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We study transport in a class of physical systems possessing two conserved chiral charges
describe a relation between universality of transport properties of such systems and the chiral ano
We show that the nonvanishing of a current expectation value implies the presence of gapless m
in analogy to the Goldstone theorem. Our main tool is a new formula expressing currents in term
anomalous commutators. Universality of conductance arises as a natural consequence of the non
malization of anomalies. To illustrate our formalism we examine transport properties of a quan
wire in 1 1 1 dimensions and of massless QED in a background magnetic field in3 1 1 dimensions.
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Transport properties of a physical system are usua
linked to complicated dynamical processes (such as i
purity scattering, interparticle interactions, etc.) and,
general, are not universal. Systems not exhibiting a
dissipative processes may, however, exhibit some univ
sal transport coefficients that are insensitive to changes
the microscopic constitution of the system. When on
encounters a universal transport coefficient one shou
look for a physical principle explaining its universality
In the quantum Hall effect, for instance, the universalit
of the Hall conductance can be linked to gauge invarian
[1]. Another example is superconductivity, where it is th
spontaneous breaking of the U(1) gauge symmetry [2] th
leads to the vanishing of the longitudinal resistivity and t
the Meissner effect. In both examples the conductivity
universal with amazing accuracy, which is the result o
the existence of a gap in the spectrum of bulk charg
excitations. Note, however, that an incompressible qua
tum Hall system with an edge must support a branch
compressible edge states, which play an essential role
understanding Hall quantization.

In this paper we consider a class of physical system
having no gap for charged excitations, yet exhibitin
universal transport properties. At low energies the
systems are assumed to possess twocommuting conserved
chiral chargesQL andQR corresponding to the particles
of left and right chirality. Although our method is not
limited to the electric transport, we consider the electr
conductance as a representative example. The latte
defined asG ­ IyV , whereI is the electric current and
eV ­ mL 2 mR is the difference between the chemica
potentialsmL andmR of the reservoirs of the particles of
left and right chirality. We show that the conductanc
G is independent of the dynamics of the system as lo
as the chargesQL and QR are conserved. The principle
that protects the universality is the nonrenormalization
chiral anomalies by interactions [3]. To illustrate ou
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conclusions, we examine the transport properties of
quantum wire in1 1 1 dimensions and of massless QED
in a background magnetic field in3 1 1 dimensions.

The main tool we are using is a new formula (5) whic
relates the dc current to the anomalous commutato
In order to obtain this formula we use the methods
equilibrium statistical mechanics—an approach that h
proven to be effective at the description of some transp
phenomena in solids [4–6]. The only condition impose
on the dynamics of the system is the existence of tw
commuting conserved chargesQL andQR ,

fH , QLg ­ fH , QRg ­ 0, fQL, QRg ­ 0 . (1)

HereH is the Hamiltonian of the theory. We denote th
conserved Noether currents corresponding to the char
QL andQR by j

m
L andj

m
R . In the examples below,jL and

jR are chiral currents corresponding to the fermions
left and right chirality (in1 1 1 or in 3 1 1 dimensions).
The observable we are interested in is the electric curr
j

m
e ­ esj

m
L 1 j

m
R d (e is the elementary electric charge)

Henceforth, we will refer to the differencej
m
a ­ esj

m
L 2

j
m
R d as the axial current.

Physically, the conservation of the chargesQL andQR

means that there is no scattering of the particles of l
chirality to the right ones and vice versa.

The conserved chargesQL andQR are conjugate to the
chemical potentialsmL andmR of the external reservoirs
of the particles of left and right chirality. The therma
state of the system connected to the external reservoir
given by the density matrix,

Sm ­ e2bHm , Hm ­ H 1 mLQL 1 mRQR ,
(2)

and its transport properties are described byequilibrium
statistical mechanics.

The continuity equation for the electric currentj
m
e ­

sr, jd reads≠mj
m
e ­ 0. In d 1 1 dimensions it can be
© 1998 The American Physical Society 3503
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solved in terms of an antisymmetric tensor fieldb of rank
sd 2 1d, j

m
e ­ emn1···nd ≠n1 bn2···nd , whereemn1···nd is Levi-

Civita’s antisymmetric tensor. Note that the fieldb is
not a physical observable of the system. A shiftb °
b 1 h, where the tensorh satisfiesemn1···nd ≠n1 hn2···nd ­
0, does not change the physical quantitiesjm and can
be interpreted as a gauge transformation. This gau
freedom results in the fieldb having only d physical
degrees of freedom. One may choose a specific gau
for the potentialb which allows one to explicitly express
the physical degrees of freedom of the fieldb in terms of
a d-vector fielda:

r ­ e= ? a, j ­ 2e≠ta . (3)

In the equilibrium state characterized by the chemic
potentialsmL andmR , the expectation value of the curren
is given by

kjsxdlm ­ 2ek≠tasxdlm

­
ie
h̄

kfH , asxdglm

­
ie
h̄

Z21
m Trhe2bHm fHm, asxdgj

2
ie
h̄

Z21
m Trhe2bHmfmLQL 1 mRQR , asxdgj ,

(4)

where Zm ­ TrSm. Note that, in the quantum theory
of thermal equilibrium states (see, e.g., [7]), imaginary
time Green functions in the grand-canonical ensemb
are constructed in terms of the “Hamiltonian”Hm.
However, the physical time evolution of operators in th
Heisenberg picture is determined by the HamiltonianH .
For operators which commute with conserved charge
the time evolutions determined byHm and by H
coincide. But for general operators, such as creation a
annihilation operators, the true time evolution is the on
determined byH .

At first sight both terms on the right-hand side (rhs) o
(4) must vanish by cyclicity of the trace, becauseHm and
mLQL 1 mRQR commute with exps2bHmd. However,
we are not allowed to use the formula Trfa, bgc ­
Trsabcd 2 Trsbacd, because the products of three opera
tors define unbounded operators which are not of tra
class [8]. This problem is a manifestation of zero-mod
divergences.

A more careful analysis shows that only the first trac
on the rhs of (4) vanishes. Indeed, if we regularize th
system by modifying the HamiltonianH in such a way
that a small spectral gap above the ground state ene
is opened then, for a system in a finite box,e2bHm is
of trace class, and the appropriately smeared fieldasxd is
bounded by some function ofHm. Then the first trace on
the left-hand side (lhs) of (4) vanishes, by cyclicity of the
trace. But this argumentcannotbe applied to the second
3504
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trace on the rhs of (4), because, after regularization,QL

andQR do no longer commute withHm.
Finally, formula (4) yields the universal result

kjsxdlm ­ 2
ie
h̄

kfmLQL 1 mRQR , asxdglm

­ 2
i

2h̄
smL 2 mRd

Z
ddykfj0

asyd, asxdglm . (5)

Formula (5) expresses the electric current in terms of t
anomalous commutator of the time component of the ax
current with the fielda solving the continuity equation.

Next, we want to show how nontrivial physical conclu
sions can be arrived at by applying formula (5) to concre
physical systems. Our first example is a one-dimensio
interacting electron liquid (quantum wire). It had lon
been understood [4] that the conductanceG ­ IyV (where
I is the electric current andV is the voltage drop) of a
pure noninteracting quasi-one-dimensional electron syst
must be quantized in units of2e2yh [4]; i.e.,

G ­ 2n
e2

h
, n ­ 0, 1, 2, . . . , (6)

wheree is the elementary electric charge andh is Planck’s
constant. The factor of 2 on the rhs of (6) originates
the spin of electrons, the factor ofn corresponds to the
number of filled energy bands of transversal quantizati
which form one-dimensional conducting channels.

It was far from clear, however, how the electron
electron interaction influenced the conductance. For
long time it was believed that repulsive electron-electro
interactions should suppress the conductance. Recent
periments [9] indicate that the suppression of conductan
cannot be caused by electron-electron interactions alo
but is due to the presence of disorder coupling left-
right-movers and depends on the disorder potential and
temperature.

It was argued in [10] that the nonrenormalization o
conductance by electron-electron interactions was due
the strong influence of the boundary conditions impos
by the reservoirs. This idea was supported by calculati
the current-current correlation function of a model on
dimensional system where the reservoirs were mode
by turning off electron-electron interactions outside som
finite region of the system. Conductance quantizati
in quantum wires and quantum Hall systems has be
compared in [6].

We shall show that a pure quantum wire (with no im
purity backscattering) satisfies the dynamical requireme
(1) and the universality of conductance quantization,
expressed in Eq. (6), follows directly from formula (5)
For simplicity, we shall consider spinless fermions an
drop the factor of 2 in (6).

The Hamiltonian of a general one-dimensional interac
ing fermionic system is given by

H ­ ih̄yF

Z
dxscp

L≠xcL 2 cp
R≠xcRd 1 H int, (7)
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where cL and cR are left- and right-moving electrons
of the noninteracting model, andHint is the interac-
tion Hamiltonian. It includes higher order terms inc
corresponding to electron-electron scattering as well
quadratic terms responsible for nonlinearity of dispe
sion. We refer to modes created byc

p
L and c

p
R as left-

and right-movers in spite of the fact that dynamicall
they are not necessarily quasiparticles of the interacti
model. One can introduce densities of left- and righ
moversc

p
LcL ­ nL, c

p
RcR ­ nR . The total charge den-

sity is given byr ­ esnL 1 nRd. The expression for the
electric current densityj in terms of cL and cR is not
universal and depends on the particular form ofHint.

If we assume that the junctions between the on
dimensional system and the electron reservoirs are ad
batic, the conserved charges conjugate to the chem
potentials of the reservoirs are equal to the integrals
nL andnR :

QL ­
Z

dx nL, QR ­
Z

dx nR . (8)

We assume that these charges commute with the inter
ing Hamiltonian (7).

It is convenient to use one-dimensional bosonizatio
formulas [11] for the Fermi fieldscL andcR,

cL ­ e22pifL , cR ­ e2pifR . (9)
The bosonic fieldsfL and fR satisfy the commutation
relations

ffL,Rsxd, fL,Rsydg ­ 6
i

4p
´sx 2 yd ,

ffLsxd, fRsydg ­
i

4p
, (10)

where ´sx 2 yd ­ 1, x . y; and ´sx 2 yd ­ 21, x ,

y. The densities of left- and right-moving particles ac
quire the formnL ­ ≠xfL, nR ­ ≠xfR. The conserved
chargesQL andQR have the following commutation rela-
tions with the bosonic fields:

fQL, fLsxdg ­
i

2p
, fQR , fRsydg ­ 2

i
2p

. (11)

The electric charge density is then given by
r ­ es≠xfL 1 ≠xfRd ­ e≠xa , (12)

wherea is the current potentiala ­ fL 1 fR. We note
that all of the commutation relations and bosonizatio
rules listed above depend only on the kinematics of Fer
fields and are entirely independent of the dynamics
the system. Our only important dynamical assumptio
is the commutativity of the chargesQL andQR with the
Hamiltonian of the interacting system.

Formulas (5) and (11) can now be combined to yie
the electrical conductance

kjsxdlm ­ 2i
e
h̄

kfmLQL 1 mRQR , asxdglm

­
e
h

smL 2 mRd . (13)
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This concludes the derivation of the universal condu
tance formula (6).

Next, we test formula (5) on a (3 1 1)-dimensional ex-
ample of massless Dirac fermions coupled to the elect
magnetic field. This system is described by the Lagrang

L ­ 2
1
4

FmnFmn 1 cp
Ls

m
L

µ
ih̄≠m 2

e
c

Am

∂
cL

1 cp
Rs

m
R

µ
ih̄≠m 2

e
c

Am

∂
cR , (14)

where sL
m ­ sI, skd, sR

m ­ sI, 2skd. Chiral currents
j

m
L ­ c

p
LsL

mcL and j
m
R ­ c

p
RsR

mcR are not conserved
because of the chiral anomaly. The conservation
recovered upon adding a Chern-Simons term [12]:

j̃
m
L,R ­ j

m
L,R 6

a2

8p2e2 emnlsAn≠lAs , (15)

wherea is the fine structure constanta ­ e2yh̄c. The
corresponding charges,

QL ­
Z

d3x j̃0
L, QR ­

Z
d3xj̃0

R , (16)

are conserved. Note that the currents introduced in (1
are conserved, but fail to be gauge invariant. However, t
chargesQL andQR are not only conserved but also gaug
invariant. Thus we may introduce the chemical potentia
mL and mR canonically conjugate to these conserve
charges. A situation wheremL is different from mR is
encountered in some models of the early Universe [13].

Our goal is to compute the expectation value of th
electric currentj in the background electromagnetic field
Am applying formula (5):

kjsxdlA ­ 2
ie
2h̄

smL 2 mRd kfQL 2 QR , asxdglA . (17)

The commutators of the densities of the left- and the righ
handed fermions are given by [12]

f j̃0
L,Rsxd, j̃0

L,Rsydg ­ 6
ia

4p2e
≠kfBksxddsx 2 ydg , (18)

whereas the commutator of the left-handed and t
right-handed current is zero. HereBk ­ eijk≠iAj is the
magnetic field strength. The commutator of axial an
electric charge densities is of the form

frasxd, resydg ­
iea

2p2 ≠kfBksxddsx 2 ydg . (19)

Assuming that the commutator ofra with a is local, one
can remove the divergence on the rhs of (19):

frasxd, aksydg ­
ia

2p2 Bksxddsx 2 yd 1 . . . , 20)

where the. . . stand for a term of the form of a curl of
some vector field. Substituting (20) into (17) yields

kjksxdlA ­
a

4p2h̄
smL 2 mRdBksxd . (21)
3505
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Note that only the first term on the rhs of (20) contribute
to the current. Another one drops out due to the integr
tion in (16). The result (21) can be easily verified on th
example of a noninteracting system in a constant unifor
magnetic field, where the single-particle picture of [4] ca
be implemented. Our derivation implies that formula (21
holds true when the magnetic field is not necessarily un
form. In analogy to the previously considered quantu
wire, the formula for the dc current (21) is not affected b
interactions preserving chargesQL andQR [3]. Coupling
to the electromagnetic U(1) gauge field in (14) is an e
ample of such an interaction.

Our next goal is to exhibit a relation between th
conductance formula (5) and the Goldstone theore
Recall that the Goldstone theorem states that in a syst
with spontaneous symmetry breaking there is a massl
mode (Goldstone boson). At zero temperature the us
proof proceeds as follows (see, e.g., [14]): assume th
the symmetry group is compact, and denote the symme
generators byLa, La ­

R
ddxjasxd, where ja stand

for time components of conserved Noether curren
Spontaneous symmetry breaking manifests itself in
nonvanishing expectation valuekfLa, Fsxdgl fi 0 of a
commutator of a symmetry generatorLa with some local
operatorF. Then,Z

ddykT fjast, ydFss, xdgl

Ét­s1e

t­s2e

fi 0 . (22)

Since the currentja
n is conserved, the integration surfac

can be deformed into a sphere of arbitrarily large radiu
R. In order to obtain a nonvanishing expectation valu
in (22), the correlation function ofjasyd and Fsxd must
decay asR2d, where d is the spatial dimension. This
implies the existence of massless modes in the system.

Note that the rhs of the universal conductance formu
(5) is exactly of the form (22). The Noether curren
in this problem is the axial currentjasxd; the symmetry
group is the axial symmetry. Such as in the derivation
the Goldstone theorem, a nonvanishing expectation va
of the current,kjsxdlm fi 0, implies the existence of a
massless mode in the system. For instance, in the o
dimensional transport problem, this gapless mode is t
density wave described by the fieldasxd. The existence of
this mode implies that, in the limit of large distance and lo
frequency scales, the system is described by a conform
field theory with a chiral algebra which contains a U(1
current algebra. In our simple example, this conform
field theory is described by the Luttinger model.

Although we observe a close analogy between th
derivation of the Goldstone theorem and our formu
(5), there is an important physical difference. It is be
illustrated by working out the example of the quantum
3506
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wire. There is, in fact, no spontaneous symmet
breaking in the one-dimensional transport problem. T
axial symmetry group of this system is U(1). Whe
one introduces an operatorasxd solving the continuity
equation, one decompactifies the axial group from U(
to R. Indeed, under the action of the symmetry ge
erator QL 2 QR the field asxd is shifted by a constant,
fQL 2 QR , asxdg ­ iyp. The group U(1) has no rep-
resentations of this type; a constant cannot be in
same multiplet as a nontrivial field. By introducing th
unphysical fieldasxd, we effectively replace U(1) by its
covering groupR. Of course, it is not surprising to find
that the expectation value of a constant is nonvanishi
But this fact is not related to any physical symmet
breaking. Note, that this situation is special for Abelia
symmetry groups.
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