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Exact Solution of Vlasov Equations for Quasineutral Expansion of Plasma Bunch into Vacuum
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In the quasineutral approximation an exact self-similar solution of the three-dimensional Vlasov
equations for electrons and ions with self-consistent electric field is obtained. This solution is valid
for an arbitrary value of electron-to-ion mass ratio, arbitrary relation between electron and ion thermal
energies, and for a large variety of electron velocity distribution functions and initial spatial plasma
density distribution. The results obtained can be used as a basic model for studying the problem of
expansion of an arbitrary two-component plasma. [S0031-9007(98)07204-4]

PACS numbers: 52.25.Dg

Plasma expansion into vacuum has received significant The physical model which has been used for deriving
attention from physicists over the past decades. Followingn exact solution assumes that in a space with dimen-
the pioneer work by Gureviclet al.[1], most studies sionality v (v = 1,2,3) there is a bunch of collisionless
of the problem have been based on a model of semplasma whose distribution functions of ions and electrons
infinite plasma expansion [2—10]. Actually, this approachare f;(v,r,t) and f.(v,r, t), respectively. The evolution
corresponds to the case of plasma flow generation bgf both of these functions during plasma expansion is de-
continuous sources of plasma present in a certain region atribed by the Vlasov kinetic equations,

space. The specific feature of the solution obtained within af; Ze

this model is the occurrence of ion distribution function ot + V. Vofi - (ﬁ Vr‘P’VV>fi =0. @
excessively enriched with energetic particles (comparing

with electron distribution). It is caused by an unlimited 9fe + (v, Vo) f, + (ﬁv v )f -0 )
reserve of energy and particles in the initial plasma. at e m TE V) e ‘

Another regime is observed during the expansion oin Egs. (1) and (2)Ze andM are the ion charge and mass,
an initially confined plasma bunch. The process in thisn and —e are the electron mass and charge, arid, )
case is essentially a nonstationary one. It is accompds the potential of charge-separation electric field which is
nied by considerable cooling of electrons and thereforgonsistent with the Poisson equation:

the study of this process requires quite another approach. 2 9%

The analytical investigations of this problem were car- Z g = 4me(n, — Zn;),

ried out using only a phenomenological hydrodynamic k=1 72k (3)
model [11]. At the same time, the numerical simulation ' — ] , v

done within the kinetic description of particle motion has ne.i(r 1) feilv.r,0d’v,

demonstrated [12,13] that the present computer capabiliyherey, are the components of the vectarandn; (r, )
ties, unfortunately, do not allow the study of a real threeandp, (r, ) are ion and electron densities, respectively.
dimensional process of plasma bunch expansion. Thus An approximation of quasineutra”ty isa Common]y ac-

the situation in this field can be considered as QUite Uncepted approach to ana|yzing the expansion of a suffi-
satisfactory compared to the case of semi-infinite plasmgjently dense plasma. It implies that

expansion. However, things changed in 1998. The first n(r,1) = Zni(r,1). (4)

analytical self-similar solution to the problem has beenOn the one hand, the approximation of quasineutrality

publij_hed [:.L4]' IThe preTshenterc: resmtj)lts cort:es:po(rj\d t.oh.ﬁnposes a definite restriction on possible initial electron
one-dimensional case. They have been obtained Within, jon gistribution functions. They should be chosen

a qt_;asineutral approach, at_jiabatic description of EIECFrOfﬁ a way to prevent excitation of Langmuir oscillations

plasma and particle overtaking. On the other hand,

approximation. The same assumptions have allowed us {5 ssumption (4) makes it possible to omit the Poisson
solve the three—dlmensmne_ll problem [15].' It was St_m"vnequation and express the electric field through the electron
recently [16] that the solution can be derived even if theand ion distribution functions:
adiabatic approximation is dropped out. It turns out that P

the approximation of cold ions can also be rejected. It P mM v gkavj(zfi — fo)d’v
is demonstrated below that the quasineutral approach ise — = k ,
the only assumption that is necessary for finding an exact dxj M+ Zm = ffe(v,r,t)d”v
solution of three-dimensional Vlasov equations for both

electrons and ions in a self-consistent electric field. (5)
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where v, are components of the vector. It should velocities,

be pointed out that, for the hydrodynamic description of (@) ;12 () ;12
plasma motion, the Eq. (5) simply corresponds to pressure el = Zm[Vi (OF + MLV, (0)] )
balance. M + Zm

Equations (1), (2), and (5) comprise a complete setThe presented solution allows one to calculate the spatial
The main purpose of this Letter is to obtain an exactdistribution of the electric field potential,

solution of it. Y (o (©)\a
The problem of quasineutral expansion of a plasma o(r, 1) = m Z Vi)™ = (Vi) x2. (15)
bunch is solved by applying the method proposed in our 2e (o (1 + Zm /M) (1)

previous paper [16]. A self-similar solution 10 (1), (2). gyigently, Eq. (15) is violated at bunch periphery where

and (5) can be presented in Eh)e following form: the quasineutral approximation is not fulfiled. (A more

(14)

fev,r,t) = F(G”,...,GY), (6) detailed discussion of the subject is presented below.)
| _ RTINS The exact solution obtained in the kinetic model for
filv,r,t) = — F(GY), . .,ng)) l_[ VkT() (7) both types of particles _coincid_es With_the one founq l_J'_sing
z k=1 V. (0) a hydrodynamic equation for ion motion [16] if the initial
. 2 _ 2 values of ion thermal velocitiesf,gl)(o) are supposed to
(i) Xk v — up(xg, 1) ) ; . !
Gy = (0 ) I P I be equal to zero. The adiabatic approximation presented
k Vi (1) in [14,15] can be obtained from the above solution in the

whereF is an arbitrary functionj,(¢) are time-dependent case when the ions are cold and the electron-to-ion mass
scale lengths of plasma density defined via the seconthtio is negligibly small, so that

moments of the electron (or ion) distribution function, Zm/M < 1, V,E”(O) <<\/WV/£8)(O)- (16)

f fx,ffe,i(v,r,t)dVv d’r It should be noted that, even if the inequalities (16) are
I3(r) = ; (8) valid, the solution derived within the adiabatic approach
f [fe,i(V,r,t)dVV d’r describes only the process of quasineutral plasma expan-

sion during a limited time interval when the characteristic
u; are components of a vector of electron and ion averagelectron velocities remain higher than the velocities of the

(hydrodynamic) velocities(r, t): accelerated ionsu; < V,°.
It seems appropriate to start the discussion of the solu-
j"fi,e("vr’ 1)d"v tion presented above with an analysis of its applicability
u(r,t) = ; (9) tothe description of a real process of a plasma bunch ex-
ffi,e(V»r, 1)d’v pansion into vacuum. Let us first consider the validity

(ed) . of the quasineutrality approximation. The obtained solu-
Vi 7'(¢) are electron and ion thermal speeds along theion corresponds to the presence of space charge, whose

corresponding directions,. They are defined as density is homogeneous and proportional to the absolute
s b value of the Laplacian of the electric potential. Therefore,
(e.) ] ](Uk = ug)” fei d’vd'r the quasineutral approximation is valid in that part of the
e,l 2 _ . K .
(Vi) = - (10)  plasma where the frequency of Langmuir oscillatiop
/ ]fe,i(V, r,t)d"vd’r is sufficiently high:

L) - vy
,; (1 + Zm/M)I}

It is remarkable that, according to the results obtained,
_ _ the right part of the inequality (17) decreases faster
Vi) = v (01 0)/ 1) (11) than the left, since the electrons cool as the plasma
. - expands. Consequently, if the applicability condition for
ue(ve, 1) = e @/L(0), - e = dle/dr, (12) e quasineutral approximation holds in the bulk of the
and the universal law of quasineutral expansion intgplasma atr = 0, it will hold there at all times. This
vacuum of plasma bunch is valid for the dependenciefact suggests that the results obtained give a correct
I (2): description of the real process of plasma expansion.
2N : 5 2.0 According to Egs. (6) and (7), the found solution al-
L) = [(0) + L O] + cir”. (13) lows us to investigate only the expansion of a plasma with
Here the ion sonic velocity has been introduced asimilar electron and ion distribution functions. Moreover,
a constant vector with the componentgs. They are self-similarity of the solution obtained restricts the pos-
determined by initial values of electron and ion thermalsible initial spatial distributions of plasma density for a

The expressions (6) and (7) will be exact solutions to
Egs. (1), (2), and (5) if thermal and hydrodynamic ve-
locities of ion and electron motions satisfy the following
relationships:

W) > (17)
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given distribution over velocities. In particular, the casestillate in the potentialp and the other particles are ejected
in which collisionless shock formation or excitation of from the plasma by the electric field.

Langmuir oscillations in plasma are expected cannot be As follows from Eq. (15), the process of plasma
described by the type of solutions found in this paperexpansion can proceed in two ways, depending on the
Nevertheless, due to the fact that the solution obtainedelationship between the initial values of electron and
contains such arbitrary independent parameters as the inpn thermal velocities. For the cage” (0) > v.\"(0),

tial scale lengths of plasma density and the average vehe average kinetic energy of electron motion alands
locities of electron and ion thermal motion, it is possiblereduced and the corresponding energy of ions is increased.
to apply Egs. (6), (7), (11), (12), and (14) to many caseyhen v\ (0) < v”(0), the average ion kinetic energy
of plasma expansion. For example, they describe the case reqyced. The characteristic time interval of energy
of Maxwellian distribution function for both types of par- i, sfer corresponds to the time of ion sound propagation
ticles with an arbitrary relationship between the ion andthrough the region initially occupied by plasma.

electron temperatures. The self-similarity of the process | o+ ;s emphasize the case of expansion of a plasma

in this case restricts the possible spatial distribution %%unch with equal initial thermal ion and electron veloci-
plasma density to the Gaussian one. However, its initiafieg \yhich corresponds to the absence of any space charge
scales can be chosen_ln an afb'”?fY way. . density. The solution obtained in this case is absolutely
Although  the obtained self-similar solution IS NOt g0t * |t shows that the plasma expands with the sonic
general, it includes certain universal laws of plasmg,g|qities, which are equal to the initial values of thermal
expansion, which can be derived directly from the set of 5 electron velocities. It should be noted that in the

equations (1), (2), and (5) without any assumptions aboyker case an exact solution of Egs. (1) and (2) can be ob-
the sglf-S|m|Iar|ty of the SQlU'[IOI’]. One of th‘? _Iaws is the tained without restrictions on the electron and ion distri-
equality of electron and ion average velocities(r.1)  ption functions which are imposed by the self-similarity
andu;(r, 1): requirement. Accordingly, a time-asymptotic regime of
u;(r, 1) = u(r,7) = u(r, 7). (18)  plasma expansion is found to be self-similar, independent
Another integral of the systems (1), (2), and (5) is theof the initial relationship between the spatial and velocity

conservation of full kinetic energy of the ion and electrondistributions. The self-similar time-asymptotic regime of
motions along each direction: plasma expansion was also confirmed in numerical simu-

lation [12,13]. This fact suggests that the obtained self-
Wi = f / vi(mf, + Mf;)d"vd"r = const (19) similar solution provides an accurate description of the
real process.
These integrals [(18) and (19)] allow us to derive differen- In conclusion, an exact self-similar solution to Vlasov
tial equations for time dependencies of the plasma densitgquations for electrons and ions has been found analyti-
scale lengths (8) from the basic set of equations, cally within the quasineutral approximation. The obtained
P2 Jdr? = 282, 2=+ [Zk(o)]{ (20) results_describe the process of plasma e>_<pansion for
. . . . an arbitrary electron distribution over velocities and a
where the constan; are determined as ratios of Kinetic |56 variety of spatial distributions of plasma density in
energiesWy, to the full mass of the plasma. one-, two-, and three-dimensional geometries, including
The solutions of (20) present the universal law ofy,o cages of asymmetric initial spatial distribution of
quasineutral plasma expansion (13), which was obtame&e plasma. The constructed solutions are valid for an
above for the self-similar case. It is remarkable thatyiyary electron-to-ion mass ratio. Therefore, they can
this law holds for a plasma bunch with arbitrary initial e ,seq to investigate the problem of expansion of an
condltlon_s. . - . arbitrary two-component plasma (for example, electron-
Returning to the obtained exact self-similar solution, ositron or ion-ion plasma).
it should be mentioned that the ion and electron thermaﬁ) The work is supported by Russian Foundation for Basic
energies gradually transfer to the energies of their colpacaarch Grant No. 98-02-17052.
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