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We generalize the largeNc Di Vecchia–Veneziano-Witten (VVW) effective chiral Lagrangian t
the case of finiteNc by constructing the anomalous effective Lagrangian for QCD. The latte
similar to its supersymmetric counterpart and has a holomorphic structure. The VVW constru
is then recovered, along with1yNc corrections, after integrating out the heavy “glueball” fields.
new mass formula for theh0 meson in terms of QCD condensates is obtained. The picture ou

dependence in QCD for finiteNc is more complicated than that predicted by the largeNc approach.
[S0031-9007(98)07599-1]

PACS numbers: 12.39.Fe, 11.15.Pg, 12.38.Aw
b-
ch
e
s

l

he
s
till

in

m-
i-
w,
er-

re

)
re
m

te
al
There exist two different definitions of an effective La
grangian in quantum field theory. One of them is th
Wilsonian effective Lagrangian describing the low energ
dynamics of the lightest particles in the theory. Anoth
type of the effective Lagrangian (action) is defined as t
Legendre transform of the generating functional for co
nected Green functions. This object is relevant for a
dressing the vacuum properties of the theory in terms
vacuum expectation values (VEV’s) of composite oper
tors, as they should minimize the effective action. Su
an approach is suitable for the study of the depende
of the QCD vacuum on external parameters, such as
light quark masses or the vacuum angleu. The lowest di-
mensional condensateskC̄Cl, kG2l, kGG̃l, which are the
most essential for the QCD vacuum structure, are rela
to the anomalously and explicitly broken conformal an
chiral symmetries of QCD. Thus, one can study the va
uum of QCD with an effective Lagrangian realizing at th
tree level anomalous conformal and chiral Ward identiti
of the theory.

The utility of such an approach to gauge theories h
been recognized long ago for supersymmetric mode
where anomalous effective Lagrangians have been fou
for both the pure gauge case [1] and supersymme
QCD [2]. A nonsupersymmetric analog of the Venezian
Yankielowicz (VY) effective potential [1] was suggeste
only recently [3]. The purpose of this Letter is to exten
the construction [3] to the case of full QCD withNf light
flavors andNc colors, i.e., to find an effective Lagrangia
(more precisely, its potential part) realizing the anomalo
conformal and chiral symmetries of QCD.

The interest in such an effective Lagrangian is twofol
First, it provides a generalization of the largeNc Di
Vecchia–Veneziano-Witten (VVW) effective chiral La
grangian (ECL) [4] (see also [5]) for the case of arbitra
Nc after integrating out the massive “glueball” fields. Th
helps to better understand the origin of theh0 mass [the fa-
mous U(1) problem]. In particular, it yields a new mas
formula for theh0 for finite Nc in terms of quark and gluon
condensates in QCD [see Eq. (13) below]. Second, su
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an effective Lagrangian allows one to address the pro
lem of u dependence in QCD. In contrast to the approa
of Ref. [4] which deals from the very beginning with th
light chiral degrees of freedom and explicitly incorporate
the UAs1d anomaly without restriction of the topologica
charge to integer values, in our method both UAs1d anom-
aly and topological charge quantization are included in t
effective Lagrangian framework. After the glueball field
are integrated out, the topological charge quantization s
shows up in the limitV ! ` via the presence of certain
cusps in the effective potential, which are not present
the largeNc ECL of Ref. [4]. Analogous “glued” effective
potentials containing cusp singularities arise in supersy
metric N  1 theories when quantization of the topolog
cal charge is imposed [6,7]. As will be discussed belo
these modifications are not essential for the local prop
ties of the effective chiral potential in the vicinity of the
global minimum. In this case, the results of Ref. [4] a
reproduced along with calculable1yNc corrections. On
the other hand, for large values ofu and/orfi our results
deviate from those of [4].

We start with recalling the construction [3] of the
anomalous effective potential for pure Yang-Mills (YM
theory (gluodynamics). It is constructed as the Legend
transform of the generating functional for zero momentu
correlation functions of the marginal operatorsGmnG̃mn

and GmnGmn which are related to the gluon condensa
due to conformal anomaly [8,9]. The effective potenti
is a function of effective zero momentum fieldsh, h̄ which
describe the VEV’s of the composite complex fieldsH, H̄,Z

dx h 

*Z
dx H

+
,

Z
dx h̄ 

*Z
dx H̄

+
,

(1)

where

HsH̄d 
bYMas

16p

√
2G2 6 i

2
bYMjYM

GG̃

!
, (2)

HerebYM  s11y3dNc is the first coefficient of the Gell-
Mann–Low b function for YM theory, andjYM is a
© 1998 The American Physical Society 4071
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generally unknown rational number,j ; qys2pd (herep
andq are relatively prime integers), fixing the topologica
susceptibility in terms of the gluon condensate [3]. O
general grounds, it follows thatp  OsNcd, q  OsN0

c d.
[For some plausible line of reasoning leading to th
particular valuej  4ys3bYMd, see [10].] The advantage
4072
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of using the combinations (2) is in the holomorph
structure of zero momentum correlation functions
H, H̄ fields [3,10,11]. As a result, the effective potenti
also has the holomorphic structure. The final answ
for the improved effective potential (IEP)Wsh, h̄d [here
“improved” refers to the necessity of summation over t
integersn, k in Eq. (3); see below] reads [3]
e2iVWsh,h̄d 
1X̀

n2`

q21X
k0

exp

(
2

iV
4

√
h Log

h
CYM

1 h̄ Log
h̄

C̄YM

!
1 ipV

√
k 1

q
p

u 1 2pn
2p

!
h 2 h̄

2i

)
, (3)
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where the constantsCYM, C̄YM can be taken real and
expressed in terms of the vacuum energy in YM theory
u  0, CYM  C̄YM  22eEsYMd

y s0d  22ek2bYMasy
s32pdG2l, and V is the 4-volume. The symbol Log in
Eq. (3) stands for the principal branch of the logarithm.

The double sum over the integersn, k in Eq. (3) ap-
pears as a resolution of an ambiguity of the effectiv
potential as defined from the anomalous Ward identiti
WI’s. As was discussed in [3], this ambiguity is du
to the fact that any particular branch of the multivalue
function h logshycdpyq, corresponding to some fixed val
ues ofn, k, satisfies the anomalous WI’s. However, with
out the summation over the integersn, k in Eq. (3), the
effective potential would be multivalued and unbounde
from below. An analogous problem arises with the orig
nal VY effective Lagrangian. It was cured by Kovne
and Shifman in [6] by a similar prescription of summa
tion over all branches of the multivalued VY superpoten
tial. Moreover, the whole structure of Eq. (3) is rathe
similar to that of the (amended) VY effective potentia
Namely, it contains both the “dynamical” and “topologi
cal” parts (the first and the second terms in the expone
respectively). The dynamical part of the effective pote
tial (3) is similar to the VY [1] potential,S logsSyLdNc

(here S is an anomaly superfield), while the topologi
cal part is akin to the improvement [6] of the VY ef-
fective potential. Similarly to the supersymmetric cas
the infinite sum overn reflects the summation over al
integer topological charges in the original YM theory
Thus, the topological charge quantization appears na
rally in the effective Lagrangian framework and leads
at
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the single valuedness and boundness from below of
IEP (3).

We now proceed to the generalization of the res
(3) to the case of full QCD withNf light flavors and
Nc colors. In the effective Lagrangian approach, t
light matter fields are described by the unitary matrixUij

corresponding to theg5 phases of the chiral condensa
kC̄i

LC
j
Rl  2jkC̄LCRljUij with

U  exp

"
i
p

2
pala

fp

1 i
2p
Nf

h0

fh0

#
, UUy  1 ,

(4)

wherela are the Gell-Mann matrices of SUsNfd, pa is the
pseudoscalar octet, andfp  133 MeV. As is well known
[4], the effective potential for theU field (apart from the
mass term) is uniquely fixed by the chiral anomaly, a
amounts to the substitution

u ! u 2 i Tr log U (5)

in the topological density term in the QCD Lagrangia
Note that for spatially independent vacuum fieldsU,
Eq. (5) results in the shift ofu by a constant. This
fact will be used below. Furthermore, in the sense
anomalous conformal Ward identities [8], QCD reduces
pure YM theory when the quarks are “turned off” with th
simultaneous substitutionkG2lQCD ! kG2lYM and b ;
bQCD ! bYM. Analogously, an effective Lagrangian fo
QCD should transform to that of pure YM theory when th
chiral fieldsU are “frozen.” Its form is thus suggested b
these arguments and Eqs. (3) and (5),
e2iVWsh,Ud 
1X̀

n2`

q21X
k0

exp

(
2

iV
4

√
h Log

h
2eE

1 h̄ Log
h̄

2eE

!
1 ipV

√
k 1

q
p

u 2 i log Det U 1 2pn
2p

!
h 2 h̄

2i

1
i
2

V TrsMU 1 H.c.d

)
, (6)
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where M  diagsmijkC̄iCiljd, and the complex fields
h, h̄ are defined as in Eq. (2) with the substitutionbYM !
b  s11y3dNc 2 s2y3dNf . We note that all dimensional
parameters in Eq. (6) are fixed:kC̄Cl . 2s240 MeVd3,
E  kbasys32pdG2l . 0.003 GeV4 for Nc  Nf  3
(see below), while the only unknown input is the intege
p, q which are in general different from those standing
Eq. (3). They are related to a discrete symmetry survivi
the anomaly and can be found only by a direct dynamic
rs
in
ng
al

calculation. In particular, in supersymmetric (SUSY
theories there exists a special technique [12] relating
strong coupling and weak coupling regimes, which reve
that p  Nc, q  1 for SUsNd, p  Nc 2 2, q  1
for SOsNd, etc. We are not in a position to calcula
these numbers in QCD [see, however, [10] which sugge
qyp  2j  8ys3bd], and thus treat them as free param
ters. We note that the dynamical part of the anomalo
effective potential (6) can be written asWd 1 W

y
d where
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1
4

q
p

h Log

"√
h

2eE

!pyq
Det U
e2iu

#

2
1
2

Tr MU , (7)

which is quite similar to the effective potential [2] fo
SUSY QCD [13].

We now wish to argue that Eq. (6) represents the soug
after anomalous effective Lagrangian realizing broken co
formal and chiral symmetries of QCD. The following
ht-
n-

arguments will be suggested: (1) Equation (6) correc
reproduces the VVW ECL [4] in the largeNc limit; (2)
Eq. (6) reproduces the anomalous conformal and ch
Ward identities of QCD; (3) it produces a new mass fo
mula for the h0 which appears reasonable phenomen
logically; (4) it reproduces the known results for theu

dependence at smallu, but may lead to a different behav
ior for larger valuesu . pyq if q fi 1.

(1) The heavy glueball fieldsh, h̄ can be integrated ou
in Eq. (6) in the same way as was done in [3]. The
sult is
WeffsU, Uyd  2 lim
V!`

1
V

log

(X
l

exp

"
VE cos

√
2

q
p

su 2 i log Det Ud 1
2p

p
l

!
1

1
2

V TrsMU 1 MyUyd

#)
,

l  0, 1, . . . , p 2 1 . (8)
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For small values ofu 2 i log Det U , pyq the term
with l  0 dominates the infinite volume limit. We obtain
for this case,

W
sl0d
eff sU, Uyd  2E cos

"
2

q
p

su 2 i log Det Ud

#

2
1
2

TrsMU 1 MyUyd . (9)

Expanding the cosine (with the expansion paramet
qyp , 1yNc), we recover exactly the ECL of [4] at low-
est order in1yNc (but only foru 2 i log Det U , pyq),
together with the “cosmological” term2E  2kbasy
s32pdG2l required by the conformal anomaly,

W
sl0d
eff sU, Uyd  2E 2

kn2lYM

2
su 2 i log Det Ud2

2
1
2

TrsMU 1 MyUyd 1 · · · , (10)

where we used the fact [3] that, at largeNc, Esqypd2 
2kn2lYM, wherekn2lYM , 0 is the topological suscepti-
bility in pure YM theory. Corrections in1yNc stemming
from Eq. (9) constitute a new result. Thus, in the largeNc

limit the effective chiral potential (8) coincides with tha
of [4] in the vicinity of the global minimum. At the same
time, terms withl fi 0 in Eq. (8) result in different global
properties of the effective chiral potential in compariso
with the one of Ref. [4]; see below.

(2) It is easy to check that the anomalous chiral and co
formal WI’s are reproduced by Eq. (6). The anomalou
chiral WI’s are automatically satisfied by the substitutio
(5) for anyNc, in accord with [4]. Furthermore, it can be
seen that the anomalous conformal WI’s of [8] for zero mo
mentum correlation functions of operatorG2 are also satis-
fied with the above choice of constantE. As an important
example, let us calculate the topological susceptibility
QCD near the chiral limit from Eq. (8). For simplicity,
we consider the limit of SUsNfd isospin symmetry with
Nf light quarks,mi ø LQCD . For the vacuum energy for
smallu , pyq we obtain [see Eq. (16) below]
er

t

n

n-
s
n

-

in

Evacsud  2E 1 mkC̄ClNf cos

√
u

Nf

!
1 Osm2

qd .

(11)

Differentiating this expression twice inu, we reproduce
the result of [14],

lim
q!0

i
Z

dx eiqxk0jT

(
as

8p
GG̃sxd

as

8p
GG̃s0d

)
j0l 

1
Nf

mkC̄Cl 1 Osm2
qd . (12)

(3) To find a mass formula for theh0 meson, we should
calculate the matrix of second derivatives at the minimu
of the effective potential for smallu. Neglecting for
simplicity a smallp0 2 h 2 h0 mixing, we obtain

f2
h0m2

h0 
8

9b
Nf

*
as

p
G2

+
2

4
Nf

X
u,d,s

mikC̄iCil

1 Osm2
qd . (13)

[Here we used the valueqyp  8ys3bd suggested by
the method of [10]. The choicep  Nc, q  1 would
produce a numerically close result.] This mass relat
for the h0 appears reasonable phenomenologically. N
that, according to Eq. (13), the strange quark contribu
(30–40)% of theh0 mass. In the formal limitNc ! `,
mq ! 0 Eq. (13) coincides with the relation obtained
[9]. Equation (13) suggests that the main origin of t
large mass of theh0 is the conformal anomaly in QCD, in
accordance with arguments of [3,9].

(4) The main difference of the effective chiral potenti
(8) from that of [4] is its nonanalytic structure in th
limit V ! `, with cusp singularities at certain values
u 2 i log Det U. The origin of this nonanalyticity is
the same as in the pure YM case—it appears when
topological charge quantization is imposed explicitly at t
effective Lagrangian level [3]. Thus, the cusp structu
of the effective potential seems to be an unavoida
consequence of the topological charge quantization (wh
was not explicitly imposed in [4]). This fact was firs
4073
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noted in the context of SUSY theories [6,7], where simila
formulas arise.

For practical applications, it is convenient to describ
the nonanalytic effective chiral potential (8) by a se
of analytic functions defined on different intervals o
the combinationu 2 i log Det U. Thus, in the infinite
volume limit the effective potential for the fieldsU 
diagsexp ifqd is dominated by itslth branch,

W
sld
eff  2E cos

√
2

q
p

u 1
q
p

X
fi 1

2p

p
l

!

2
X

Mi cosfi, l  0, 1, . . . , p 2 1 , (14)

if

s2l 2 1d
p

q
# u 2

X
fi , s2l 1 1d

p

q
. (15)

The minimization equations stemming from Eqs. (14
and (15) can be analyzed numerically or analytically in di
ferent limits, as was done in [4]. For the caseq  1, we
find for the locations and number of vacua and theu de-
pendence of the vacuum energy the same results as thos
[4]. In particular, we find the vacuum doubling atu  p

(Dashen’s phenomenon [15]) ifmumd . msjmd 2 muj.
As this condition is not satisfied with the physical values o
the quark masses, we conclude that in the caseq  1 there
is the unique vacuum for all values ofu. The only differ-
ence in our results from those of [4] forq  1 is a differ-
ent global form of the effective chiral potential with cusp
singularities at certain values of the fields. No metastab
local minima of the effective potential exist for anyu (they
appear only forNf . 4), although saddle points are there

If, on the other hand,q fi 1, we find the results for
the u dependence and global structure of the effectiv
chiral potential which are very different from those o
Ref. [4]. In particular, in the case of equal massesmi 
m ø LQCD the lowest energy state is described by

f
sl0d
i 

u

Nf
, u #

p

q
,

Evacsud  2E 2 MNf cos

√
u

Nf

!
1 Osm2

qd ,

(16)

f
sl1d
i 

u

Nf
2

2p

qNf
,

p

q
# u #

3p

q
,

Evacsud  2E 2 MNf cos

√
u

Nf
2

2p

qNf

!
1 Osm2

qd ,

(17)

etc. Thus, the solution (16) coincides with the on
obtained by VVW [4] at smallu , pyq up to Osm2

qd
terms. However, at larger values ofu the true vacuum
switches from (16) to (17) with the cusp singularity a
u  pyq. (If q  1, the results of [4] are recovered.)
The interesting feature of the caseq fi 1 is that the
vacuum doubling at the points

uk  s2k 1 1d
p

q
, k  0, 1, . . . , p 2 1 (18)
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holds irrespective of the values of the light quark mass
This can be seen from the fact that the equations of mot
for any two branches withl  k andl  k 1 1 from the
set (14) are related by the shiftu ! u 2 2pyq. Thus,
the extreme sensitivity of the theory to the values of th
light quark masses in the vicinity of the critical point inu

is avoided in our scenario ifq fi 1, while the location
of the critical point is given byuc  pyq instead of
the “standard”uc  p. Another interesting feature of
the scenarioq fi 1 is the appearance of metastable vacu
which exist for any value ofu, including u  0. For
the physical values of the quark masses, we findq 2 1
additional local minima of the effective chiral potentia
which are separated by barriers from the true physic
vacuum of lowest energy. This implies the appearan
of domain walls [16]. If true (i.e., ifq fi 1), this result
can be important for a number of physical problems.
discussion of these issues, as well as a more deta
derivation of the results presented in this Letter, will b
given elsewhere [16].
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