waffle interface,

I(G) = (1 — 8go) (1 — 56‘,,0)é[e"G*‘“/4sindG - 70)SiNAG - 71) — e 1G94 sindG - 7,) sindG - 73)]
y

+ 5(;’\‘,0 i(GxG%GZ)ZSiﬂCZ[(GX * Gz)a/S] S(G), (14)
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TABLE Ill. Coupling coefficients Q,,, (eVA) at an This work was supported by Hong Kong RGC Grant
AlAs/GaAs (001) “smooth waffle” interface [Eq. (14)], with a No. DAG96/97.SC38.
kinetic-energy cutoff of 5 Ry.

Source of psuedopotential

n-n' Ref. [15] Ref. [25] Ref. [26] Ref. [28]
Tise-Tisy 0.19 0.11 0.14 0.31 *Electronic address: phbaf@ust.hk
[-Ts, -0.01 -0.08 -0.19 0.02 [1] J. M. Luttinger and W. Kohn, Phys. Re97, 869 (1955).
I-X3, -0.21 -0.29 —0.07 —0.67 [2] G. Bastard,Wave Mechanics Applied to Semiconductor
X1.-X5, 0.11 0.01 0.21 0.25 HeterostructuregWiley, New York, 1988).
X3.-X3y —0.34 -0.30 0.05 —-0.54 [3] E.O. Kane, inHandbook on Semiconductorsdited by

W. Paul (North-Holland, Amsterdam, 1982), Vol. 1.
[4] M. G. Burt, Semicond. Sci. Techndd, 739 (1988).
where  sinéx) = sin(x)/x, 7 = %a[lll], T = [5] M. G. Burt, J. Phys. Condens. Mattéy 6651 (1992).
%a[lﬁ], ™= éa[ili], and 7 = %a[jjl]_ The [6] B.A. Foreman, Phys. Rev. B8, 4964 (1993).
+ signs in (14) are used to avoid a possible divergence atl’] R. van Dalen and P.N. Stavrinou, Semicond. Sci. Technol.
G, = +G,. 13, 11 (1998).

3 . [8] G. Edwards and J.C. Inkson, Solid State Comma@&8,
Smoothing tends to reduce the magnitudeélqf,. For 595 (1994).

example, for the pseudopotentials of Ref. [1G};; r,, is [9] R. Balianet al., J. Phys. | (Franceg, 1377 (1996).
0.082 eV A for an abrupt planar interface, 0.056 eV A for[1g] p. M. Wood and A. Zunger, Phys. Rev.58, 7949 (1996).

a smooth planar interface, 0.30 eV A for an abrupt waffle[11] L.-w. wanget al., Phys. Rev. Lett78, 2819 (1997).
interface, and 0.19 eV A for a smooth waffle interface.[12] M.L. Cohen and T.K. Bergstresser, Phys. R&¢1, 789
Hence the choice of model has a significant impact on the  (1966).
strength (and sign) of the interface coupling. [13] H.C. Liu, Appl. Phys. Lett51, 1019 (1987).

The choice of pseudopotential is also significant.[14] T. Ando and H. Akera, Phys. Rev. 40, 11619 (1989).
Table Ill compares various empirical pseudopotentiald13] J--B. Xia, Phys. Rev. Bi1, 3117 (1990).
for different types of coupling betweeR and X states. [16] Y- Fueétal, Phys. Rev. B47, 13498 (1993).
No critical evaluation of these potentials is attempted[17] L.L. Aleiner and E.L. Ivchenko, JETP Leth5, 692

) . : (1992); E. L. Ivchenkeet al., JETP77, 609 (1993).
here (see [28]); the purpose of this table is merely t}}lB] E.L. Ivchenkoet al., Phys. Rev. B54, 5852 (1996).

emphasize that the envelope-function representatio 9] O. Krebs and P. Voisin, Phys. Rev. LeTiZ, 1829 (1996).
permits one to ascertain in detail how a given choice 0f20] Unit-cell averaging gives the correct area (8), but its

pseudopotential influences the intervalley coupling. description of finer details [e.g., the detailed shape of the
The coupling coefficients derived here provide a di- coupling function (7)] is not reliable.

rect link between microscopic theory and recent phe{21] M. Tinkham, Group Theory and Quantum Mechanics

nomenological models of valence-band [17—-19] &h& (McGraw-Hill, New York, 1964).

[13,15,16] mixing. Such models have proven capable of22] R.H. Parmenter, Phys. Re¥00, 573 (1955).

reproducing experimentally measured mixing effects in all23] See AIP Document No. E-PAPS: E-PRLTA-81-008827
but the shortest-period superlattices. The values in Table for tables of Bloch functions, potential-energy matrix
IIl are similar to the estimates used in these papers; how- elements, and interface coefficients. E-PAPS document

. . . files may be retrieved free of charge from our FTP server

gver, m_contrast V\gtg Ref. [16], the present work gives (http://www.aip.org/epaps/epaps.html) or from ftp.aip.org

X Xy T 0_[29] anailx, x. # 0-_ L in the directory /epaps/. For further information, email:
Spin-orbit coupling was omitted here because it is paps@aip.org; or fax: 516-576-2223.

generated almost entirely in the atomic cores [3], with thg24] D.L. Smith and C. Mailhiot, Rev. Mod. Phy$2, 173

outer electrons contributing very little, even at an abrupt (1990).

junction. Therefore, it need not be introduced uafier [25] A. Baldereschit al.,J. Phys. C10, 4709 (1977).

the interface coupling has been calculated. In a spinf26] E. Caruthers and P.J. Lin-Chung, Phys. Rev1®B 2705

dependent theoryl';s,-I'1s, mixing leads to a mixing (1978). .

betweenl' light and heavy holes [17-19]. [27] A. Baldereschit al., Phys. Rev. Lett61, 734 (1988).
Several other methods have been proposed for incof28l (Kl.g,Aé4;\Aader and A. Zunger, Phys. Rev. BO, 17393

g(z)]r_atlT?kénttiga%?e?éﬁtn%vé?:((,k thgyﬂ;?](;rr){)l)[/l‘rlé%tgg the[29] Xi.-X,, coupling does exist, but it is proportional to the

- . . derivative of aé function, since the analog of Eq. (6) has
computational cost of realistic band-structure calculations.  , ~ysine instead of a sine.

However, these models are all essentially numerical in3o] c. Aversa and J.E. Sipe, Phys. Rev4B 6590 (1993).

character; none of them provides the simple, direct pictur¢z1] J.p. Cuypers and W. van Haeringen, Phys. Rev&3
of the interface physics that is offered by the envelope- 11469 (1993).

function representation. [32] H. Yi and M. Razeghi, Phys. Rev. B6, 3933 (1997).
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