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Direct Measurement of Dendritic Array Stability
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Stability of a uniformly spaced dendritic array against a spatial period doubling instability was
studied through UV thermal perturbations of every other dendrite tip. We observed that above a critical
pulling speed the array is stable against these perturbations and we measured decreasing decay rates
of the perturbed mode as we approached the critical speed. In the linear regime, our measurements
are qualitatively consistent with the Warren-Langer linear stability analysis for a dendritic array [J. A.
Warren and J. S. Langer, Phys. Rev. A42, 3518 (1990); Phys. Rev. E47, 2702 (1993)], while in the
nonlinear regime fitting to a third order amplitude equation shows that the transition is subcritical.
[S0031-9007(98)06563-6]

PACS numbers: 81.10.Aj, 68.70.+w, 82.65.Dp
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In directional solidification experiments a dilute binar
alloy with solute concentrationC` is put in a temperature
gradientG and a flat solid-liquid interface is established
The sample is then pulled with pulling speedVP toward
the cold side; i.e., the alloy is solidified. Above
critical pulling speed the flat interface becomes cellul
and at higher speeds a dendritic pattern is establish
The dendrite coarsening process, sidebranching, and
interdendritic spacingl1 are critical problems in pattern
formation, and much work has been devoted to studyi
the time evolution, the structure, and the stability of th
observed patterns.

Detailed studies by Trivedi and co-workers, who start
crystal growth from a planar front with constant pullin
speedVP , indicated that in steady state the interdendrit
spacingl1 is reproducibly determined by the growth con
ditions and changes smoothly with pulling speedVP [1] or
solute concentrationC` [2]. Such observations suggeste
the existence of a dynamical selection mechanism forl1.
Warren and Langer (WL) carried out a linear stabilit
analysis of an array of dendrites [3,4] using microscop
solvability theory [5,6] to describe individual tip shape
and calculating the interaction between tips through t
solute diffusion field. WL found that no dynamical selec
tion mechanism should exist, but for a givenVP a range
of interdendritic spacings is allowed. Their calculation
predict that for given growth conditions there is a rang
of pulling speeds in which an array of spacingl1 is stable
with a lower limit valueVPDsl1d. Below VPDsl1d the
array is unstable and a period-doubling bifurcation shou
be observed, with every other dendrite continuing to gro

Subsequently, Huanget al. [7] observed that if direc-
tional solidification is initiated at someV 0

P until a steady
state array develops and the pulling speed is then chan
from V 0

P to VP, different values ofl1 are found for the
same finalVP, depending on the choice ofV 0

P. They found
that, for a givenVP , there is a range ofl1 values whose
lower limit lies close to the WL prediction. In a more re
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cent experiment Han and Trivedi [8] observed that once
dendritic array has been established,VP can be increased
considerably without significantly changingl1. Direct ob-
servation of a period-doubling transition was reported b
Losertet al. [9]. Starting with a stable array, the pulling
speed was decreased in a sequence of small steps until
bifurcation was observed. Similar to measurements of pl
nar interface stability described in [10,11], instabilities de
velop slowly close to the stability limit and may not be
detected by this kind of measurement, since the instabil
takes a long time to become observable. The pulling spe
VP at which a period-doubling instability is observed ca
therefore set only a lower limit forVPDsl1d, where the ar-
ray of spacingl1 becomes morphologically unstable for a
period-doubling instability.

In this Letter we present direct measurements of th
stability of a uniformly spaced dendritic array. For this
measurement we perturbed a steady state dendritic ar
with a spatially periodic modulation with a period of2l1

and observed the decay of this mode as a function
time. As we approach a critical pulling speed from abov
we observe a slowing of the decay rate in qualitativ
agreement with the WL theory.

Our sample consists of a (100 mm 3 2 mm 3 15 cm)
capillary filled with succinonitrile (SCN) doped with the
laser dye coumarin 152 (C152) atC`  0.43 wt %. C152
has fluorescence absorption in the UV range so illum
nating the sample along the solid-liquid interface with
Hg UV lamp heats the sample locally and visibly melt
back the interface. Irradiation in a pure sample caus
no observable perturbation, demonstrating that C152
responsible for the temperature change. For a detailed
scription of our apparatus see [10]. In order to obtain sp
tially periodic modulations of the interface, a uniformly
spaced row of UV spots was applied along the interface

The experiments were performed at a fixed tem
perature gradientG  11.7 Kycm in a computerized
videomicroscopy apparatus mounted on an inverted Nik
© 1998 The American Physical Society 409
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microscope. All experiments were started at the sam
pulling speedVP  19.8 mmys. In order to obtain a
uniform interdendritic spacingl1 we apply a row of UV
spots with the same spacingl1 continuously to the inter-
face starting from the time when the motor is switched o
This perturbation influences the coarsening process a
improves the uniformity of the interdendritic spacing, a
the dendrite tips align themselves in the middle betwee
UV spots. After the spacing has become sufficientl
uniform, the UV light is switched off and we allow the
dendritic array, growing in thez direction, to reach steady
state (i.e., neither the radiusr nor thez position of the
dendrite tips shifts).

UV spots are then focused onto every other dendri
tip producing a small amplitude periodic modulation
of the array, whose wavelengthl is twice the array
spacing. Images of the dendritic pattern are recorded
videotape for later digital image analysis. Figure 1 show
a sequence of images of the dendritic array just befor
during, and after the UV perturbation (visible as white
spots at1:07:00) is applied.

In the linear approximation, the modulation amplitud
decays exponentially with a decay ratea0sld, which can
be compared to the rate calculated in the WL linear st
bility analysis for a dendritic array. Superimposed o
this modulation withl  2l1 is a uniform meltback of
all dendrites (l  `) caused by fast diffusion of the ab-
sorbed heat during UV illumination. In first approxima-
tion we assume that the two perturbation modes wi
l  2l1 andl  ` are independent which yields results
very consistent with the weakly nonlinear analysis.

Figure 2 shows a plot of the modulation amplitude
i.e., the difference between perturbed and unperturb
dendrite tip positionsj2l1 std, after a 20 s perturbation
was applied to every other tip atVP  9.86 mmys. The

FIG. 1. Image sequence [time in (hour:min:sec)]: Initiation
and decay of a spatially periodic modulation of the tip position
in a uniformly spaced dendritic array. Modulation created by
one minute UV-thermal perturbation applied at1:06:00. (SCN/
C152:VP  8.2 mmys, C`  0.43 wt %, G  11.7 Kycm.)
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spacing between dendrites in this experiment wasl1 ø
150 mm. The modulation amplitude decays exponential
with a negative linear growth coefficient ofa0sl 
2l1d  20.072 s21.

The negative linear growth coefficient of a period
doubling modulation for the same dendrite spacingl1 ø
150 mm was obtained at many differentVP values be-
tween 19.8 and 6.6 mmys. Figure 3 shows the mea-
sured linear growth coefficient as a function of pullin
speed. From this plot we can estimate that the stabil
limit against period doubling [wherea0sl  2l1d  0] is
reached atVP ø 4 mmys. An experiment with no per-
turbation showed that an array withl1 ø 150 mm does
indeed become unstable spontaneously at approxima
VP ø 4 mmys. The inset of Fig. 3 shows the WL the
ory results using the thermodynamic parameters for SC
C152. Although there is qualitative agreement, the me
sured decay rates are predicted to occur at pulling spe
about 3 times greater than those used in the experime
The origin of this quantitative disagreement is a serio
concern that should be addressed in future experime
One possible explanation is that the impurity concentrati
may have increased from its initial value since the samp
was prepared two years ago. Another is that the dend
axes in this sample were rotated by approximately 25± so
that sidebranches of adjacent dendrites do not grow direc
towards each other. The influence of the anisotropy of t
dendrite shape on the solute diffusion field is not include
in the WL analysis, but may lead to increased stability
the dendrite array if sidebranches cannot “collide.”

The growth coefficients for each individual dendrite ti
of this uniformly spaced array were also measured f
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FIG. 2. Average difference in dendrite tip position betwee
perturbed and unperturbed dendritesj2l1 vs time (±), and
exponential fit (—) in the ranget  0 52 s [a0sl  2l1d 
20.072 s21]. Modulation produced by a spatially periodic
UV thermal perturbation withl ø 300 mm applied for 20 s,
which melted back every other dendrite tip. (SCN/C15
VP  9.86 mmys, C`  0.43 wt %, G  11.7 Kycm.)
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FIG. 3. Linear growth coefficient vsVP for an interdendritic
spacing ofl1 ø 150 mm. a0sl  2l1d measured as in Fig. 2.
Inset: Warren-Langer theory results using the thermodynam
parameters for SCN/C152.

some data points. They were found to be approximate
the same, within the uncertainty of the individual fits.

Near the stability limit the linear growth coefficien
becomes small and nonlinear terms should be included
the analysis through the third order Landau equation:

djlstd
dt

 a0sldjlstd 1 a1sld jjlstdj2jlstd . (1)

The solution to Eq. (1) is

jlstd 

"vuut√
a1sld
a0sld

1 jls0d22

!
e22a0sldt 2

a1sld
a0sld

#21

.

(2)

At this speed close to linear marginal stability, sma
changes in individual spacing between dendrites beco
important, as they slightly shift the marginal stabilit
point. A quantitative analysis of nonlinear effects wa
carried out atVP  9.86 mmys on three individual den-
drite tips in a modulated array whose nearest neighb
spacing wasl1  181 mm and deviated from one anothe
by less than1%. Figure 4 showsjlstd of each of those
three dendrite tips. Because of nonuniformity of the pe
turbation in this experiment, the initial values ofjlstd
differed by a factor of about 3. When the curves we
offset on the time axis so that the initial amplitudes o
the smaller amplitude tips lie on the relaxation curve
the largest amplitude tip, the relaxation curves were fou
to overlap, independent of the initial amplitude. Expo
nential fits (- - -) for amplitudejlstd # 20 mm gave a
relaxation rate ofa0  20.091 s21. The full third or-
der function [Eq. (2)] (—) can be fit well over the full
range of amplitudes and yieldsa0  20.090 s21 and
a1  1.1 3 1025 mm22 s21. The sign ofa1 determines
if the bifurcation is subcritical or supercritical, a point no
addressed in the linear analysis of WL.
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FIG. 4. Nonlinear fitting of the modulation amplitudejl of
three dendrite tips relative to their neighbors (l1  181 mm):
Exponential fits (- - -) for amplitudejlstd # 20 mm (a0 
20.091 s21) and fits to the full third order function (—)
(a0  20.090 s21 and a1  1.1 3 1025 mm22 s21). (SCN/
C152:C`  0.43 wt %, G  11.7 Kycm, VP  9.86 mmys.)

Since a1 is positive, Eq. (1) leads to a subcritica
bifurcation. If the initial modulation amplitudejls0d is
large enough, the instability can occur while the patte
is linearly stable, i.e.,djlydt . 0 even thougha0 , 0.
The critical initial amplitude for this effect is [from
Eq. (1)] given byjC 

p
2a0ya1. From the measured

values for a0 and a1 at VP  9.86 mmys we obtain
jC ø 100 mm. When a larger amplitude modulation
jls0d , 130 mm was created at the same pulling spee
we indeed observed that the modulation did not decay
led to a period-doubling instability.

In conclusion, the stability of a uniformly space
dendritic array against period-doubling perturbations w
studied. The relaxation rate of the modulation was fou
to decrease with decreasing pulling speed in both
linear and the nonlinear regimes. Measured decay ra
are in qualitative agreement with the WL theory (althoug
there is quantitative disagreement of a factor of 3). T
third order Landau equation fit to the observed dec
for large amplitude perturbations indicates that peri
doubling in a dendritic array close to the cellular regime
subcritical. The subcritical range is large, since the forc
transition was observed at more than twice the spe
of a spontaneous transition wherea0 reaches zero. Our
measurements also indicate that the decay of modula
amplitudes that reach up to50% of the dendrite spacing
can be described well by a linear approximation far fro
the critical speed. A third order analysis is necessary o
for large amplitudes close to the critical speed.
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