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Nonlinear optical parametric processes are studied in a resonantly driven multilevel system display
quantum interference effects. It is shown that in such systems a new regime of nonlinear amplification
possible, in which a pair of correlated Stokes and anti-Stokes fields can be generated from infinitesim
small initial values. An atomic coherence grating emergesduring this process of efficient nonlinear
amplification. The present analysis explains the results of recent optical phase conjugation experime
involving atomic phase coherence. [S0031-9007(98)07176-2]
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Since the early days of nonlinear optics there has b
a substantial interest in utilizing resonant atomic a
molecular systems for efficient nonlinear optical proces
[1]. However, the efforts to realize the full potenti
of these systems have been obscured by the prob
associated with resonant absorption, phase shifts,
unwanted nonlinearities leading to, e.g., self-focusing
beam distortion. The recent work, based on the con
of electromagnetically induced transparency (EIT) [
has made encouraging progress toward solutions of t
problems [3]. This work is based on the cancellation
resonant absorption and elimination of the refractive in
in dark resonances or coherent population trapping
and has led to other exciting developments such as la
without inversion [5].

Among the most impressive results are the experim
on nonlinear frequency conversion involving the gene
tion of near maximal coherence using EIT [6], whi
follows from the earlier studies involving coherent tra
ping [4,7]. Here, resonant fields drive the system into
so-called “dark state,” which is subsequently used as
atomic local oscillator for parametric conversion of t
weaker, off-resonant fields. The use of the dark sta
allows one to avoid resonant absorption and phase s
and, at the same time, to generate large nonlinearities

The goal of the present contribution is to show that
resonant systems a large initial coherence is not alw
required for efficient nonlinear amplification. We demo
strate that under certain conditions interference effects
result in efficient parametric gain, and cause a pair of c
related Stokes and anti-Stokes fields as well as an ato
coherence grating to grow from small initial values, e
from vacuum fluctuations. Specifically, we analyze
parametric amplification in a resonant double-L system
[8,9] [Fig. 1(a)], in which a large lower-level coheren
is not established in advance. We show that in suc
system large nonlinearities (on the order of “bare” re
nant absorption) can coexist with suppressed absorp
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and phase shifts, even in the absence of the totally
coupled dark state. The analysis reveals an interes
role of quantum interference of transitions between rad
tively broadened dressed states corresponding to Fig.

We demonstrate the implications of the present mec
nism of nonlinear optical enhancement by consider
parametric interactions in two different propagation g
ometries. In the case of copropagating fields, the expon
tial growth of weak Stokes and anti-Stokes fields occu
which ultimately results in the evolution of the system t
wards establishing a dark state and matching of the fie
amplitudes and phases. In the case of counterpropag
driving fields, a different final state is approached. He
a substantial parametric gain and spontaneous, mirro
oscillation can take place within a distance correspond
to few resonant absorption lengths. Possible applicat
of the present system include optical phase conjugation
and nonlinear spectroscopy [10], as well as quantum n
suppression and quantum correlation [11].

One of the key results of the present work can
understood by analyzing expressions for the polarizati
Pi induced by the weak anti-StokesE1 and StokesE2
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FIG. 1. (a) Parametric amplification in a generic doub
L system. Decays are outside of the system for an o
system model and into the lower metastable levels fo
closed system. (b) Parametric conversion based on cohe
population trapping in a double-L system.
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fields with respective Rabi frequenciesa1, a2 in a system
[Fig. 1(a)] dressed by two strong fieldsE1 and E2 with
respective Rabi frequenciesV1, V2. In the simple case
of a homogeneously broadened system with symme
decay rates, equal drive Rabi frequencies (jV1j  jV2j ;
V), weak saturation of optical transitions, vanishi
relaxation of the lower-level coherence (gc ! 0), and at
the point where the detunings (D) of all four fields are
equal, these polarizations take the form

P1,2  is`1`2N V1V2dys2h̄G0jVj2d expsid $k ? $rdE p
2,1 .

(1)

Here we have definedG0  g0 1 iD, where g0 is the
decay rate of the optical coherence,d $k  $kd1 1 $kd2 2
$k1 2 $k2 is the geometrical phase mismatch, andkj are
the wave vectors of the drive, anti-Stokes (j  1), and
Stokes (j  2) fields. Here and below, all polarization
field strengths, and Rabi frequencies are slowly vary
parts of the corresponding oscillating quantities.

An interesting aspect of the dressed polarizations gi
by Eq. (1) is that each of them (e.g.,P1) does not depend
upon the optical field driving the corresponding transit
(e.g.,E1). At the same time, the weak field acting on t
adjacent transition induces a polarization which resem
the linear response of a usual two level system. He
according to Eq. (1), the medium of Fig. 1(a) can
transparent for each of the Stokes and anti-Stokes field
the absence of the other. These fields, however, inte
strongly via a large cross-coupling nonlinearity, result
in an exponential growth as they propagate collinea
in the medium [Fig. 2(a)]. An even faster growth a
mirrorless parametric oscillation is taking place in the c
of counterpropagating fields [Fig. 2(c)].

It is instructive to compare the origin of the prese
result with that of usual coherent trapping in doubleL

systems [4,7] and, in particular, with maximal coheren
studies of Ref. [6] [Fig. 1(b)]. Here, absorption canc
lation is achieved by accumulating the population in
so-called dark superposition of the lower state energy
els. This is accomplished by applying two strong dr
fields on a transition having a common upper level as
Fig. 1(b). In such a case the optical polarizations indu
by the weak fields are [6,7]

P1 
i`1

2h̄sg 2 iDd

√
`1E1 2 `2

V
p
2V1

V2 E2 expsik̃ ? $rd

!
,

(2)

P2 
i`2

2h̄sg 2 iDd

3

√
`2E2 2 `1

V2V
p
1

V2 E1 exps2ik̃ ? $rd

!
, (3)

wherek̃  $kd1 2 $kd2 1 $k2 2 $k1, and it is assumed tha
jV1j  jV2j  V and that the weak fields are detun
equally from the respective single-photon transitio
whereas the driving fields are in exact resonance. He
2676
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FIG. 2. Optical fields as a function of propagation distan
(a),(c) and of the probe field detuning (b),(d) for copropagat
geometry (a),(b) and counterpropagating geometry (c),(d).
(a) and (c) the solid curves correspond to parametrica
amplified fields and the dashed curves to drive fields. In
and (d) the solid curves correspond to the anti-Stokes fi
and the dashed curves correspond to the Stokes field.
parameters aregc  1024g, Dd1  Dd2  3g in (a) and (b)
andDd1  Dd2  0 in (c) and (d). The input fields correspon
to a

0
1  1023g, 1024g for (a) and (c), respectively,a0

2  0,
and V

0
1  V

0
2  0.2g, whereg is the radiative decay rate on

the probe transition.

we are dealing here with maximal initial coheren
(jrb1b2j  1y2). Note that in this case the optical po
larizations vanish when the pair of weak fields is match
such thatV2`1E1  `2V1E2 expsik̃$rd. This is, in con-
trast to the present result (1), indicating vanishing pol
ization on the probed transition (e.g.,P1  0) even if
E1, V1,2 fi 0 and E2  0. Furthermore, we note tha
the polarizations given by Eq. (1) are evaluated un
the condition that the populations of the dark and t
orthogonal (bright) combinations of states are appro
mately equal and the ground state coherence is very s
(jrb1b2j ø

p
rb1b1rb2b2).

In order to get some insight into the physical origin
the present result, we consider in some detail the dynam
of populations and coherences in the system shown
Fig. 1. First, we note that the usual coherent populat
trapping occurs in the present system if only one of t
driving fields, sayV1, is present. As the coupling o
the second driving field to the medium increases (due
e.g., increased intensity or tuning closer to the respec
resonance) three principal effects take place. First of
the second driving field can induce a nonlinearity, whi
can lead to the desired cross coupling between the w
optical fields. Second, the second driving field caus
effective shifts of the resonance frequencies (known
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light shifts). Finally, it causes population leakage o
of the trapping superposition which can be envision
as an additional relaxation process. The latter proces
expected to wash out the original transparency effect
does not happen, however, due to the following reas
The atoms driven out of the trapping superposition do
only lead to increased absorption, but also can lead
multiphoton amplification of the weak field. Specificall
the atom excited by, e.g., fieldV2 into the stateja2l
decays spontaneously into the statejb2l, from which it can
make a stimulated Raman-like transition back into the s
jb1l. This process is accompanied by amplification of
weak fieldE1. As a result, the multiphoton amplificatio
can compensate the residual absorption which prese
transparency even when the totally decoupled dark s
does not exist. Such cancellation usually occurs at
point determined by the Stark shifts induced by the t
driving fields. At this point the refractive indices for th
two weak fields are compensated as well, in which c
the polarizations are governed only by the cross-coup
nonlinearity.

We now specify the conditions, under which efficie
parametric amplification is obtained. In general, the
sponse of the dressed system to weak cw fields ca
written as

P1  x11E1 1 x12 expsid $k ? $rdE p
2 , (4)

P2  x22E2 1 x21 expsid $k ? $rdE p
1 , (5)

where xii are linear susceptibilities, andxij (i fi j)
describe cross coupling between Stokes and anti-St
components (dressedx3-type susceptibilities), which ar
responsible for parametric amplification.

The effective susceptibilities are calculated from
master equation for the density matrix describing the s
tem of Fig. 1, and typical results are shown in Fig.
In general, dephasing of the coherence between
metastable levelsgc always leads to some finite absor
tion at least for one of the weak fields. For example,
the case corresponding to field tunings and optical dec
leading to Eq. (1), we find

FIG. 3. Susceptibility spectra for the double-L parametric
amplifier of Fig. 1(a). (a) Absorptive/dispersive part [2Imsxiid
(i) and Resxiid (ii)]. The dashed curve corresponds
2Imsxiid in the case ofV1  V2  0. (b) Nonlinear cross
coupling [2Imsxijd (i) and Resxijd (ii)]. The drive fields are
tuned exactly to the corresponding single-photon resonan
The other parameters are the same as in Fig. 2. Note th
this casex11  x22 andx12  x21.
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x11y`2
1  x22y`2

2 
i
h̄

NG0gcsruu 2 rlld
jG0j2gc 1 2jVj2g0

, (6)

x12  x21  2i
`1`2

h̄
N V1V22g0sruu 2 rlld
G0sjG0j2gc 1 2jVj2g0d

, (7)

where ruusrlld are the populations of the upper (lower
levels, andjV1j  jV2j  V. Clearly, in the limitgc !
0 we recover Eq. (1). From the above equations, it fo
lows that, when the Rabi frequencies of the driving field
exceed the threshold valueVth 

p
gcjG0j, the nonlinear-

ity jxijj exceeds the linear absorption and dispersionjxiij
at the line center. Note that the threshold value of t
laser intensity corresponding toVth can be, in the case of
slow lower level relaxation, much lower than the intensi
required for the saturation of the optical transitions. F
nally, we note that, similar to the previous studies [3,6
the large dispersion of the refractive index near resona
(Fig. 3) is important here as it can be used to elimina
any residual phase mismatch arising, e.g., due to propa
tion geometry, or from noncompensated light shifts.

To illustrate the significance of the present system f
nonlinear parametric processes, we consider the propa
tion of the coupled waves in a nonlinear media of Fig. 1(a
Here, two reference waves (drive fieldsE1,2) are intro-
duced into a nonlinear medium of the lengthL, together
with a signal waveE1. A new field E2 is generated by
a four-wave mixing process. Below, we will distinguis
two cases: in the first case two driving fields are assumed
propagate in the same direction, while in the second th
are supposed to be counterpropagating. In each cas
weak field (Ei) is assumed to be collinear with respectiv
drive field (Ei). A simplified model used for the descrip
tion of such a process neglects the effects of depletion a
absorption of the driving fields and treats the signal a
generated fields only to the first order. In the case in whi
all of the fields are copropagating, we find

E1sLd  E 0 expsdaLd
∑

coshsjLd 1
a
j

sinhsjLd
∏

, (8)

E2sLdp  E 0 expsdaLd
a21

j
sinhsjLd . (9)

Here a1j  ik1x1jy2, a2j  ik2x
p
2jy2, da  sa11 2

a22 1 iDkzdy2, a  sa11 1 a22 1 iDkzdy2, and j p
2a12a21 1 a2. Dkz is the z component of phase

mismatch D$k, which includes the phase shifts of th
driving fields. From Eqs. (8) and (9) it follows that i
Resda 1 jd . 0 both of the weak fields experience expo
nential growth. Note that in the absence of absorption t
gain coefficient is on the order ofjkijxij provided that the
phase matching condition is satisfied [jk1j jk2jRex12x

p
21 .

sImad2], a condition which can always be adjusted for th
present system by a small two-photon detuning.

The results of a numerical simulation of the comple
system of equations (i.e., without small signal approxim
tion and with propagation of all fields included) are pre
sented in Figs. 2(a) and 2(b). Clearly, the initial period
2677
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exponential growth is followed by saturation [Fig. 2(a
Hence, nonlinear parametric interaction results in a ma
ing of the fields’ amplitudes and phases, after which
fields propagate as in free space. Therefore, the
tem evolves towards establishing a trapping state, a
matched pulse propagation [12].

A quite different evolution occurs in the case
counterpropagating fields. In this case, the solution
the linear problem yields the following expression for t
generated phase-conjugate field [1]:

E2s0dp  E 0 1 2 exps2hLd
exps2hLd sh 2 dad 1 sda 1 hd

a21 ,

(10)

where h 
p

2a12a21 1 sdad2. Upon inspection of
Eq. (10), one finds that the amplitude of the genera
field becomes large and diverges when the resonance
dition exps2dLd  sda 1 hdysda 2 hd is fulfilled. In
general, this condition gives rise to two real equations
the single variableL and can be fulfilled only under spe
cial conditions. In particular, such a solution exists wh
(i) da is real, (ii) h is purely imaginary, and (iii) the
length of the cell is equal toLr  tan21sjhjydadyjhj.
For the present scheme at the point described by Eqs
and (7) we find that ifdkz  0 then da is real, h is
imaginary for V . Vth, and Lr can be as small as th
resonant absorption lengthL0  2h̄g0e0ysk`2Nd. Note
that dkz can be made to vanish by properly choosing
propagation directions and two-photon detuning. T
is, a large parametric gain and mirrorless oscillation
possible within a very short optical path with a drive i
tensity much smaller than the optical saturation intens
These predictions were verified by numerical simulatio
wherein the effects of saturation and drive field propa
tion are included. We simulated the situation where
frequencies of all four fields are similar, for which ca
dkz ø 0. The results are shown in Figs. 2(c) and 2(
They clearly indicate that, close to the optimal conditio
described above, there is a large amplification of
signal and conjugate fields. In general, the result
parametrically generated intensity is a substantial frac
of the initial drive intensity.

Finally, we point out that the model used in our nume
cal simulation describes closely the setup used in re
experiments [8] demonstrating efficient phase conjuga
in a double-L system in sodium. The present theore
cal results are in good qualitative agreement with
experiment.
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