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Role of Spatial Amplitude Fluctuations in Highly Disordered s-Wave Superconductors
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The effect of nonmagnetic impurities on 2Ds-wave superconductors is studied beyond the weak
disorder regime. Within the Bogoliubov–de Gennes (BdG) framework, the local pairing amplitude
develops a broad distribution with significant weight near zero with increasing disorder. Surprisingly,
the density of states continues to show a finite spectral gap. The persistence of the spectral gap at large
disorder is shown to arise from the breakup of the system into superconducting “islands.” Superfluid
density and off-diagonal correlations show a substantial reduction at high disorder. A simple analysis
of phase fluctuations about the highly inhomogeneous BdG state is shown to lead to a transition to a
nonsuperconducting state. [S0031-9007(98)07517-6]
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The effect of strong disorder on superconductivity ha
been a subject of considerable interest, both theoretica
[1,2] and experimentally [3,4], for a long time. A gener
ally accepted physical picture of how the superconducti
(SC) state is destroyed and the nature of the non-SC s
has not yet emerged. Much of the theoretical work (“pa
ing of exact eigenstates” [1,5] or diagrammatics [2,6]) a
sumes that the pairing amplitudeDsrd is uniform in space
(r independent) even for a highly disordered SC; se
however, [7,8]. Recent work on universal properties
the SC-insulator transition [9] has also ignored amplitud
fluctuations, since phase fluctuations are presumably
sponsible for critical properties.

In this paper we consider a simple model of a 2
s-wave superconductor atT  0 in a random potential,
defined by Eq. (1) below, and analyze it in detail withi
a Bogoliubov–de Gennes (BdG) framework [10]. Ou
goal is to see how the local pairing amplitudeDsrd
varies spatially in the presence of disorder, and the eff
of this inhomogeneity on physically relevant correlatio
functions. Our results can be summarized as follows.

(1) With increasing disorder, the distributionPsDd of
the local pairing amplitudeDsrd becomes very broad,
eventually developing considerable weight nearD ø 0.

(2) The spectral gap in the one-particle density of stat
persists even at high disorder in spite of the growin
number of sites withDsrd ø 0. A detailed understanding
of this surprising effect emerges from a study of th
spatial variation ofDsrd and of the BdG eigenfunctions.

(3) There is substantial reduction in the superfluid stif
ness and off-diagonal correlations with increasing diso
der; however, the amplitude fluctuations by themselv
cannot destroy the superconductivity.

(4) Phase fluctuations about the inhomogeneous B
state are described by a quantumXY model whose pa-
rameters, compressibility and phase stiffness, are obtai
from the BdG results. A simple analysis of this effec
tive model within a self-consistent harmonic approxima
tion leads to a transition to a non-SC state.
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We conclude with some comments on the implication
of our results for experiments on disordered films.

We model the 2D disordereds-wave SC by an attrac-
tive Hubbard model with on-site disorder:

H  K 2 jUj
X

i

ni"ni# 1
X
i,s

sVi 2 mdnis . (1)

K  2t
P

kijl,sscy
iscjs 1 H.c.d is the kinetic energy,

c
y
is (cis) the creation (destruction) operator for an elec

tron with spin s on a site ri of a square lattice,t
the near-neighbor hopping,jUj the pairing interaction,
nis  c

y
iscis, andm the chemical potential. The random

potentialVi is chosen independently at eachri from a uni-
form distributionf2V , V g; V thus controls the strength of
the disorder.

We begin by treating the spatial fluctuations of the
pairing amplitude using the standard BdG equations [10]√

ĵ D̂

D̂p 2ĵp

! √
unsrid
ynsrid

!
 En

√
unsrid
ynsrid

!
, (2)

where ĵunsrid  2t
P

d̂ unsri 1 d̂d 1 sVi 2 m̃idunsrid
and D̂unsrid  Dsridunsrid, and similarly for ynsrid.
Here d̂  6x̂, 6ŷ and m̃i  m 1 jUjniy2 incorporate
the site-dependent Hartree shift in the presence of di
order. Starting with an initial guess forDsrid’s and m̃i

we numerically solve for the BdG eigenvaluesEn and
eigenvectorsfunsrid, ynsridg on a finite lattice ofN sites
with periodic boundary conditions. We then calculate the
local pairing amplitudes and number density atT  0,
given by

Dsrid  jUj
X
n

unsridyp
nsrid, ni 

X
n

jynsridj2, (3)

and iterate the process until self-consistency is achieve
for ni and Dsrid at each site. m is determined by
1yN

P
i ni  knl, whereknl is the average density.

We have studied the model (1) for a range of parameter
1 # jUjyt # 8 and0 # Vyt # 12 on lattices of sizeN 
12 3 12 (some checks were made on24 3 24 systems).
© 1998 The American Physical Society
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We focus below onjUjyt  2 and4, knl  0.875; similar
results are obtained for other parameters. The numb
of iterations necessary to obtain self-consistency grow
with disorder; we have checked that the same solution
obtained for different initial guesses. Results are averag
over 16–20 different realizations of the disorder.

The distributionPsDd of local pairing amplitudes for
jUj  4 is plotted in Fig. 1. ForV & 0.25t, PsDd has
a sharp peak near theV  0 BCS value ofD0 . 1.36t.
In the smallV limit, pairing of exact eigenstates is justi-
fied, since this naturally leads [11] to uniformDsrd. How-
ever, this approximation fails with increasingV as PsDd
becomes extremely broad forV , t, eventually becoming
rather skewed atV $ 2t with a large number of sites with
Dsrd ø 0.

To study how the spectral gap evolves as the pairin
amplitude becomes highly inhomogeneous, we look
the (disorder averaged) one-particle density of stat
(DOS) Nsvd  1yN

P
n dsv 2 End, defined in terms of

the BdG eigenvaluesEn. (Numerically,d functions are
broadened into Lorentzians with a width of order spacin
betweenEn ’s.) From Fig. 2 we see that with increasing
disorder the DOS pileup at the gap edge is progressive
smeared out, and that states are pushed up to hig
energies. But the most remarkable feature of Fig. 2
the presence of a finite spectral gap even at high disord
While we cannot rule out an exponentially small tail in
the low energy DOS from a finite system calculation
we always found, for each disorder realization, that th
lowest BdG eigenvalue remains nonzero and of the ord
of the zero-disorder BCS gap; see also Fig. 3(a). W
also emphasize that approximate treatments of the Bd
equations [12], which do not treat the local amplitud

FIG. 1. The distributionPsDd of the pairing amplitudeDsrid
for different disorder strengthsV . For smallV , PsDd is peaked
around the BCSD0, but becomes increasingly broad at highe
V , indicative of a highly inhomogeneous state.
er
s
is
ed

g
at
es

g

ly
her
is
er.

,
e
er
e
G

e

r

fluctuations properly, miss this remarkable feature, as
simplified models in whichDsrid’s are assumed to be
independent random variables at each site.

To understand the persistence of a finite spectral g
at high disorder, when a large fraction of the sites ha
near vanishing pairing amplitude, it is useful to study th
spatial variation of theDsrid’s and the BdG eigenvectors
funsrid, ynsridg for individual realizations of the disorder
potential. A particularly simple picture emerges at hig
disorder: there are spatially correlated clusters of sites
whichDsrid is large (“SC islands”), and these are separat
by large regions whereDsrid ø 0 [see Fig. 3(b)]. We
find that the SC islands correlate well with regions whe
the absolute magnitude of the random potentialjVij is
small; deep valleys and high mountains in the potent
do not allow for number fluctuations and are thus n
conducive to pairing. The densitynsrd is also highly
inhomogeneous, and, for moderatejUj ($ 4t) and high
disorder, we have found clear evidence for “particle-ho
mixing in real space,” i.e., a spatial correlation betwe
Dsrd andnsrdy2f1 2 nsrdy2g [13].

At high disorder, we found that the eigenfunction
corresponding to low-lying excitations live entirely on th
SC islands [i.e., the darker regions in Fig. 3(b)] resultin
in the finite spectral gap. On the other hand, regions wh
the pairing amplitude is small correspond to very larg
values ofjVij, as explained above, and thus support ev
higher energy excitations. Clearly this simple picture
SC islands is well defined only in the large disorder regim
nevertheless, it is useful for understanding the spectral g
in this limit. In the opposite limit of low disorder, of
course, the BCS-like spectral gap is obvious.

We next turn to the question of how superconductivi
is affected in the highly inhomogeneous BdG state. T

FIG. 2. Density of statesNsvd for three disorder strengthsV
which show the the persistence of a spectral gap at all disord
(Note the different vertical scale for each case.)
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FIG. 3. (a) Left panel:T  0 spectral gapEgap and order
parameterDOP (see text) as functions of disorderV . The
two coincide for smallV but become very different at large
disorder. (b) Right panel: Gray-scale plot showing the spat
variation of Dsrid for the same disorder configuration with
different V . Larger Dsrid’s are indicated by darker shades
Note the spatially correlated structures atV  2t with “SC
islands” separated by a “sea” of nearly vanishingD’s.

off-diagonal long range order parameterDOP is de-
fined by the (disorder averaged) correlation functio
kcy

i"c
y
i#cj#cj"l ! D

2
OPyjUj2 for large jri 2 rjj. From

Fig. 3(a) we see thatDOP is the same as the spectral ga
(and both equal the uniform pairing amplitude) for sma
disorder, as expected from BCS theory. However beyo
a certainV the two quantities deviate from each other: i
contrast to the spectral gap, the order parameter decre
with increasing disorder (we find thatDOP .

R
dD 3

DPsDd, i.e., the average value of the pairing amplitude)
The superfluid stiffnessD0

s is given by [14]D0
s yp 

k2kxl 2 Lxxsqx  0, qy ! 0, v  0d. The diamagnetic
term k2kxl is one-half (in 2D) the kinetic energyk2K l,
and the paramagnetic termLxx is the (disorder averaged)
transverse current-current correlation function. We ha
also checked that the charge stiffnessD0 is equal toD0

s .
[D0 is the strength of the delta function inssvd, and
given in terms ofLxxsq  0, v ! 0d [14].]

The D0
s calculated within BdG theory shows a larg

reduction [15] by 2 orders of magnitude with increasin
disorder; see Fig. 4. We see that forU  22t, atV  0,
D0

s ¿ Egap , characteristic of weak coupling BCS theory
where the vanishing of the gap determinesTc, while
for U  24t, D0

s and Egap are comparable atV  0,
indicative of an intermediate coupling regime [16] wher
thermal phase fluctuations are important for determini
Tc [17]. However, forall jUjyt, we always findD0

s ø
Egap at large disorder, and thus phase fluctuations have
be taken into account. In fact, the reason whyD0

s is not
driven to zero at largeV within the BdG framework is
due to the neglect of these fluctuations.
3942
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FIG. 4. The T  0 BdG superfluid stiffnessD0
s and the

spectral gapEgap plotted as a function of disorder strength for
two different values of attractionjUj. Note that irrespective of
whetherD0

s is larger than or comparable toEgap at V  0, the
gap persists with increasing disorder while stiffness decrease

To make a rough estimate of the effect of phase fluctu
tions about the inhomogeneous BdG state we use a qu
tum XY model with an effective Hamiltonian [1]Hu 
2sky8d

P
j

Ùu2
j 1 sD0

s y4d
P

k jkl cossuj 2 ukd, whose pa-
rameters are obtained from the preceding analysis: the b
D0

s is the BdG superfluid stiffness andk  dnydm is
the BdG compressibility. The large reduction indnydm

with disorder seen in Fig. 5(a) can be understood qualit
tively at largeV in terms of the charging energy of the SC
islands. Note that, in this simplified description usingHu ,
we ignore the inhomogeneity in the local bare stiffness an
charging energies.

We use a variational approximation [18] to estimat
the renormalized superfluid stiffnessDs  Dssk, D0

s d,
by finding the best harmonicHtrial  2sky8d

P
j

Ùu2
j 1

sDsy8d
P

k jklsuj 2 ukd2, which describesHu. The phase
variablesui are assumed to live on a lattice with lattice
constant set by the BdG coherence lengthj0. For U 
24t we choosej0 . 1.8 [19] by demanding that the
renormalizedDs at V  0 agrees with that obtained from
quantum Monte Carlo (QMC) [20] (Dsyp . 0.45t) for
the pure case.

We now calculate the renormalizedDs as a function
of disorder, using theV -dependentk and D0

s from the
BdG analysis as input and keepingj0 fixed (details will
be presented elsewhere [13]). As shown in Fig. 5(b),Ds

is driven to zero beyond a critical disorderVc which is
in very reasonable agreement with QMC [20]. Thus
transition to a non-SC (insulating) state is indeed obtaine
by incorporating the effects of phase fluctuations about th
inhomogeneous BdG state.

We emphasize that the finite spectral gap obtaine
in the BdG analysis at largeV will survive inclusion
of phase fluctuations, since this gap is related to th
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FIG. 5. (a) Left panel: The compressibilitydnydm as a
function of disorderV . (b) Right panel: The superfluid density
Dsyp as a function of disorderV . By including phase
fluctuation a transition is obtained atVc which is very close
to that predicted by QMC [20].

inhomogeneous SC islands. A key question is wheth
the inhomogeneousDsrd leading to a spectral gap in the
insulating state persists all the way down tojUjyt ø
1. A definitive answer cannot be obtained since wea
coupling BdG calculations are plagued by severe finit
size effects. It is important to note that the gap persis
in the jUj  2t case [see Fig. 4(a)] which in theV  0
limit hasD0

s ¿ Egap, characteristic of weak coupling SC.
The available numerical results suggest that even for we
coupling,Dsrd inhomogeneities are generated on the sca
of the coherence length, which eventually show up as S
islands at large disorder. This would suggest persisten
of the gap [21]. In contrast, some tunneling experimen
[4(c)] show a finite DOSNs0d with increasing disorder,
which then points to physical effects beyond those i
the simplest model studied here. One possibility is tha
Coulomb interactions in the presence of disorder lead
an effectivejUj which is r dependent, and regions with
jUij ø 0 lead to finiteNs0d. Another possibility is that
Coulomb interactions plus disorder lead to the formatio
of local moments which are pair breaking.

Another implication of our results for experiments
is that SC insulator transitions in disordered films ar
often described in terms of two different paradigms
homogeneously disordered films (driven insulating b
the vanishing of the gap) and granular films (driven b
vanishing of the phase stiffness). In our simple mode
although the system was homogeneously disordered at
microscopic level, granular SC-like structures develope
in so far as the pairing amplitude was concerned. It wou
be very interesting to use scanning tunneling microscop
measurements to study variations in the local densi
states to shed more light on this question.

We thank A. Paramekanti, T. V. Ramakrishnan, an
R. T. Scalettar for useful discussions.
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