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Liquid 3He in Aerogel: Crossover from Drude’s to Hagen-Poiseuille’s Law
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Charge flow in metals and mass flow in a neutral Fermi liquid show distinct profiles and are gover
by different conservation properties. The connections between these two aspects of flow bec
apparent when we study the viscous flow of normal liquid3He in the presence of aerogel. While
the thermal flow is trivially affected, we predict that the resistance to mass flow shows a cross
from Drude’s to Hagen-Poiseuille’s law with varying temperature and low aerogel concentration. T
crossover should be observable in dc-flow experiments. [S0031-9007(98)07528-0]
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One of the remarkable aspects of the Fermi liqu
behavior of liquid 3He is the fact that the mean free
path of its thermal excitations, the Landau quasiparticl
[1], increases~T22 without bound when the temperature
is lowered because it is entirely due tomomentum
conservinginelastic two-particle scattering processes. F
T ! 0 it is eventually limited by the measuring cell’s
dimensions, and one enters the Knudsen flow regime [2

In charged Fermi liquids scattering processes caus
by impurities or lattice phonons lead to the relaxation
momentum in the bulk, whereas in the case of neut
Fermi liquids momentum relaxation is confined to th
boundaries of the flow channel. As a result, Drude
law for electronic transport in metals (finite current deca
rate, flat velocity profile) and Hagen-Poiseuille’s (HP’s
law for the flow of neutral Fermi liquid quasiparticles
through a flow channel (vanishing current decay rate in t
bulk, parabolic velocity profile) are traditionally viewed a
entirely distinct descriptions of flow dissipation.

The connection between the two kinds of flow behavi
was not clear until the discovery that low density correlate
silica (aerogel) [3], immersed in liquid3He serves as a
random distribution of short ranged impurity potentia
[4,5]. The aerogel provides a new (approximately elast
scattering channel for the quasiparticles, and leads to anew
type of Fermi liquidin which the transport mean free path
acquire an upper bound given by the aerogel-limited me
free path in the low temperature limit [6]. In contras
to other currents, the mass current (momentum dens
loses its conservation property in the presence of aerog
As a consequence, the mass flow and viscous transp
in a system as simple as normal liquid3He in aerogel is
complex. The destruction of the momentum conservati
property of the system leads to a strong modification
the (effective) shear viscosity, which displays a non-Ferm
liquid (i.e., nonmonotonic) temperature variation.

In this Letter, normal liquid3He in a channel filled
with aerogel is investigated as a model system for t
continuous breakdown of momentum conservation a
the consequent observability of both Drude and HP flo
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phenomena. The theoretical description deals with bo
electronic transport in metals and the mass transport
liquid 3He in aerogel. It is treated on the simplest pos
sible level compatible with the hydrodynamic conservatio
laws and uses the linearized Landau-Boltzmann transp
equation. We first investigate the transport parameters
charged and neutral Fermi liquids with two (elastic an
inelastic) scattering channels. Then we specialize to t
case of transverse stationary flow and calculate the effe
tive viscosity of3He in aerogel. We select experimenta
parameters such as temperature, pressure, and aerogel
centration which would allow the observation of differen
regimes of flow behavior.

We start with the usual description of normal Ferm
liquids, characterized by chargee, Fermion massm, par-
ticle densityn  NyV , quasiparticle excitation spectrum
ek  m 1 yFsp 2 pFd  jk 1 m with m the chemical
potential,ms0d  EF , Fermi velocityyF  pFymp with
mp the effective mass andpF the Fermi momentum, and
group velocityvk  h̄kymp. In a state of global thermo-
dynamic equilibrium the Fermi liquid is described by the
Fermi distributionn0

p  n0sjpd  fexpsjpykBT d 1 1g21

and its derivativewp  h4kBT cosh2sjpy2kBT dj21. In
what follows we shall abbreviate momentum sums a
k· · ·l ; s1yV d

P
p,s . . . . A relevant quantity iskwl 

NF  mppFyp2h̄3, the density of states at the Fermi sur
face. Let us now introduce elastic

Ge  1yte (1)
and inelastic (only Fermi liquid two-particle scattering is
discussed here)

Gi
psT d 

1
tNsjp , T d


kW l
32h̄

j2
p 1 spkBT d2

m
(2)

collision rates, which describe the relaxation of th
quasiparticles to global equilibrium. HerekWl denotes
the angular average of the effective two-particle scatterin
cross section [7]. It is sufficient to consider the energ
average of the inelastic scattering rate

Ḡi 
1
t̄i


kwGil

kwl


4
3

1
tNs0, T d

. (3)
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Next we study deviations from global equilibriumdnp 
np 2 n0

p induced by external perturbation potentials tha
induce the responsedna  kadnl of the macroscopic
densities of chargesap  ed, mass sap  md, entropy
sap  jpyT d, and momentumsap  pd. For this general
level of description we specify external potentials to be o
the form

djpsq, vd 
X
a

apfFext
a sq, vd 1 vp ? Aext

a sq, vdg . (4)

These potentials give rise to generalized forces chara
terizing the electromagnetic response and the mass flo
respectively,

Fext
a  2iqFext

a 2 ivAext
a



8<: 2iqFext 1
iv

c Aext,

2ivmuext . m
=dP

r .
(5)

Here Fext and Aext are the electromagnetic scalar an
vector potentials, anduext and dP are the sample cell
velocity and the applied pressure along the flow channe

The linear response of the Fermi liquid to the perturb
tion potentials (4) can be described by the quasiclassi
limit of the Landau-Boltzmann equation [1]

vdnp 2 q ? vphp  idIp; hp ; dnp 1 wpdjp .
(6)

The energy changedjp contains the contribution from
both the external potentials (4) and the molecular pote
tials induced by the long range Coulomb and short ran
Fermi liquid forces for charged and neutral Fermi sys
tems, respectively. These effects cause dielectric scre
ing (Coulomb interaction) or become relevant only a
higher frequencies (Fermi liquid interaction) and will be
considered in a separate publication [8].

The collision integraldIp 
P

n dIn
p is assumed to

consist of two separate contributions due to elasticsn 
ed and inelasticsn  id scattering processes and is treate
within the conserving relaxation time approximation [9]:

dIn
p  2

hp

t̄n
1

wp

t̄n

√
ln

a0ap
kahl

kwa2l

1 ln
a1apvp

kavhl
kwa2v : vl

1 . . .

!
.

(7)

Here the quantitiesl
e,i
a, are scattering parameters, which

describe conservationsle,i
a,  1d and relaxationsle,i

a, fi 1d
properties of the observables associated with the ver
ap and the index,  0 (densities),,  1 (currents) (see
below). In Eq. (7), v : v denotes the dyadic product
of the vectorsv, i.e., hv : vjij  yiyj. As an example
one finds the set of continuity equations, which ma
be derived from (6) and (7) using scattering paramete
appropriate for density conservationl

n
a0 ; 1, n  e, i.

vdna  q ? ja; ja  kavhl . (8)
t

f
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The superposition of the two different collision process
leads to (i) effective quasiparticle scattering rates

Gp  1ytp  Ge 1 ḠisT d (9)

and (ii) effective transport rates, which describe t
decay or the conservation properties of the observab
associated with the vertexap

G
p
a, 

1
t

p
a,


1 2 l

e
a,

te
1

1 2 l
i
a,

t̄isT d
. (10)

This superposition leads to transport mean free paths

l
p
a,sT d  yFt

p
a, 

yF

G
e
a, 1 G

i
a,sT d

, (11)

which, contrary to the behavior in ordinary Fermi liquid
are bounded from above. This effect is shown for t
quantity l

p
m2 (viscous mean free path) in the inset o

Fig. 1. The kinetic equation (6) together with the mod
collision integral (7) leads to the following generalize
constitutive relation between the currentja and the fields
Fext

a as well as gradients in the densities

ja  T
$

aa ?

(
Fext

a 2
Gp 2 G

p
a0

2iv 1 Gp
iq

dna

kwa2l

)
. (12)

HereT
$

aa is a generalized transport tensor

T
$

aa 

*
wa2v : v

2iv 1 G
p
a1 1 Osq2d

+
(13)

for which we list examples forv ! 0 in Table I.

FIG. 1. The normalized conductanceteffsTdyt̄is1 mKd vs
temperature for 2mm spaced parallel plates containing 99.9
open aerogel including slip (full line), without slip (dashe
line), and without aerogel (dash-dotted line). Also show
is the normalized slip lengthz0yd (dotted line). Inset: The
normalized viscous mean free pathflp

m2sT dyl
i
m2s1 mKdg with

(full line) and without (dashed line) aerogel.
3897



VOLUME 81, NUMBER 18 P H Y S I C A L R E V I E W L E T T E R S 2 NOVEMBER 1998

re.
ic

-

er

tain

ry

n
g

e
a
e

t-
p-
o

ses
to

or
ath

in
w

rs,
a

ce
of
TABLE I. Fermi liquid transport parameters for a given
vertexap.

ap T
$

aa

Electronic conductivity e sp
e  NFe2y2

Ft
p
e1y3

Mass conductivity m sp
m  NFm2y2

Ft
p
m1y3

Thermal conductivity jpyT kp  CV y2
Ftp

ky3
Shear viscosity p hp  ry2

Ftp
hy5

Here r  mn is the mass density andCV is the spe-
cific heat, andtp

k ; t
p
j1 andtp

h ; t
p
m2. Table I empha-

sizes the analogy between electronic transport in met
and transport in the3He-aerogel system. The electroni
conductivitysp

e shows the well-known crossover from the
impurity-limited low temperature offset to the tempera
ture dependence dictated by the relevant inelastic sc
tering processes. The neutral Fermi liquid analogsp

m
represents anew transport parameter of3He which is fi-
nite only in the presence of aerogel. In contrast, the th
mal conductivity of3He in aerogel crosses from a high
temperature (Fermi liquid,~T21) to a low temperature
(aerogel-limited,~T ) behavior, because the thermal cu
rent is not conserved even in the absence of the ela
scattering channel.

The situation is different in the case of the she
viscosity. In the presence of aerogel, the momentu
density relaxessGp

m1 . 0d, similar to the current in a
metal with imperfections. An effective shear viscosit
of liquid 3He in aerogel can be defined but differs from
the ordinary viscosity in a nontrivial way. To explore
this further we consider the situation of transverse ma
flow sap  md in the x direction with spatial variation in
the z direction. An inspection of (13) shows that in th
limiting case whereGp

m1  0 (momentum conservation in
the absence of aerogel), it is important to evaluate t
Osq2d term explicitly. The result for the mass curren
gx  kmyxhl reads

gx 
nFmx

2iv 1 G
p
m1 1 fheff

zz sT dyrgq2
z 1 Osq4

z d
(14)

and can be obtained by solving the coupled equatio
(8) and (12) forsap  md. In Eq. (14) the denominator
describes relaxation due to both a DrudesGp

m1d and a
viscous contribution to the flow resistance. The latter
characterized by an effective viscosity of3He in aerogel

heff
zz sT d 

GpsT d 2 G
p
m1

GpsT d 2 iv

1
5

npFyFtp
hsT d| {z }

hp
zzsT d

. (15)

In the absence of elastic scattering processesG
p
m1  0 the

mass current response function (14) is dominated by
usual viscous diffusion pole which is characterized b
the normal Fermi liquid viscosity and reflects the mo
mentum conservation law.hp

zzsT d displays a simple
temperature crossover behavior analogous to that of
3898
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thermal conductivity which saturates at low temperatu
However, its prefactor in (15) leads to a nonmonoton
temperature dependence ofheff

zz sT d because of the non
vanishing contribution of the new transport rateG

p
m1 intro-

duced by the aerogel. In the simplest case whenl
e
m1  0,

the prefactor! 1 for high temperatures and varies~T2

for T ! 0. This behavior is masked asT ! 0 by both
the superfluid and the Knudsen transition (Fig. 1).

To apply this result to the experiment we consid
the case of parallel plates atz  6dy2 and solve the
associated differential equation in real space. We ob
the cross sectional average of the mass current

k gxl 
1
d

Z dy2

2dy2
dz gxszd  nteffFmx (16)

with an effective flow relaxation time:

teff 
1

2iv 1 G
p
m1

(
1 2

2,p

d tanhs d
2,p d

1 1
z0

,p tanhs d
2,p d

)
v!0


(
t

p
m1; ,pyd ! 0 sDruded ,
rd2

12heff
zz

s1 1 6 z0

d d; ,pyd ! ` sHPd .
(17)

Here,p is a new length which is defined by

,psT d ;

s
heff

zz sT d
rs2iv 1 G

p
m1d

. (18)

In the derivation of (17) we used a slip bounda
condition gxs6dy2d  7z0g0

xs6dy2d with z0 the Fermi
liquid slip length [9]. The flow of liquid3He in aerogel is
determined by the ratio of,psT d and the plate separatio
d. For,psT d , d flow is dominated by aerogel scatterin
and follows Drude’s law. Only when,psT d . d will
the contributions from wall scattering events becom
significant [10], and the flow resistance will show
transition from Drude’s to HP’s law as modified by th
slip effect.

Although experiments at Cornell [4,11,12], Northwes
ern [5,13], and Manchester [14] have explored the pro
erties of superfluid3He in aerogel, there have been n
corresponding investigations of normal3He. Theoreti-
cal work has also concentrated on the superfluid pha
[6,15–17]. To estimate the mean free path, we have
rely on models of aerogels [18], which show that f
the most dilute aerogel (99.9% open) the mean free p
l

p
m1 ; lA  7.2 mm. Such an aerogel could be grown

a 2 mm tall, 1 cm wide, 0.5 mm long micromachined flo
channel. A measurable [19] flow of about10212 kgys
would result for a pressure differential of103 dynycm2

andheff
zz of 0.02 poise.

At a 3He pressure of 30 bar,̄tis1 mKd  180 ns,
yF  33.6 mys [20], d  2 mm, lA  7.2 mm, and
z0  0.579 · · · l

i
m2. For these experimental paramete

we plot in Fig. 1 the normalized flow conductance as
function of temperature, together with the conductan
without slip in both the presence and the absence
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FIG. 2. The normalized profilesgxszdynFmx t̄is1 mKd for
3He at 30 bars with 99.9% open aerogel at 3 mK (lowe
10 mK (middle), and 50 mK (upper curves). Full line
represent the general result including slip, and dashed li
are the scaled profilesf g0

xszdyg0
xs0dggxs0d in the absence of

aerogel, withg0
xszd  lim,p!` gxszd  nFmxt

p
m1sd2y8,p2d f1 1

4sz0yd 2 z2yd2dg. The dashed lines are normalized to th
calculated flow in the center of the channel and illustrate t
difference between Poiseuille flow and the flow with aerog
present.

aerogel. We also show the ratioz0yd. At high tem-
perature, the conductance is temperature independ
(corresponding to the Drude regime). As the temperatu
is lowered, the conductance decreases and passes thr
a minimum. Hagen-Poiseuille flowteff ~ T2 is never
observed for any finite aerogel density, because the tr
sition to Drude behavior will always occur for sufficiently
smallli

m2 ~ T22.
The flow profiles gxszd in the channel and their

normalized form f g0
xszdyg0

xs0dggxs0d in the Poiseuille
flow limit ,p ! `, with g0

xszd  lim,p!` gxszd 
nFmxt

p
m1sd2y8,p2d f1 1 4sz0yd 2 z2yd2dg are shown in

Fig. 2. At low temperature (,4 mK in Fig. 2) one has
clearly reached the limit of HP flow as modified by sli
effects. With increasing temperature the profile deviat
from the form expected from Hagen-Poiseuille’s law an
approaches the flat Drude-like result in the presence
aerogel (50 mK in Fig. 2).

The behavior may be understood qualitatively by re
ognizing that the walls affect flow over a distance comp
rable to the lengthlp

m1sT d. At high temperatures, this
is short so that the elastic scattering length domina
the flow which approaches the Drude profile. At low
temperatures,lp

m1sT d is long and the wall’s presence is
discernible in the interior providing the elastic scatte
ing length is sufficiently large and the flow profile re
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s
nes

e
he
el

ent
re

ough

an-

p
es
d
of

c-
a-

tes

r-
-

verts to the Hagen-Poiseuille behavior as corrected
slip. Knudsen flow would dominate if the inelastic sca
tering length were much longer than the flow chann
dimension. In pure3He (in the absence of slip and super
fluidity), the mean free path and viscosity increase witho
bound. In contrast, the mean free path (and viscosity) a
restricted resulting in the larger low temperature relativ
conductance (Fig. 1) of the channel containing aerogel.

In summary, we have demonstrated that the flo
properties of normal liquid3He in aerogel can display
a rich complexity of phenomena including Drude’s an
Hagen-Poiseuille’s lawmanifested in the same system
We have shown that charge transport in metals a
mass flow of pure3He through flow channels are closely
related. With aerogel present the mass flow of Land
quasiparticles occurs in an intermediate regime betwe
Drude’s and Hagen-Poiseuille’s law. We predict that th
transition from Drude to Poiseuille flow occurs for aerog
concentrations wherelp

m1yd . 1. Such a transition could
be seen in dc flow experiments at not too low a pressur
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