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We investigate the mixed-valent regime of a two-configuration Anderson impurity model for
uranium ions, with separate quadrupolar and magnetic doublets. With a new Monte Carlo approac
and the noncrossing approximation we find (i) a non-Fermi-liquid fixed point with two-channel
Kondo model critical behavior, (ii) distinct energy scales for screening the low-lying and excited
doublets; (iii) a semiquantitative explanation of magnetic-susceptibility data forU12xThxBe13 assuming
60% 70% quadrupolar doublet ground-state weight, supporting the quadrupolar-Kondo interpretation.
[S0031-9007(98)07334-7]
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Since the 1950’s, Landau’s Fermi-liquid theory ha
shaped our understanding of the metallic state. Bas
on the notion of a one-to-one mapping between the lo
lying excitations of the interacting system and that o
the noninteracting electron gas, the theory provides a
markably robust scenario for the low-temperature pro
erties of interacting electron systems. It is against th
outstanding success that a growing class off-shell mate-
rials—predominantly Ce- and U-based alloys—receive
considerable attention in recent years. Characterized b
logarithmically divergent linear coefficient of specific hea
and anomalous temperature dependences of the resist
and susceptibility, these materials appear to depart fr
the conventional Fermi-liquid scenario [1], thus challen
ing our understanding of metallic behavior.

In this paper, we present results on the two-chann
Anderson impurity model in the mixed-valent regime, mo
tivated by the unusual nonlinear susceptibility data of th
non-Fermi-liquid (NFL) alloy systemU12xThxBe13. The
restricted Hilbert space of our model, a ground quadrup
lar (non-Kramers) doublet in the5f2 configuration and a
ground magnetic (Kramers) doublet in the5f3 configura-
tion, renders it intractable to study by conventional Mon
Carlo methods. We have developed a new Monte Ca
method based upon the mapping onto a Coulomb g
We use this method to calibrate noncrossing appro
mation (NCA) results, which can then be extended
more extreme parameter regimes. We find that the mo
displays NFL physics characteristic of the two-chann
Kondo model, even at the extreme mixed-valent lim
when the two charge configurations are degenerate.
also find that two energy scales appear in the screen
process away from the configurational degeneracy po
Using this model we are able to semiquantitative
explain the linear and nonlinear susceptibility data b
assuming 60% 70% ground-state weight for the
quadrupolar doublet, with the Th doping inducing
higher 5f2 count, consistent with expectations from la
tice constant data. We do not, however, explain the sm
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energy scale for UBe13, and anticipate that dynamica
inclusion of excited crystal field (CEF) levels in the5f2

configuration may remedy this problem.
A proposed scenario for the NFL physics of UBe13 in-

volves the screening of uranium quadrupole moments
the 5f2 configuration by conduction orbital motion [2]
This quadrupolar Kondo effect can explain the enhanc
specific heat and other data in this compound. In pr
ciple, though, the screened moment in the scenario
Ref. 2 can be either magnetic or quadrupolar, depe
ing on which ionic charge configuration (U31 or U41)
is lower in energy. Which case is realized in UBe13 is
still unresolved. While the nonlinear magnetic suscep
bility [3] is suggestive of a magnetic trivalent state, th
rather weak temperature dependence of the linear sus
tibility is more consistent with a nonmagnetic tetravale
state. Recently, following experiments on the nonline
susceptibility ofU0.9Th0.1Be13, Aliev et al. [4] suggested
a different physical regime, in which strong quantum flu
tuations drive the uranium ions to a mixed-valent state.

Here we explore the possibility of a mixed-valent sta
in the framework of the two-channel Anderson model [5
which consists ofG8 conduction electrons carrying both
spin (s ­", #) and quadrupolar (a ­ 6) quantum labels,
hybridizing via a matrix elementV with a local uranium
ion. The latter is modeled by aG3 quadrupolar doublet
in the5f2 configuration and aG6 magnetic doublet in the
5f3 configuration, separated in energy byef ­ Es5f2d 2

Es5f3d. The corresponding Hamiltonian reads

H ­
X
kas

ekc
y
kasckas 1 ef

X
a

j5f2, al k5f2, aj

1 V
X
kas

hcy
kasj5f2, 2al k5f3, sj 1 h.c.j , (1)

wherec
y
kas creates aG8 conduction electron with spins

and quadrupolar momenta. This model may be applied to
U12xThxBe13 for temperatures above about half the Kond
scale, for which coherent lattice effects are small.
© 1998 The American Physical Society 3235
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In the integer-valence limit,G ; prV 2 ø jef j (r

being the conduction-electron density of states at t
Fermi level), Eq. (1) reduces to the two-channel Kond
Hamiltonian, [6], which is exactly solvable by a numbe
of methods: Bethe ansatz [7], conformal field theory [8
and Abelian bosonization [9]. However, none of these s
lutions extend to the Hamiltonian of Eq. (1), where charg
fluctuations are present. This model is also intractable
conventional determinantal quantum Monte Carlo.

To overcome the difficulties associated with the Ham
tonian of Eq. (1) we devised a new approach, based on
mapping the corresponding partition function onto a cla
sical one-dimensional Coulomb gas, and (ii) sampling t
latter gas using Monte Carlo techniques. This approa
allows an accurate calculation of the low-temperature th
modynamics of the model deep into the mixed-vale
regime, all the way from weak to strong coupling. It als
enables the computation of the nonlinear susceptibili
which, due to the high-order correlation function involved
is typically inaccessible to determinantal quantum Mon
Carlo methods. Below we outline our approach, startin
with the mapping onto a Coulomb gas.
3236
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The formal connection between the Kondo effect a
the statistical-mechanical problem of a one-dimension
Coulomb gas was first recognized for the Kond
Hamiltonian [10], and later extended to the one-chann
Anderson model [11,12]. Here we generalize the mapp
to the Hamiltonian of Eq. (1). The basic idea is to expa
the partition function in powers ofV , expressing it as a
sum over all possible histories of the impurity. A histor
is a sequence of hopping events, or kinks, which prese
overall the impurity state and the occupation of ea
conduction-electron branch. Each history is represen
by a sequence of impurity states,hg0, . . . , gnj, and a
sequence of imaginary times,ht1, . . . , tnj, corresponding
to the instances at which hopping events take pla
Tracing over the conduction-electron degrees of freed
generates a long-range “Coulomb” interaction between
kinks within a given history. These couple through th
four-component charges$ei ­ sdN"1, dN#1, dN"2, dN#2d,
where dNsa is the change in occupancy of thes, a

conduction-electron branch due to theith hopping event
(i.e., the transition from stategi21 to stategi). Denoting
the impurity-free partition function byZ0, one has
Z
Z0

­
X̀
n­0

√
G

pD

!ny2 X
gn­g0,...,gn21

dSi $ei ,0

Z b

0

dtn

tc
. . .

Z t2

0

dt1

tc
exp

24 nX
i.j­1

Fsti 2 tjd $ei ? $ej 2

nX
i­0

sti11 2 tidEgi
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whereEg is the bare energy of theg impurity state (zero
for 5f3 and ef for 5f2); Fstd is the interaction strength
between kinks with time separationt; andt0 andtn11 are
equal to zero andb, respectively. At zero temperature
Fstd reduces to lns1 1 jtjytcd, whereD ­ 1ytc plays
the role of a bandwidth. AtT . 0, the logarithm is
replaced by a more complicated expression. The neutra
condition dSi $ei ,0 selects only those histories that overa
preserve the occupation of each conduction branch.

The impurity contribution to thermodynamic quantitie
can be computed directly from the Coulomb-gas repr
sentation of Eq. (2) using Monte Carlo techniques. Th
formulation has the crucial advantage of being free
any sign problem, as the different terms in Eq. (2) are
positive. Below we present our results for the mixed
valent regime.

We begin our discussion with the limit of strong va
lence fluctuations,jef j ø G, represented byef ­ 0. In
Fig. 1 we have plotted the impurity susceptibility,xsT d,
in response to a field that couples linearly to one of the im
purity moments—either the magnetic moment in the ca
of a magnetic field or the quadrupolar moment in the ca
of an electric or strain field (the two susceptibilities ar
identical for ef ­ 0). In a Fermi liquid,xsT d saturates
at a constant asT ! 0. Here it diverges logarithmically
with decreasing temperature, consistent with the NFL b
havior of the two-channel Kondo model [7]. The logarith
mic temperature dependence extends from weak coupl
,

lity
ll

s
e-
is
of
all
-

-

-
se
se
e

e-
-
ing

(GyD ø 0.03 in Fig. 1) to strong coupling (GyD ø 0.8).
Thus, the same critical behavior of the integer-valent lim
persists into the mixed-valent regime.

The crossover to logarithmic temperature dependen
in Fig. 1 is associated with a characteristic energy sc
or Kondo temperature,TK , defined as the tempera
ture at which the effective moment per unit occupanc
meffsT d ; TxisT dynisT d, is 60% screened. HerenisT d
and xisT d are the occupancy and susceptibility of th
corresponding5fi doublet (i ­ 2, 3; we usemBgi ­ 1,
except in Fig. 3 below). Note that thef-electron count
is given by 3 2 n2sT d, and thatnisT d is fixed at one-
half for ef ­ 0. At high temperature,meffsT d reduces
to the free-moment value of one-quarter. HenceTK

is defined bymeffsTK d ­ 0.1. For the cases shown in
Fig. 1, this definition gives good agreement (within25%)
with a slope of1y20TK for the logarithmic component
of xisT dynisT d, as is characteristic of the two-channe
Kondo effect [13].

Figure 2 depicts the Kondo temperatureTK as a func-
tion of G, for ef ­ 0. Rather than varying exponentially
with 1yG, over the range0.01 , GyD , 0.2 we find the
power-law dependenceTK , Gx , with x ø 0.9. This be-
havior is very close to the linear dependence expec
from simple renormalization-group (and analytic NCA
arguments. However, we findTK yG ø 0.2, which is not
expected from the renormalization-group and NCA arg
ments. For a representative valueG ­ 0.3 eV, this ratio
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FIG. 1. The impurity susceptibility,xsT d, for ef ­ 0 and
different GyD. xsTd is defined as the response to a field tha
couples linearly to one of the impurity moments (foref ­ 0,
the magnetic and quadrupolar susceptibilities are identica
Error bars are smaller than the symbols used. ForT , TK
(TK the Kondo scale),xsTd has the logarithmic temperature
dependencexsTd , sayTK d logsTK yT d, with a extracted from
a logarithimic fit (dashed lines). In going from large to sma
GyD, a takes the values 0.019, 0.024, and 0.029, whileTK yD
equals 0.09, 0.032, and 0.00662, respectively. The solid lin
in the middle and lower graphs are the results of the NC
with GyD ­ py23 andGyD ­ py144, respectively (see text).
There is excellent agreement between the NCA and the Mo
Carlo results down toTyTK ø 0.7, at which point the NCA
curves cross over to a logarithmic temperature dependence w
a ­ 0.037 and 0.042 forGyD ­ py23 and GyD ­ py144,
respectively.

gives a Kondo temperature ofTK , 600 K, i.e., 60-fold
larger than the10 K seen in UBe13. Hence, contrary to
previous claims for an uranium ion with full spherica
symmetry [14], our model does not support a small e
ergy scale in the limit of strong valence fluctuations.

Figure 2 also presents a comparison between the Mo
Carlo approach and the NCA [5]. Within the NCA, the
low-energy physics is exclusively determined by the rat
of the spin degeneracy to the number of independe
conduction-electron channels [5]. Thus, irrespective
the interconfigurational energyef , the NCA yields the
critical behavior of the two-channel Kondo model fo
the Hamiltonian of Eq. (1), in agreement with the Mont
Carlo result. In Fig. 2, the NCA curve forTK is slightly
shifted (on a log-log scale) with respect to the Mon
Carlo curve. This shift may be accounted for by rescalin
GNCA relative to GMC, which we attribute in part to
the different high-energy cutoff schemes used in the tw
formulations. By matching the NCA and the Monte Carl
occupation numbers away fromef ­ 0, we extracted the
rescaling factorGMCyGNCA ø 1.44. Using this rescaling,
one obtains good quantitative agreement between
Monte Carlo and the NCA results throughout the mixe
t
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FIG. 2. TK versusG, for ef ­ 0. Open circles are the results
of the Monte Carlo techniques; full line was obtained using the
NCA. Error bars for the Monte Carlo data are smaller than th
symbols used. Inset: The screening temperaturesTK yD (open
circles) andTexyD (filled squares) as a function ofjef jyD,
for fixed GyD ­ py16 (results obtained using Monte Carlo
technique).

valent regime, as is exemplified in Fig. 1 for the scaled
susceptibility,TKxsT d.

In going to ef fi 0, the spin and the quadrupolar mo-
ments are no longer screened at the same temperatu
Specifically, the moment associated with the excited dou
blet is quenched first at a characteristic temperatureTex,
followed by the moment associated with the low-lying
doublet which is screened atTK , Tex. Physically, each
screening temperature represents a different crossov
Screening of the excited doublet sets in as the occupan
of that doublet crosses over from a high-temperature fre
ion (Boltzmann) form to one that is governed by valence
fluctuations. On the other hand,TK marks the crossover
to strong coupling and the onset of NFL behavior.

In the inset of Fig. 2 we have plottedTex andTK as a
function of jef j, for GyD ­ py16. The ground-state oc-
cupancy of the5f2 doublet ranges in this plot fromn2 ­
0.29 for ef ­ 0.2 to n2 ­ 0.71 for ef ­ 20.2. Note that
Tex andTK interchange meanings, depending on the sig
of ef : For ef . 0, Tex and TK are the screening tem-
peratures for the quadrupolar and the magnetic momen
respectively; foref , 0, the roles are reversed.

As seen in Fig. 2,Tex grows essentially linearly with
jef j. This stems from the fact that the free-ion occupanc
of the excited doublet decays exponentially withjef jyT .
Consequently, the crossover to an occupancy driven b
charge fluctuations is exponentially sensitive tojef jyTex.
Contrary toTex, TK decreases with increasingjef j, becom-
ing exponentially small forjef j ¿ G. Extracting the ratio
TKyG for jef j ­ 0.2 and using the valueG ­ 0.3eV , one
obtainsTK , 150 K, which is still an order of magnitude
too large to explain the10 K observed in UBe13.

Finally, we have computed the nonlinear susceptibil
ity, xs3d, defined from expansion of the magnetization
in the direction of the applied field:MsHd ­ x s1dH 1
3237
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FIG. 3. x s3dsT d along the (100) direction, forGyD ­ py16
and efyD ­ 20.2 (±), 20.08 (,), 0 (n), and 0.2 (h). The
corresponding ground-state5f2 weights equal 0.71, 0.59, 0.5,
and 0.29, respectively, whileTK yD ­ 0.032, 0.02, and 0.009
for jef jyD ­ 0, 0.08, and 0.2. Inset: Linear susceptibility fo
the same set of parameters. ForTK ø 10 K, as appropriate
for UBe13, x s3dsT ­ TK d ø 20.12 emuymoleT3 for efyD ­
20.08, in close agreement with experiment [3,4] (correspon
ing value for UBe13 is indicated by the arrow). Similarly,
x s1ds0d ø 0.014 emuymole for the efyD ­ 20.2 case, com-
pared with an experimental value of 0.012–0.016 emuymole.

1
3! x s3dH3 1 . . . . For UBe13, in addition to linear splitting
of the 5f3 magnetic doublet, a finite magnetic field in
duces a van Vleck splitting and an overall shift of the5f2

quadrupolar doublet, due to matrix elements between
G3 ground doublet and excited CEF multiplets. We hav
included this effect by computing theG3 energy shifts per-
turbatively, up to fourth order inH. The first excited CEF
levels atDCEF ø 15 meV [15] were assumed to be de
generateG4 andG5 triplets, chosen to allow the van Vleck
contribution to the linear susceptibility to quantitativel
match the UBe13 data, as discussed in Ref. [2]. This als
fixed the position of theG1 level. To make contact with
experiment, we fixed the ratioTKyDCEF ø 0.055, which
is necessary to account for the overestimated Kondo te
peratures in our calculations.

The resultingx s3dsT d curves are shown in Fig. 3. From
these calculations it is apparent that only forefyD ø
20.08, which corresponds to a ground-statef2 occupancy
of about60%, can one obtain a curve quantitatively com
patible with the pure UBe13 data. The curve forefyD ­
20.2 (about70% ground-statef2 weight) resembles that
for U0.9Th0.1Be13. In contrast, theefyD ­ 0 and 0.2
curves have too strong a temperature dependence to co
spond with experiment, both for the nonlinearand linear
susceptibility (inset to Fig. 3). In every case, the chara
teristic energy scale is too large for all of these mixe
valent runs to account for the experimental data. W
conclude that the scenario of Alievet al. [4], suggesting
that UBe13 is a more strongly mixed valent than antici
pated previously, and that doping with Th increases t
3238
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5f2 weight (driving the system closer to the quadrupola
Kondo limit), is qualitatively consistent with our results.

The most severe omission from our model is a prope
dynamicaltreatment of excited CEF triplets (beyond per
turbative shifting of the bareG3 levels). Although these
triplets possess negligible Boltzmann weights in the ion
limit, they can have significant zero-temperature quantu
weights for nonzero hybridization. Because of their mag
netic character, their inclusion can potentially render th
x s3d curves more negative even in the5f2 limit. They also
introduce (even in the mixed-valent limit) a small energ
scale associated with crossover physics between groun
state screening of theG3 doublet and collective screening
of the entire Hund’s rule multiplet [16].
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