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Quantum Decay from Josephsonr States
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Quantum decay from Josephsen states, which is inherent in the Josephson system with fixed
particle numbers, is investigated. Since thestates have two different decay paths, they can interfere

during the decay processes by quantum tunneling due to a topological phase originating from total
particle-number restriction and result in parity effect for tunneling. [S0031-9007(98)07457-2]

PACS numbers: 74.50.+r, 67.40.—w, 73.40.Gk
The Josephson effect is one manifestatiorpofmary  particles in the system, the Josephson relations are modi-

guantum aspects of macroscopic objects and was observédd as
in superconducting materials. Recently it has been tested

in various macroscopic systems to confirm their quantum- dAN _ —K4/N?2 — (AN)? sinAg, @
mechanical nature. In some of the systems, the total dt

number of particles in the system is fixed. In such a ;A KAN

restricted situation, it is somewhat difficult to observe the —— = (EL — Eg) + IV —GaNe cosde, (2)

Josephson effect because the Josephson current cannot
directly be detected as usual since measurement causabereN = N, + Ny is the total number of particles in
particle-number changes in the system. This is in contraghe weakly coupled macroscopic quantum system. For
to the superconductors. Fortunately, one can observexample, in superconductors; is the total number of
the Josephson effect through the Josephson accelerati€i®oper pairs. AN = N, — Ng is the particle-number
relation such agdA¢/dt = Au, whereAp = o — ¢,  difference between two condensatek. is the coupling
is the phase difference between two condensatestand amplitude of the two-state system and is assumed to
is the chemical potential. We sét= 1 hereafter. In be real. E; and E; are the ground state energies of
fact, this kind of experiment has been done intHe sys- the two condensates. Since it is convenient to replace
tem [1,2]. E; — Egr with AN/ y in the usual manner wherg is the
In the past two decades, another conceptually distinatapacitance, these coupled equations can be derived from
type of quantum effect for macroscopic objects has beethe following Hamiltonian:
studied in order to discuss the applicability of quantum N2
mechanics on a macroscopic scale. These other effects H=—2z>— KNVl — z2 cosA¢p, 3)
are sometimes callesecondarymacroscopic quantum ef- 2X
fects since they occur due to the Heisenberg’s uncertaintwherez = AN/N. The first term represents the capacitive
principle between noncommuting macroscopic variablesenergy that enhances the particle nature of the phase
One such secondary effect is macroscopic quantum turparticle, while the second term is the Josephson coupling
neling (MQT), which has predominantly been studied inenergy which stems from the wave nature of the phase
superconducting tunnel junctions with small capacitanceparticle. Note that the Josephson coupling energy can be
[3-5]. In the Josephson systems, the phase and numbeetermined solely by its phase in the unrestricted case,
differences between condensed states are noncommutimghile now in the restricted case, it depends gnn
macroscopic variables. MQT studies require a metastabladdition toA¢. This difference produces the following
state. In superconducting materials, it was not difficulthew dynamical behavior ack¢. The equation of motion
to realize this state by introducing an external bias curfor A¢ is now given by
rent. However, there are both technical and conceptual P2A
difficulties for MQT studies in the above-mentioned re- f = —AsinAg — Bsin2A¢ + 0(z), (4)
stricted situation. In this paper, we show the existence dt
of metastable states inherent in such restricted systemghereA = KN3/y andB = (KN)?. The coefficient4 is
and discuss theecondarymacroscopic quantum aspects nothing but the square of the Josephson plasma frequency.
of the system through studying quantum decay from thd'he ratio r = A/B = N/K y characterizes the system
metastable states. either classically KN > N?/y;r < 1) or quantum me-
First, let us show the existence of metastable states irehanically KN < N?/y;r > 1) and can be changed by
herent in the restricted system. Starting from the Feynmanontrolling the junction parameters suchyaandk within
two-state model [6] taking into account the fixed number of0 < r < . The second term on the right-hand side of
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Eq. (4) arises from the differential calculus ofin the the potential, as well as the oscillation amplitudes. Fur-
Josephson coupling energy and exists even if a mean valdker discussion will appear elsewhere.
of z is zero. The replacement; — Er — AN/y, that Next, let us consider quantum decay of phase particles
we made for our convenience before, is not necessary fdrom the metastable states. It is clear that there are
the derivation of Eq. (4). This equation of motion impliestwo ways to decay fromr states. This is apparently
that the potential term can effectively be rewritten as different from previous studies in Josephson systems. At
~ first, it seems that, since the final states of the decay
U(Ap) = —AcosAg — B CoOS2A ¢, (5) are essentially identical, one should expect interference
2 between these two paths [10]. However, it is unlikely that
whereAd = KN andB = yk?2/2. Therefore, Eq. (4) de- tunneling paths interfere because the resulting Euclidean
scribes a phase particle moving in the potential as showhagrangian in an imaginary time path-integral scheme is
in Fig. 1. This potential involves metastable states lof€al, not complex as usual. Next we see that the restricted
cated a(2m + 1) whenr < 2. Hereafter we call these case can change this situation. . _
“7 states” [7]. To obtain the above results, we assume Before we consider the origin of the tunneling path in-
only particle-number restriction to the Feynman two-statéerference, we clarify the properties of the state vector in
model. Therefore, we stress here thiais is a general the restricted situation. The state vector for a whole sys-
feature of the particle-number conserved syste@or-  te€m in unrestricted situations is given by a superposition
responding to this, Smerazit al.[8] discussed in detail Of left and right vectors as follows:
similar states called “macroscopic quantum self-trapped |y = /NL e'?|L) + /Ng ¢'*|R). (6)
(MQST) states,” but only with regard to a pair of weakly ynder the restrictionV = N, + Ng, the state vector is
coupled Bose-Einstein condensed (BEC) alkali atom gaseg,qdified as
They argued MQST states originated from the nonlinear

term in the Gross-Pitaevskii equation. MQST states are ) = B 2T + e ibe2|L)
not inherent only in BEC systems but essentially come 2
from the above-mentioned nature of restricted systems. In + VT — ze'292|RY) @)

fact, they implicitly assume the restriction and are there-
fore equivalent torr states. Thus, it is possible to ap- Wherea = ¢r + ¢, which is usually set tex = 0 due

ply 7 states to other particle-number conserved systemiQ the uniqueness for wave functions. Note that this state
One candidate is the superfluid helium system. Very revector is equivalent to that of a spin one-half system if
cently metastabler states in a superfluidHe weak link N =1 andz = cos¢, where ¢ is the colatitude in the
have been discovered by Backhaisal.[9]. This must Spherical polar coordinate. In this case, the Hamiltonian
be explained by our model since their system is actually 43) is expressed as

closed system. Our model might be tested by comparing N o?
their measured frequencieszatand2 with the theoreti- H = o KNao,, (8)

cal values determined by the curvature at the bottom of , . .
where o’s are Pauli matrices. Thus, our system can

be mapped onto the spin one-half system. This forces
our state vector to move on 2-sphefe and enables us
to consider tunneling in spin space where tunnel paths
interfere.

Now let us consider the origin of the tunneling path
interference. Decay rate by tunneling can be estimated by
the imaginary-time transition amplitude expressed as [11]

(2j + Dm:Tle AT|(2i + 1)7:0)
((2j + Dar:Tle HT|(2i + 1)7:0)

T
= f DAp Dze 5, 9
0

where we have normalized the amplitude to that of
27 0 27 47 the harmonic Hamiltoniand,. Sz = [d7 Lg is the
Euclidean action, andand; are integers. The Euclidean
Lagrangian is

Lp =W ) + WlH]y)
FIG. 1. A schematic diagram for Josephsom states. N - N -
The arrows show two different decay paths: instanton and =—i—Ap +i—zA¢ + H(z,Ap), (10)
anti-instanton. 2 2

Z(T) =

Josephson potential energy =

Josephson Phase Difference Agp =
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and we must take into account the energy difference between
N2 adjacent potential minima, the difference between the
H="—2+UAp). (11)  upper minimumE, = w/2 and the lower oneE_ =
2x —€/2 + w_/2, because the coefficiedtcannot be zero.

The dot onAp meansd,. The first two terms in We assume here that our potential in Eq. (5) can be
Eg. (10) of the Euclidean action define the Wess-Zumina@pproximated by an array of asymmetric double-well
term and is complex even though we are now workingpotentials. Then, we can employ the valley instanton
in imaginary time. These terms have a topologicaltechnique developed by Aoyane al. [14]. The action
meaning and are equal to the total area bounded by thef the valley instanton is given by

trajectory on the 2-spher§,, forming the Berry phase. N eT .

The second term{NA¢z/2, shows the noncommuting Sg=Ciom— — + 5y, 12)
relation betweerr and A¢ and is incorporated into an it

ordinary Lagrangian after the integration far which
€

can be exactly performed due to its bilinear form. The S§h =80 + —, (13)

first term,iNA¢ /2, is unique to our restricted Josephson . ) ) 2 B .

system and is essential for interference of tunneling pathg/here € = =1 defines instantons(( = 1) and anti-
tantons ¢ = —1). Sy is the action for a symmetric

In the usual unrestricted Josephson systems, the overl , )
of the states concerning different times does not producouPle-well potential casee (= 0). The instanton can
this first kind of term. Since our system can be mappedt@rt one of ther states,Ap = mm, and go t0A¢ =
onto a spin system, the origin of this term is exactly the?7- Likewise, the anti-instanton can go frotey =
same as in a spin system. Of course, this does not affelt” 10 A¢ =2(m — 1)7. When doing the dilute-gas
the classical equations of motion which result fréri;. ~ SUM. there is no constraint that instantons and anti-
This Lagrangian is the same as those of previous work offiStantons must alternate. The transition between the
spin tunneling [12,13] except for the potential forms. wells involvesk instanton transitions in one direction and

Let us calculate the tunneling rate by the imaginary>™ ~ k anti-instanton transitions in the other, such that

2m . . . .
time path-integral method. In contrast to spin '[unnelir]g,there areC; configurations. Summing up all instanton

contributions we obtain

] 2m o0
Z(T) = Z Z C]%m(De—S{)’eiN7r/2)k(De—S{)’e—iNTr/2)2m—kIm(T) _ Z [De—S(‘)’(eiNTr/Z + e—iNrr/Z)]Zmlm(T)
m=0 k=0 m=0

= > y"L(T), (14)
m=0

whereD is the fluctuation determinant without zero modg,(T') describes the actual integrations over the positions of
the valley instantons with zero-energy contributions of the determinant descrited=by — (v- — w)/2:

_ 1, form =0,
Im(T) = jg dTom f(7)-2m dTom—1 - fz)’z dr eE(TZm—sz—1+~~+Tz—7'1), form=0. (15)
The finite series can be summed by the use of the
generating function method [15] and yields we can now read off the tunneling ralte
Noe AT — N MT = _ -
Z(T) = +e e ’ (16) I' = |y| = 2D|codNm/2)|le . (19)

A = Ao Evidently, the tunneling rate depends on the parity of
whereA. = —&/2 + /é2/4 + y2. Thus the energies of the total number of particles in the system. Af is
the two lowest states are given by even, the total tunneling rate is of the same order as

o o z 2 the single-instanton rate. But, N is odd, the tunneling
E+ = > + A = > "3 * T + y2. (17) rate is zero. Since the o@éx/2) factor arises directly

from the topological phase, it represents an interference

Fore =0, 1,,(T),Z(T), and E- are reduced to the zero petween the instanton and anti-instanton contributions to

bias case. Since these energy eigenvalues and the amplinneling. Thus, the constructive interference between

tudes are identical to those obtained by diagonalizing thﬂ]e instanton and anti-instanton occurs whens even,

following matrix, while the destructive interference occurs wheéris odd.

This parity effect is quite different from that found in the
H = < Yo ) (18) supercondutor, which is based on the pair formation in the
—€+ 7 condensates [16,17].

< o8
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