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The spinodal decomposition of binary mixtures in uniform shear flow is studied in the context of the
time-dependent Ginzburg-Landau equation, approximated at one-loop order. We show that the structure
factor obeys a generalized dynamical scaling with different growth exponentsax  5y4 anday  1y4
in the flow and in the shear directions, respectively. The excess viscosityDh after reaching a maximum
relaxes to zero asg22t23y2, g being the shear rate.Dh and other observables exhibit log-time periodic
oscillations which can be interpreted as due to a growth mechanism where stretching and breakup of
domains cyclically occur. [S0031-9007(98)07467-5]
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The kinetics of the growth of ordered phases as a dis
dered system is quenched into a multiphase coexiste
region has been extensively studied in the past ye
[1]. The main features of the process of phase sepa
tion are well understood. Typically, domains of the o
dered phases grow with the lawRstd , ta , whereRstd
is a measure of the average size of domains. The p
correlation functionCsr, td verifies asymptotically a dy-
namical scaling law according to which it can be writ
ten asCsr , td . fsryRd, wherefsxd is a scaling function.
In particular, in binary liquids, the existence of variou
regimes characterized by different growth exponentsa is
well established [2]. In this Letter we study the proce
of phase separation in a binary mixture subject to a u
form shear flow. When a shear flow is applied to the sy
tem, the growing domains are affected by the flow and t
time evolution is substantially different from that of ordi
nary spinodal decomposition [3]. The scaling behavior
such a system is not clear. Here we show the existen
of a scaling theory with different growth exponents fo
the flow and the other directions. For long times, in th
scaling regime, the observables are modulated bylog-time
periodicoscillations which can be related to a mechanis
of storing and dissipation of elastic energy. The behav
of the excess viscosity and other rheological indicators
flects this mechanism and is also calculated.

The problem is addressed in the context of the tim
dependent Ginzburg-Landau equation for a diffusive fie
coupled with an external velocity field [3]. The binary
mixture is described by the equilibrium free-energy

F hwj 
Z

ddx

Ω
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2

w2 1
b
4
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j=wj2

æ
, (1)

where w is the order parameter describing the conce
tration difference between the two components. T
parametersb, k are strictly positive in order to ensure sta
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bility; a , 0 in the ordered phase. The Langevin equ
tion for the evolution of the system is

≠w

≠t
1 $=sw $yd  G=2 dF

dw
1 h , (2)

where h is a Gaussian stochastic field representing
effects of the temperature in the fluid. The fluctuatio
dissipation theorem requires that

khs$r, tdhs$r 0, t0dl  22TG=2ds$r 2 $r 0ddst 2 t0d , (3)

where G is a mobility coefficient,T is the temperature
of the fluid, and the symbolk· · ·l denotes the ensemble
average. We consider the simplest shear flow w
velocity profile given by

$y  gy $ex , (4)

whereg is the spatially homogeneous shear rate [3] a
$ex is a unit vector in the flow direction.

In the process of phase separation the initial config
ration of w is a high temperature disordered state a
the evolution of the system is studied in model (2) wi
a , 0. It is well known that in this case, also withou
the velocity term, the model (2) cannot be solved exac
[2]. In this Letter we deal with the nonlinear term
of Eq. (2) in the one-loop approximation [4,5]. In thi
approximation the termw3 appearing in the derivative
dF ydw is linearized askw2lw. It is also called the large-
n limit. Indeed, in the case of a vector field$w with
n-components the terms $w2d $w reduces tokw2lw in the
n ! ` limit [6]. The validity and the limitations of this
approximation, due to the acquired vectorial character
the order parameter, are discussed in literature [7].

Before presenting our results it is useful to summar
the known behavior of a phase separating mixture u
der shear flow. The shear induces strong deformati
of the bicontinuous pattern appearing after the quen
© 1998 The American Physical Society
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[3,8,9]. When the shear is strong enough stringlike d
mains have been observed to extend macroscopically
the direction of the flow [10]. In experiments a valu
Da  ax 2 ay in the range0.8 1 for the difference of
the growth exponents in the flow and in the shear dire
tions is measured [11,12]. Two dimensional molecul
dynamic simulations find a slightly smaller value [13
We are not aware of any existing theory for the valu
of ax , ay . The shear also induces a peculiar rheologic
behavior. The breakup of the stretched domains lib
ates an energy which gives rise to an increased visc
ity Dh [14,15]. Experiments and simulations show th
the excess viscosityDh reaches a maximum att  tm

and then relaxes to smaller values. The maximum of t
excess viscosity is expected to occur at a fixedgt and
to scale asDhstmd , g2n [8,11]. Simple scaling argu-
ments predictn  2y3 [8], but different values have been
reported [11].

We study the time evolution of the structure factor

Cs $k, td  kws $k, tdws2 $k, tdl , (5)

wherews $k, td is the Fourier transform of the fieldws $x, td
solution of Eq. (2). The excess viscosity is defined
terms ofCs $k, td by

Dhstd  2g21
Z

j$kj,q

d $k
s2pdD

kxkyCs $k, td , (6)

where q is a phenomenological cutoff. In the one-loo
approximation the dynamical equation forCs $k, td is

≠Cs $k, td
≠t

2 gkx
≠Cs $k, td

≠ky
 2k2fk2 1 Sstd 2 1g

3 Cs $k, td 1 k2T , (7)

where

Sstd 
Z

j$kj,q

d $k
s2pdD

Cs $k, td . (8)

The parametersG, a, b, andk have been eliminated by
a redefinition of the time, space, and field scales. W
solve Eq. (7) numerically in two dimensions. A first
order Euler scheme is implemented with an adapti
mesh, due to the peaked character of the solution. T
initial condition chosen for the functionCs $k, 0d is a
constant value, which corresponds to the disordered s
with T  `. The typical evolution ofCs $k, td is shown
in Fig. 1 for the particular caseT  0 and g  0.001.
At the beginning the functionCs $k, td evolves forming a
circular volcano structure, as usual in the case witho
shear. This is the early-time regime when well-define
domains are forming. Then shear-induced anisotro
effects become evident in the elliptical shape ofCs $k, td
and in the profile of the edge of the volcano, as can
seen in Fig. 1 atgt  0.05. Similar elliptical patterns
of Cs $k, td are usually observed in experiments. The di
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FIG. 1. The structure factor at consecutive times forg 
0.001. Thekx coordinate is on the horizontal axis and assum
positive values on the right of the pictures, while theky is
positive towards the upper part of the coordinate plane. T
support of the functionCs $k, td shrinks towards the origin. For a
better view ofCs $k, td, in the last two pictures, we have enlarge
differently the scales on thekx and ky axes. The actual angle
between the direction of the foils ofCs $k, td and theky axes is
u  21± andu  13± in the last two pictures.

in the edge of the volcano develop with time untilCs $k, td
becomes separated into two distinct foils, asgt . 1. This
explains the disappearance of the peak corresponding
the major axis of the ellipse observed in experimen
[12]. During this evolution the support ofCs $k, td shrinks
towards the origin with different scales for the shear a
the flow directions. At later times in each foil ofCs $k, td
two peaks can be distinguished and the relative heig
of these peaks change in time. In Fig. 1 atgt  6 the
peak characterized byjkyj ¿ jkxj dominates, while the
other peak withjkyj . jkxj prevails successively. The
oscillations between the two peaks have been observe
continue in time and characterize the steady state.

A quantitative measure of the size of do
mains is given by Rxstd  1y

p
kk2

x l, where kk2
x l R

d $kk2
xCs $k, tdy

R
d $kCs $k, td, and the same for the othe

directions. The evolution ofRx , Ry is plotted in Fig. 2.
The growth exponents in the shear and in the flow dire
tion areay . 1y4 and ax . 5y4. The valueay  1y4
is the same as in models with a vectorial conserv
order parameter without shear; this corresponds to
Lifshitz-Slyozov exponenta  1y3 for scalar fields. A
growth exponentay unaffected by the presence of she
is also measured in experiments [11]. We see in Fig
that the amplitudes ofRx , Ry oscillate periodically in
logarithmic time. This behavior can be related to th
oscillations of the peaks ofCs $k, td previously observed
and will be discussed later in relation to the behavior
the excess viscosity.
3853
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In order to study analytically the behavior of the mod
for arbitrary space dimensionalityd we resort to a scaling
ansatz [16]. For the structure factor we then assume

Cs $k, td 
dY

i1

RistdFf $X, tsgtdg (9)

for long times, where$X is a vector of componentsXi 
kiRistd, F is a scaling function and the subscripti labels
3854
l the space directions withi  1 along the flow. We also
allow an explicit time dependence of the structure fact
through tsgtd; notice that, sinceCs $k, td scales as the
domains volume below the critical temperature,t must
not introduce any further algebraic time dependence
Cs $k, td. We then argue thatF is a periodic function of
t, as suggested by the oscillations observed numerica
in the physical observables. Inserting this form ofCs $k, td
into Eq. (7) we obtain
gX1F2  R1R21
2

(
Ùt≠Fy≠t 1

dX
i1

"
R21

i
ÙRisF 1 XiFid 1 R22

i X2
i

√
dX

k1

R22
k X2

k 2 1 1 S

!
F

#)
, (10)
as

n
rts

he

hat
whereFi  ≠Fy≠Xi and a dot means a time derivative
Since the left-hand side of Eq. (10) scales ast0, one
has the solutionRistd , gdi tai , tsgtd , loggt, Sstd 
1 2 t2b , with d1  1, di  0 si  2, dd, a1  5y4,
ai  1y4 si  2, dd, and b  1y2. In this way we
recover the growth exponents previously found. Actual
the exponents found numerically are slightly smaller the
the predicted powers due to logarithmic corrections [16

We now turn to the analysis of the rheological beha
ior of the mixture and, in particular, of the excess viscosit
The previous theoretical arguments can be used to estab
the scaling properties ofDh. Inserting the form (9) into
Eq. (6), we obtainDhstd , g21R1std21R2std21gstd ,
g22t23y2gstd, where gstd 

R
X1X2Ff $X, tstdgd $X is a

periodic function of tsgtd. Therefore, in the scaling
regime, for each value ofgt, the functionsDh cor-
responding to different values ofg collapse on each

FIG. 2. The average size of domains in thex andy directions
as a function of the straingt. The two straight lines have
slopes5y4 and1y4.
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other if rescaled asDh ! g1y2Dh. A similar analysis
can be done for the normal stress which is defined
DN1 

R d $k
s2pdD fk2

y 2 k2
x gCs $k, td and scales ast21y2.

The behavior ofDh at all times, calculated by the
numerical expression ofCs $k, td, is shown in Fig. 3 for the
caseg  0.001. Dh reaches a maximum atgt . 3.5,
then it decreases with the power lawt23y2 modulated by
a periodic oscillation in logarithmic time. A compariso
with Fig. 2 shows that the asymptotic scaling regime sta
when the excess viscosity reaches its maximum att  tm,
as found also in experiments [11]. The occurrence of t
predicted scaling ofDh with g is verified numerically with
great accuracy for long times. However, sincetm is a time
at the onset of scaling, an effective exponent somew
larger then1y2, (n . 0.6) is measured forDhstmd, due to
preasymptotic corrections.

The periodic oscillations ofDh are due to the com-
petition between the different peaks ofCs $k, td. A local

FIG. 3. The excess viscosity as a function of the straingt.
The slope of the straight line is23y2.
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maximum ofDh occurs for a situation similar to that of
Fig. 1 atgt  6, when the peak withjkyj ¿ jkxj domi-
nates and the difference between the height of the tw
peaks is maximal. The minima ofDh correspond to the
opposite situation, as in Fig. 1 atgt  10. The oscilla-
tions can be explained in the following way: The elon
gation of the domains in the flow direction produces a
increase ofDh. Stretched domains are characterized b
Ry ø Rx and, therefore, are represented by the peak
Cs $k, td with jkyj ¿ jkxj, which dominates in this time
domain. As time passes, however, domains are deform
to such an extent that they start to burst, dissipating th
stored energy. As a consequence,Dh decreases and more
isotropic domains are formed. These are characterized
similar values ofRx and Ry and correspond to the other
peak ofCs $k, td. This peak starts growing faster than the
other until it prevails. Later on, a minimum ofDh is
observed. Then elongation occurs again and this mech
nism reproduces periodically in time with a characteristi
frequency. To our knowledge, the existence of this per
odic behavior has never been discussed before [17].

In conclusion, we have studied the phase separation
a binary mixture in a uniform shear flow. Dynamical
scaling holds for this system. Domains grow along th
flow as Rxstd , t5y4 while in the other directions the
exponent of the diffusive growth is the same as withou
shear. The differenceDa between the growth exponents
is 1, a result which is consistent with real experiments
The excess viscosity after the maximum relaxes to ze
as g22t23y2. The amplitudes of physical quantities are
decorated by oscillation periodic in logarithmic time. It
would be interesting to study these phenomena in dire
simulation of the Langevin equation and also to see th
effects of hydrodynamics on this system.
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