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Theory of Unconventional Spin Density Wave: A Possible Mechanism of the Micromagnetism
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We propose a novel spin density wave (SDW) state as a possible mechanism of the anomalous anti-
ferromagnetism, the so called micromagnetism, in URu2Si2 below 17.5 K. In this new SDW, the
electron-hole pair amplitude changes its sign in the momentum space as in the case of the unconven-
tional superconductivity. It is shown that this state can be realized in an extended Hubbard model within
the mean field theory. We also examine some characteristic properties of this SDW to compare with the
experimental results. All these properties well explain the unsolved problem of the micromagnetism.
[S0031-9007(98)07466-3]
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Electronic states in the U-based heavy fermion co
pounds UPt3 and URu2Si2 have recently attracted much
attentions because of their curious physical properti
The antiferromagnetism is one of them: (1) Magnitud
of the induced staggered magnetic moment is extrem
small; it is about0.02mB for UPt3 (TN ­ 5 K) [1,2]
while 0.04mB for URu2Si2 (TN ­ 17.5 K) [3,4]. They
are about 1% of the values expected from the magne
susceptibility at high temperatures [5,6]. (2) The pha
transition can be observed by the neutron scattering [1
and the magnetic x-ray diffraction [2,4] in both the ma
terials; in the case of UPt3, however, it is not detected
by other probes, NMRT21

1 [7], the susceptibility, and the
specific heat [5]. On the other hand, a clear jump in t
specific heat atTN and rapid decreases in NMRT21

1 and
in the susceptibility belowTN can be observed in the cas
of URu2Si2. This indicates that, at least for URu2Si2, a
magnetic phase transition really occurs atTN.

Although various mechanisms have been proposed
order to explain thismicromagnetism[8–10], this prob-
lem still remains to be settled. Since the antiferroma
netism continues to exist even in the unconvention
superconducting phase, this problem is also related to
mechanism of the superconductivity in these materials.

Motivated by this situation, we study the micromag
netism and propose a new mechanism in this paper.
mainly focus on URu2Si2, because its phase transition i
well confirmed compared with UPt3 as noted in the above.
Namely, we studyhow the tiny moment and clear anoma
lies in some physical quantities can coexist without a
inconsistency.

Unconventional spin-density wave.—First of all, we
explain the outline of our idea. (1) In the spin-densi
wave (SDW), the ordered magnetic momentMQ is
given by

MQ ­
X

k

C
Q
k , (1)
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where C
Q
k ;

P
s skcy

ksck1Qsl is the electron-hole pair
correlation. (Q represents a characteristic wave vect
of the SDW.) In the ordinary simple SDW, Eq. (1) is
finite, becauseC

Q
k is a positive constant and is independe

of k. (2) In this paper, we notice thek dependence
of C

Q
k , and propose anunconventional SDWwhereC

Q
k

changes its sign depending onk; for example, thed-wave
symmetry C

Q
k ~ coskx 2 cosky as in the case of the

d-wave superconductivity. In this case, Eq. (1) give
MQ ­ 0, becauseC

Q
k is canceled in thek summation

due to its sign change. (3) Presence ofC
Q
k decreases

the excitation spectrum below the energy gap, even ifC
Q
k

is anisotropic andMQ is absent. Then, this energy ga
should inducea large anomalyin, for example, the specific
heat. Thus, “absence of the ordered magnetic mom
and presences of large anomalies in some thermodyna
quantities” can be realized in theunconventional SDW.

This is our basic idea for the micromagnetism i
URu2Si2. In the next section, we present a concre
example of this state based on a simple model.

Formulation.—Since the micromagnetism occurs afte
the heavy fermion was formed [6,11,12], we examine t
quasiparticle state described by the Hamiltonian

H ­ 2t
X

kijls
scy

iscjs 1 H.c.d 1 U
X

i

ni"ni#

1 V
X
kijl

X
ss0

nisnjs0 1 J
X
kijl

X
ss0

c
y
isc

y
js0cis0cjs ,

(2)

wherec
y
is is the creation operator of a quasiparticle an

nis ­ c
y
iscis. The band structure is controlled by th

hopping term in Eq. (2), in whichkijl represents the sum-
mation over nearest-neighbor pairs; although URu2Si2 is
a three dimensional material and should have a comp
band structure, we use a two-dimensional simple squ
lattice in order to grasp the essence of the unconventio
© 1998 The American Physical Society 3723
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SDW. Furthermore, we put the chemical potentialm

equal to zero: The Fermi surface is then in the perfe
nesting withQ ­ sp, pd. On the other hand, we take into
account three kinds of interactions: the on-site Coulom
repulsion U, the nearest-neighbor direct interactio
V s. 0d, and the exchange oneJ s. 0d.

Within the mean field theory, the most possible ordere
states which may be realized in Eq. (2) are the conve
tional SDW, the charge-density wave (CDW), and thre
kinds of novel SDW’s, all of that characterized by th
nesting vector,Q ­ sp, pd [13]. The mean field Hamil-
tonian for Eq. (2) is then given by

H ­
X
ks

jkc
y
kscks 1

1
2

X
k

fDCDW rkk1Q 1 H.c.g

1
1
2

X
ka

fDSDW
ka sz

kk1Q 1 H.c.g , (3)

wherejk ­ 22tscoskx 1 coskyd, rkk1Q ­ c
y
k"ck1Q" 1

c
y
k#ck1Q#, ands

z
kk1Q ­ c

y
k"ck1Q" 2 c

y
k#ck1Q#. (We have

chosen the direction of the SDW order parameters bei
parallel to thez axis without loss of generality.) The
CDW order parameter,DCDW , and the four SDW ones
specified by the channel indexa, D

SDW
ka , are respectively

given by8>>><>>>:
DCDW ­

8V 2 U 2 4J
2

X
k0s

krk01Qk0 l ,

D
SDW
ka ­

Ia

2
s

a
k

X
k0s

f
a
k0ksz

k01Qk0l .
(4)

In Eq. (4), f
a
k and Ia , respectively, represent the basi

function which determines the symmetry of the order p
rameter and the corresponding pairing interaction. For t
conventional “s-wave” SDW,fs

k ­ 1, andIs ­ U 2 4J.
On the other hand, the nearest-neighbor direct interact
in Eq. (2) gives three possible “unconventional” SDW’s
(1) d wave,fd

k ­ coskx 2 cosky ; (2) extendeds wave,
f

ex
k ­ coskx 1 cosky ; (3) p wave, f

p
k ­

p
2 sinkx,y .

All the three states have the same pairing interactio
Ia ­ V .

All the states obey the same form of the self
consistency equation,

1 ­ Ia

X
k

f
a2
k

2Ek
th

Ek

2T

sEk ­
q

j
2
k 1 jD

SDW
ka j2 d .

(5)

(For the CDW, we replaceIa ! 8V 2 U 2 4J and
D

SDW
ka ! DCDW .) Then, neglecting the anisotropy of the

Fermi surface and comparing the pairing interactions on
we immediately find that the unconventional SDW’s ar
the most stable in the range ofU 2 4J , V , sU 1

4Jdy7 [13]. Anisotropy of the Fermi surface widens
this region, and furthermore thed wave SDW becomes
3724
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the most favorable among the unconventional SDW’s, b
cause thed-wave basis function,fd

k ­ coskx 2 cosky ,
has a large value at the corner of the Fermi surface
which the density of states diverges. We demonstrate
typical U-V phase diagram atJ ­ t in Fig. 1. Clearly,
there exists a stable region of thed-wave SDW which is
wider than that of the above simple evaluation.

At this stage, it is difficult to evaluateU, V , and J
for URu2Si2. However, in real materials, at least the
on-siteU should be larger than the other nearest-neighb
interactions,V and J. Figure 1 shows that thed-wave
SDW can be realized even under this physical restrictio
U . V , J. Thus, thed-wave SDW can be considered as
a possible state in real systems.

Physical properties of thed-wave SDW.—Let us pro-
ceed to the detail analysis of some physical propertie
of the d-wave SDW comparing with the conventional
s-wave one. In what follows, we simply writeDSDW

ka­d,s

asD
d,s
k .

(1) SDW order parameter.—The d-wave SDW or-
der parameter,Dd

k must be a purely imaginary number
contrary to the conventional SDW, becauseD

d
k satis-

fies sDd
k dp ­ 2D

d
k due tof

d
k1Q ­ 2f

d
k . (Note that one

cannot choose the phase of the order parameter freely
contrast to the case of the superconductivity.) Because
this property, thed-wave SDW has a finite spin current as
pointed out by Ozaki [13].

Figure 2 shows the temperature dependence of t
SDW order parameter. It is found that there is no essent
difference in between thed-wave SDW and thes-wave
one. In thed-wave case, the ratio of the order paramete
to TN is

2Dmax

TN
. 4.8 fDmax ; maxsjDd

k jdg . (6)

FIG. 1. U-V phase diagram atJ ­ t. All the states in the
figure are characterized by the nesting vectorQ ­ sp, pd.
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FIG. 2. Temperature dependence of the order parameter n
malized byD0 ; DsT ­ 0d of each state. Relation betweenD

in the figure and the order parameter isD
d
k ­ ifkD in the case

of the d wave. We putsU 2 4Jdyt ­ Vyt ­ 2, which gives
TN . 0.4t (0.2t) for the d wave (s wave). We also use the
same parameter set in Fig. 3.

Thus this state has a large excitation gap with the ord
of TN. Such a gap is actually observed by the inelas
neutron scattering [3,4]. (Strictly speaking, since th
d-wave order parameter has nodes, the density of sta
is not completely absent even belowDmax.)

(2) Thermodynamic properties.—We examine how the
presence of the excitation gap affects the thermodynam
property below TN. Here, we show two examples
(A) Figure 3(a): specific heatC.

CsT d ­
X

k

√
E2

k

T
2

1
2

djD
d,s
k j2

dT

!
d

dEk
th

Ek

2T
. (7)

The specific heat shows a discontinuous jump atTN as
in the case of the conventional SDW. The origin o
the jump is thedjD

d,s
k j2ydT term in Eq. (7) because of

jD
d,s
k j ~

p
TN 2 T nearTN.

(B) Figure 3(b): uniform susceptibilityx0.8>>><>>>:
x0k ­

1
2

X
k

d
dEk

th
Ek

2T
,

x0' ­
1
2

X
k

√
jD

d,s
k j2

E3
k

th
Ek

2T
1

j
2
k

E2
k

d
dEk

th
Ek

2T

!
,

(8)

wherex0k (x0') is the parallel (perpendicular) componen
to thez axis. x0' is almost constant belowTN, while x0k

shows a rapid decrease due to the reduction of the den
of states below the energy gap; their behaviors are j
equal to those in the usual antiferromagnetism.

Since the density of states behaves likeNsEd ~ EsE ,
0d in the case of thed-wave SDW,C andx0 show power-
law temperature dependences atT ø TN asC ~ T2 and
x0k ~ T . On the other hand, they show exponenti
decreases in the case of the conventionals-wave SDW
due to the finite excitation gap.
or-
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FIG. 3. Temperature dependences of (a) the specific h
(b) the uniform susceptibility, and (c) the staggered magne
moment. These are, respectively, scaled toCsT ­ TN 1 0d,
x0sT ­ TNd, andMz

QsT ­ 0d. In each figure, the temperature
is normalized byTN of each state; the discrepancy inT . TN
arises from the difference ofTN in between thes wave and the
d wave. In (b),xzz and xxx are, respectively,x0k and x0' in
this text.

(3) Magnetic moment.—The staggered magnetic mo
ment is given by

Mz
Q ­

X
k

ksz
kk1Ql ­

X
k

D
d,s
k

2Ek
th

Ek

2T
. (9)
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In the case ofd-wave SDW, Eq. (9) always vanishes be
cause ofDd

k ~ f
d
k . Namely, the spin density itself is ho-

mogeneous in spite of the name “spin density wave” [14
We emphasize that the absence ofMz

Q is qualitatively dif-
ferent from the case of the conventionals-wave SDW in
which Mz

Q is essentially equivalent to the order paramete
We show their qualitative difference in Fig. 3(c).

The absence ofMz
Q means that the antiferromagneti

susceptibility does not diverge atT in contrast to the con-
ventionals-wave SDW. In the latter case, the divergenc
leads to a deviation of NMRT21

1 from the Korringa-like
temperature dependence. On the other hand, theT21

1 ~ T
is expected up to just aboveT in the d-wave SDW be-
cause of the absence of the divergence in the spin susc
tibility. This result agrees with the experiment [7].

How does the “micro-” but “finite-”staggered momen
appear in the presentd-wave SDW? We have two an-
swers for this question: (1) When the lattice is deforme
to some extent, the cancellation of the summation
Eq. (9) becomes incomplete because of the deformat
of the Fermi surface. ThenMz

Q can be finite. In this
case, the staggered magnetic moment may strongly
pend on the applied pressure; such a behavior is actu
reported in UPt3 [15]. (2) Since the unconventional SDW
should be destroyed near impurities and boundaries,
s-wave SDW may be induced around them by the pro
imity effect, as in the case of the superconductivity. I
this case, we obtain a finite staggered magnetic mom
with a short range correlation, because the staggered m
netic moment which accompanies thes-wave component
localizes around the defects. We explain details of the
mechanisms in our forthcoming paper [16].

In summary, we have proposed a novel SDW chara
terized by the electron-hole pair amplitude changing
sign in the momentum space as a possible mechanism
the micromagnetism in URu2Si2. This kind of unconven-
tional SDW shows clear anomalies in the specific heat a
the uniform susceptibility as in the case of the usual SDW
while the induced staggered magnetic moment is abse
We emphasize that these results well explain the pro
erties of the micromagnetism in URu2Si2. Although we
examined thed-wave SDW in two dimension as a simple
example, the essential results in this paper describe g
eral property of the unconventional SDW.

Finally, we briefly comment on UPt3 which has no
anomaly in, for instance, the specific heat. When w
consider the order parameter which is zero at the Fer
surface, such as an extendeds-wave symmetry or an
odd-v state discussed in the field of superconductivity, th
jump in the specific heat becomes small or absent. Th
we can expect that the unconventional SDW is a possi
mechanism also for the micromagnetism in this materia
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