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Vortex Phase Diagram for Mesoscopic Superconducting Disks
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Solving numerically the 3D nonlinear Ginzburg-Landau (GL) equations, we study equilibrium
and nonequilibrium phase transitions between different superconducting states of mesoscopic disks
which are thinner than the coherence length and the penetration depth. We have found a smooth
transition from a multivortex superconducting state to a giant vortex state by increasing both the
disk thickness and the magnetic field. A vortex phase diagram is obtained which shows, as a
function of the magnetic field, a reentrant behavior between the multivortex and the giant vortex state.
[S0031-9007(98)07232-9]
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Recently, mesoscopic superconductivity has attracted We consider a superconducting disk immersed in an
much attention in view of phase transitions in confined sysinsulator media with a perpendicular uniform magnetic
tems with sizes comparable to the coheregdeatd pene- field Hy. For thin disks § < £, 1) we found [2,3] that
tration (A) lengths. While the type of bulk superconductorsit is allowed to average the GL equations over the disk
is determined only by the value of the Ginzburg-Landauthickness. Using dimensionless variables and the London
parametek = A/¢, the experimental observations [1] and gauge divi = 0 for the vector potentiali, we write the
the numerical simulations [2,3] of magnetization of meso-system of GL equations in the following form:
tst::oplcthln q!sks have shown that ttypeand theord_erof (—iVop — ;‘)2\1, —W(l - |V,

ose transitions between different superconducting states
and between the superconducting and the normal state de- CAwcd = d 5(); 5
pends crucially on the disk radiug and the thickness. 3pA = "3 (2)j2p (2)

By increasing the disk radius the second-order reversible - 1 .z > . .

phase transition observed for small disk radii is replaced ~ J2p = - (P*Vop W — ¥Vp W) — [V["A,  (3)

by first-order transitions with jumps in the magnetization. . .

In previous theoretical investigations [2,3] only the giantwith the boundary condition—iVyp — A)W|,—g = 0.
vortex states with fixed total angular momentumvere  Here the distance is measured in units of the coherence
considered. It is well known [4] that for type-Il super- length¢, the vector potential ia/i/2¢¢, and the magnetic
conductors £ > 1/+/2), the triangular Abrikosov vortex field in Hyo = chi/2e£? = k/2H,. The disk is placed
lattice is energetically favorable in the ranffle; < H <  in the plane £, y), the external magnetic field is directed
H.. Since the effective London penetration depth= along thez axis, the indices 2D and 3D refer to two- and
A?/d increases considerably in thin disks and for< A three-dimensional operators, apg is the density of the
one would expect the appearance of the Abrikosov multisuperconducting current. To solve the system of Egs. (1)
vortex state even in disks made from a material wkitk< and (2) we apply a finite-difference representation of the
1/+/2, such as, e.g., thal disks studied in Refs. [2,3]. order parameter and the vector potential on a uniform
By analogy with classical particles confined by an exter-Cartesian space grid, y), with a typical grid spacing of
nal potential [5], the structure of a finite number of vor- 0.15¢, and use the link variable approach [10]. To find
tices should differ from a simple triangular arrangementhe steady-state solution of the GL equations we add to the
and allow for different metastable states. Using the Lonleft-hand side of Egs. (1) and (2) the time derivatives of
don approximation Fetter [6] calculated the critical fieldthe order parameter and the vector potential, respectively,
H., for flux penetration into a disk. For a superconduct-and use an iteration procedure based on the Gauss-Seidel
ing cylinder the multivortex clusters, containing up to four technique to find¥. The vector potential is obtained
vortices, were simulated by Bobel [7]. Using the methodwith the fast Fourier transform technique where we set
of images and the London approximation, Buzdin and Bri-A =z, | yj=r, = Ho(x, —y)/2 at the boundary of a larger
son [8] have considered vortex structures in srRakk A space gridR; = 4R).

disks and found a classical particle ringlike arrangement The giant vortex state is characterized by the total angu-
[5] of vortices. The reverse situation of a lattice of mi- lar momentumL throughWV = ¢ ( p) exp(iL¢), wherep,
croholes was studied experimentally in Ref. [9] and the¢ are the cylindrical coordinates. An arbitrary supercon-
configuration of vortices was found. In the present Letterducting state is generally a mixture of different angular
we study the transition from the giant vortex state to thisharmonics. Nevertheless, we can introduce an analog to
multivortex configuration for thin superconducting disksthe total angular momentum which is still a good quan-
within the nonlinear Ginzburg-Landau (GL) theory. tum number. Choosing circular loops at the periphery
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0.0

of the disk we find that the effective angular momentum
L = A¢ /27 does not depend on the loop ragii when

it is in some rangep; = (0.8—1)R. This allows us to
characterize unambiguously the different superconducting
states, where the effective angular momentum is in fact
nothing else then the number of vortices in the disk.

To find the different vortex configurations, which in-
clude the metastable states, we search for the steady-
state solutions of Egs. (1) and (2) starting from different
randomly generated initial conditions. Then we slowly
increase and/or decrease the magnetic field and recalcu-
late each time the exact vortex structure. We do this
for each vortex configuration in a magnetic field range
where the number of vortices stays the same. By compar-
ing the dimensionless Gibbs free energies (of the differ-
ent vortex configurationsf = V! [[2(4 — Ag)jop —
| W |*4]d7, where integration is performed over the disk vol-
umeV, andA, is the vector potential of the external uni-
form magnetic field, we found the ground state. If the
system has sufficient time to equilibrate, the system will
be in the ground state and we obtain phase transitions be-
tween different ground states. If the latter condition is
not satisfied the system can remain in a metastable state
until this state disappears or becomes unstable with re-
spect to small perturbations in the order parameter and/or
the magnetic field. Such nonequilibrium phase transitions
qud to hysteresis in the magnetization. The barrie_rs SEPRiG. 1. The free energy of configurations with different
rating the metastable and the ground state are dlscu355£nber of vorticesL for two disk radii R = 4¢ (a) and
in Refs. [11,12]. Instead of finding the barrier heights,R = 4.8¢ (b) for zero disk thickness and = 0.28. The open
which is a more cumbersome problem, we search for theircles indicate the transition from a multivortex to a giant
critical magnetic fields corresponding to the disappearancﬁrtex state. The latter is located on the right side of the circle.

: : The dotted curves correspond to the free energy of metastable
of such barriers. Here, we started from the Meissner (norco'm‘i(‘]jur',;ItionS with a vortex inside a polygon fbr= 7,8 (b).

mal) state and slowly increased (decreased) the magnetihe dashed curves are the results of our approximate analytical
field (typically with steps 0f.01H ;) from the zero (nu- calculations for the ground state. The insets show the possible
cleation) magnetic field. multivortex configurations.

The free energies of the different vortex configurations
are shown in Fig. 1 for zero disk thickness and for two ) o ) )
disk radii: (@)R = 4¢& and (b)R = 4.8£. ForR = 4£, by circles in Fig. 1. F_o_r a larger disk _radluIB= 4.8_5,
the vortex configuration can consist of up to six vorticesWe also observe transitions between dlffer_ent multivortex
which are arranged on the edge of an ideal polygonStates. After pgrformlng a Fqurler analysis of the ord_er
The pentagon and hexagon vortex clusters are alwaygarameter we find that a mult|vortex' state correspond.lng
metastable states f@ = 4¢. With increasing disk radius 0 an ideal polygon presents a mixture of harmonics
the allowed number of vortices increases leading to th&? = ¥o(p) + > ¥u(p) explikL ) with a rather small
appearance of p0|yg0ns with a vortex inside it Whencontribution of hlgherI( > 2) harmonics. This allows
L > 7. But these structures have a larger energy a§s to find approximately the free energy of different
compared to the ideal polygons. This result differs fromvortex configurations in thin disk® < A where we
the London approximation of Ref. [8] where the closedcan neglect the distortion of the magnetic field. For this
packed structures are more preferable evenIfor 6, Purpose we take the order parameter as a superposition of
which clearly shows the limited validity of the approach only two states¥ =~ Cé/zgo(p) + Cé/sz(p)exp(iLq’)),
of Ref. [8]. Another unexpected feature is observedwhere(y, {; are the eigenfunctions of the linearized first
when the magnetic field is further increased. While theGL equation (1) for different angular momenta [3,13].
model of classical particles [8] predicts a decrease irBubstituting this expansion into Eg. (1) we obtain the
the intervortex distance followed by the appearance of #llowing set of nonlinear equations for the coefficients
new vortex, our simulations show, as a rule, a gradualCy andCy:
transition from amultivortex stateo a giant vortex state
(Fig. 2). In principle, the latter may be a metastable
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in Fig. 3(b), the region around the = 3 multivortex to
giant vortex transition is shown.

The magnetization of the diskM = [(H —
Hy)d7/4wVH., with R = 4.8¢ is shown in Fig. 4
for increasing (a) and decreasing (b) magnetic fields.
Jumps in the magnetization correspond to transitions
between states with a different number of vortices at
the magnetic fields where the states cease to exist (see
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o 0'5. (?) Fig. 1). With increasing disk thickness the demagne-
H=0.75H ' tization effect increases and as a result the transition
ar Ao.a(.’ﬁ?i%{jg— points shift to larger magnetic fields, but the number of
0.812~ 0.81° . . . .
ol M jumps remains the same. The average magnetic field
() 777 o, W in the disk can be estimated &8) ~ H — 47M and
w Of (o . @ ' the relative magnetizatiod//d as a function of(H)
> ) 8 07(;037/ 0% ?-3‘ is “almost” a universal curve for all disk thicknesses

[Fig. 4(c)]. For increasing magnetic field and disk
thicknessesd = 0.2,0.4¢ all transitions occur between
e T giant vortex states. For the thinner disk= 0.1¢
4 -2 0 2 4 4 -2 0 2 4 we observe the following sequence of transitions
X/g X/g 0—1—2,—3,—3,—4, >4, =5, > 64...,
FIG. 2. Contour plot of the magnetic field distribution in where the lower index g m) porresponds to glant_
the disk plane { = 0) for the case of a three vortex state 2Nd multivortex states, respectively. For a decreasing
and for different applied magnetic fieldd, = 0.525H., (a), magnetic field multivortex states appear with a larger
H, = 0.65H., (b), H, = 0.75H., (c), and H, = 0.8H, (d). = number of vortices. The sequence of transitions between
We took R = 4¢ andd = 0.5¢«*. For the lowest magnetic multivortex states starts fronl =7 and L = 8 for
field (a) the three vortex configuration is metastable and a smal

decrease in the magnetic field leads to a transition to the twg — 0.2¢ and d = 0.1¢, respectively. For the thicker

vortex state due to the expulsion of a vortex through the disidiSK (@ = 0.4£), a multivortex state appears only for
boundary indicated by the arrow in (a). L = 3,2 just before the expulsion of a vortex from the

disk. As is evident from Fig. 4(b), the appearance of

with ay = 143), an = 21 &0), an = (&1 D),

where Ay, A, are the eigenvalues of the linearized GL 020 — %
equation [3], and fo | f1) = [ fofid7/V. Besides the Joa
two trivial solutionsC; = 0, Cy = Ag/a;; andCy = 0, 025 =
Cr. = Ar/ax which correspond to the Meissner state 103 g
and the giant vortex state, respectively, it is possible to 0301 loo B
have another solution withCy = (Agax, — Ararz)/D, T
Cr = (Aray1 — Napn)/D, D = ajjap — aj, corre- 0351 H0.1
sponding to a multivortex state. The free energy of the

ground state obtained using this approach is shown in %49 100
Fig. 1 by the dashed curve, which is in good agreement 25 18 &
with the results of our simulations (full curves). In order .~ 20 17 ©
to discuss the multivortex— giant vortex transition, o 1 =
we analyzed the stability of the obtained solutions with = 15 15 %
respect to small perturbations of the coefficie@ts C, = 10 1a S
(see Ref. [3]). The stability conditions for the multivortex o5k R=4¢ 15 F
state and the giant vortex state are < Ax = Agaxn /a2 5 1o

and Ay > A, respectively. Consequently, for fixed oor . q=0-5:‘§'< . . . .

there is a unique solution with a reversible transition from 050 055 0.60 0.65 070 0.75 080 0.85 090

the multivortex state to the giant vortex, which occurs H/H

with an increasing magnetic field wheky = A.. At c2

this critical point the multivortex state coincides with the FIG. 3. The free energy (1), the square of the order parameter
giant vortex state and consequently there is no jump i the disk center (2), the magnetization (3), and its first

it At A erivative (4) for a disk withR = 4¢, d = 0.5£«? which is
the magnetization. But the derivatives of the coefﬂment# the vortex state with. — 3. The dashed vertical line shows

CO’_CL ar_e QIsqontlnuqus a”‘?' qurespondlngly We, ex,pecthe transition from the multivortex state to the giant vortex
a discontinuity in the first derivative of the magnetization.state. In (a) the solid circles indicate the points at which the

This is confirmed by our numerical simulations, where,equilibrium phase transitiors— 3 and3 — 4 occur.

2785



VOLUME 81, NUMBER 13 PHYSICAL REVIEW LETTERS 28 BPTEMBER1998

| R=4.8E, ‘}'o 8 1.0 L=4 :~._
| k=0.28 =
4 § al 0.8f L=3 L1
A/ | [TTIITIITITrrrss====—] |
< 3F - % . o i L=2
o s : -0 06f L
o 05 1.0 15 < W//IILIT B
g L (H4nMYH, =1 K
5 o 0.4 L]
L=0
02f R=4% (@  R=48% ()
00 04 08 12 0 1 2 8 4 5
dfe d/gx’

FIG. 5. The vortex phase diagram for two different disk radii
R = 4¢ (a) andR = 4.8¢ (b). The shaded area corresponds
to the multivortex state.

size with increasing disk thickness and it disappears in
the limit of thick disks where only the giant vortex state
survives. This behavior can be understood as follows:
with increasing radius the energy difference between
different L states decreases and consequently it becomes
possible to build a lower energy multivortex state out of a
linear combination of giant vortex states. For a decreasing
radius this is more difficult to do and there exists a
critical radius below which no multivortex states have
FIG. 4. Magnetization of a disk in increasing (a),(c) andthe lowest energy. To observe the multivortex giant
gﬁferfeﬁ]’i'g?sét?aéﬂagne“c fields far = 4.8¢, « =028, and  yortex transition one should investigate the derivative
: of the magnetization or the vortex configuration itself.
Magnetization of individual disks has been measured

positive magnetization observed experimentally can als§Y Pallistic Hall magnetometers [1] which work as flux

be explained within the 3D GL approach without the meters, while vortex_conflguratlons can be investigated

consideration of pinning effects. But the lowest energy"'SINg; €9, @ magnetic force microscope.

state, i.e., the equilibrium state, has always a negative 1NiS WOk is supported by the Flemish Science Foun-

magnetization. dation (FWO-VI) through Project No. G.0277.97, Project

To distinguish quantitatively the giant vortex state fromNO- INTAS-93-1495-ext, and IUAP-IV.

the multivortex states for the same number of vortices

we consider the value of the order paramet&f’ in the

;2chefro(r)fatg?aglfs\lfc-)rtges?gt% tgzagetsr]IZIrrr)l?)rsa;rEﬁ;earr,I;vthoIC;elrz *Permanent address: Institute of Theoretical and Applied
o ’ .. Mechanics, Russian Academy of Sciences, Novosibirsk

when Fhe magnetic f_|eld approaches some critical vaIL_Je 630090, Russia.

[see Fig. 3(a), the thick curve]. Therefore, the magnetic  *gjectronic address: peeters@uia.ua.ac.be

field obtained by linearly interpolating?(0,0)|* to zero  [1] A.K. Geim et al., Nature (London390, 259 (1997).

defines the transition from a multivortex state to a giant [2] P.S. Deoet al., Phys. Rev. Lett79, 4653 (1997).

vortex state. Having the free energies of different vortex [3] V.A. Schweigertet al., Phys. Rev. B57, 13817 (1998).

configurations we construct an equilibrium vortex phase [4] P.G. de GennesSuperconductivity of Metals and Alloys

diagram which is shown in Fig. 5 for two disk radii (Addison-Wesley, New York, 1989).

separate the regions with a different number of vortices[®] A-L. Fetter, Phys. Rev. B2, 1200 (1980).

and the dashed curves show the boundaries between th % S.IBSB%#Z?\;? g@imﬁi 1:1191&(12%6;762i99 2

multlvortex and the giant vqrtex states. Fbr= 1_ the . 9] A: Bezryadinet é’l.,J. Low T.emp. Phys102 73.(1996);

single vortex state and the giant vortex state are identical. * 1 Baertet al., Europhys. Lett29, 157 (1995).

The shaded regions correspond to the multivortex statefio] R. Katoet al., Phys. Rev. B44, 6916 (1991).

The superconducting to normal transition occurs forj11] c.p. Bearet al., Phys. Rev. Lett12, 14 (1964).

H/H. =~ 1.9 which is outside the plotted region. Notice [12] X. Zhang and J.C. Price, Phys. Rev5B, 3128 (1997).

that the multivortex area in the phase diagram reduces if13] V.V. Moshchalkovet al., Phys. Rev. B65, 11793 (1997).

2786

-M (107




