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DisorderedXY Models and Coulomb Gases: Renormalization via Traveling Waves
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We present a novel renormalization approach to 2D randomXY models using direct and replicated
Coulomb gas (CG) methods. By including fusion of environments (charge fusion in the replicated CG),
the distribution of local disorder is found to obey a Kolmogorov nonlinear equation (KPP) with traveling
wave solutions. At lowT and weak disorder it yields a glassyXY phase with broad distributions and
precise connections to random energy models. Finding marginal operators at the disorder-induce
transition is related to the front velocity selection problem in KPP equations that yield new critical
behavior. The method is applied to critical random Dirac problems. [S0031-9007(98)07150-6]

PACS numbers: 75.10.Nr, 05.50.+q, 64.60.Ak
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Two dimensional random systems have attracte
considerable recent interest in domains ranging fro
localization in quantum Hall systems to vortices in supe
conductors. In the context of localization, progress wa
made to characterize the multifractal statistics of 2D wav
functions using random Dirac models [1,2], extendin
previous studies in 1D [3]. On the other hand, the glas
properties of vortex phases with disorder was investigat
using randomXY models. While these lines of studies
have developed in an apparently disconnected way, th
lead to similar proposals [1,4] that remarkable connectio
exist between the large fluctuation properties of the
systems and solvable disordered models [5,6]. To stu
these connections further, consistent renormalization (R
techniques are needed. Our aim is to develop such
approach, which, as in other glassy systems, e.g., in 1
[7], requires a proper treatment of broad distribution
Here we focus on the random gaugeXY model, whose
phase diagram, studied long ago [8], has recently be
corrected [4,9–13]. We discuss at the end related rando
Dirac problems.

Topological defects (vortices) of 2DXY models can be
described as integer charges with Coulomb interaction
To study the resulting Coulomb gas (CG) in the presen
of disorder, conventional RG methods [8,14] use a pertu
bative expansion in the charge fugacity (y  e2bm with
m the chemical potential) which is assumed to beuniform
over the system. However, as we show here, in a dis
ordered environmentcharge fugacitiesstrongly fluctuate
from site to site at low temperature, invalidating this as
sumption. The aim of this Letter is thus to develop a nov
approach which allows one to treat site dependent char
fugacities, denotedzr , by following their probability dis-
tribution under renormalization. By studying this distribu
tion we uncover a transition of a new nature in the rando
gaugeXY model at low temperature. Beyond a critica
disorder strength, the low temperature quasi-orderedXY
phase (which extends down toT  0) becomes unstable
to the proliferation of defects (vortices). This topologica
transition is peculiar, as these defects are disorder induc
and frozen in rare favorable regions wherezr is of order 1
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(m , 0), while most regions are unfavorable (z , 0). The
densityPsz , 1d of these favorable regions will emerge
naturally as the appropriate perturbative parameter, whi
decreases with the scale below the transition and increa
above. It corresponds to the tail of the distribution of fu
gacities which becomes broad at lowT .

Remarkably, the RG equation we find for the distri
bution of fugacities turns out to be a nonlinear equatio
which appears in many contexts, the Kolmogorov (KPP
equation [15]. It is known to admit traveling waves so
lutions, whose velocity selection problem [15] is unde
current interest [16]. The velocity of the front solutions
determines the increase or decrease ofPs1d, i.e., the phase
diagram. Interestingly, universality in the leading correc
tions to the velocity [15,16] nicely translates into the RG
universality around the disorder driven transition. Fur
thermore, via this KPP equation, a precise connection
found between the charge fugacity distribution and th
free energy distribution of a solvable disordered mode
the directed polymer (DP) on a Cayley tree [6]. Finally
restriction to the single charge sector yields a RG deriv
tion of the multifractal properties of the critical Dirac
wave function.

As in the pure case, the stability of the weak disorde
XY phase can be correctly inferred by approximate R
studies based ondipole energies[4,12,13] instead of the
randomcharge fugacitiesintroduced here. Thus our phase
diagram has the same topology as the one of [4,12,1
even though precise study of the low temperature regim
and transition requires the new method defined here.

The 2D square latticeXY model with random
phases [8] is defined by its partition sumZfAg Q

i

Rp

2p duie2bHfu,Ag with

bHfu, Ag 
X
ki,jl

V sui 2 uj 2 Aijd (1)

andV sud  2
K
p cossud, K  bJ, b  1yT . TheAij are

independent Gaussian random gauge fields, withA2
ij 

ps. The Villain form [17,18] of this model, which we
study in this paper, can be transformed into a CG wit
© 1998 The American Physical Society
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integer charges defined on the sitesr of the dual lattice
with ZfV g 

P
hnr j e2bH and

bH  2K
X

rfir0

nrGrr0nr0 1
X

r
nrVr , (2)

whereG21
k 

1
p f2 2 cosskxad 2 cosskyadg is the lattice

Laplacian. The bare disorder potential,Vr 
K
p Grr 0s= 3

Adr0 is Gaussian with logarithmic long range correlation
VkV2k  2sK2Gk. The usual continuum approximation
with (integer) charges of hard corea and fugacities
y  e2gK of this lattice model is obtained by using the
asymptotic formGrr 0 ø sln jr 2 r 0jya 1 gd s1 2 drr 0d.
Here, the perturbative expansion ofZfV g in y, valid in
the dilute limit uniformly over the system, fails.

Let us first sketch the direct RG method suited
the present case where disorder favors some regio
resulting in a site dependent local fugacityzr . Our
expansion captures the limit where the fugacity is neg
gible almost everywhere except in a fewrare favorable
regions. This is achieved by following the local disorde
s

to
ns,

li-

r

distribution which isnot Gaussian, a novel feature from
all previous approaches. We find that the disord
Vr  V .

r 1 yr naturally splits into two parts, along
range correlated Gaussianpart V .

r with logarithmic

correlator sV .
r 2 V .

r0 d2
a

 4sK2 lnsjr 2 r0jyad and
a local non-Gaussianpart yr which defines thelocal
fugacity variables zr

6  y exps6yrd for 61 charges
[19] which have only short range correlations. The R
equation for the distributionPsz1, z2d of local environ-
ments is obtained from the following two contributions
(i) “ Rescaling”: upon coarse graininga ! ã  aedl, V .

produces a Gaussian additive contribution toy; from

sV .
r 2 V .

r0 d2
a

; sV .
r 2 V .

r0 d2
ã

1 sdyr 2 dyr0d2 one
gets zr

6 ! zr
6eKdl6dyr with dyrdyr0  2sK2dldr,r0.

(ii) “ Fusion of environments”: upon the change of cutoff,
as illustrated in Fig. 1, two regions with fugacitieszr0

6, zr00

6

are replaced by a single region atr̃ 
1
2 sr0 1 r00d of ef-

fective fugacities̃z6  szr0

6 1 zr00

6 dys1 1 zr0

1zr00

2 1 zr0

2zr00

1 d
obtained from the relative weightW1yW0 of a charge
1 configuration (either inr0 or r00) versus a neutral one
(either no charge or a dipole). (i) and (ii) yield
≠lPsz1, z2d  O P 2 2Psz1, z2d 1 2

*
d

√
z1 2

z0
1 1 z00

1

1 1 z0
2z00

1 1 z0
1z00

2

!
d

√
z2 2

z0
2 1 z00

2

1 1 z0
2z00

1 1 z0
1z00

2

!+
P0P00

, (3)
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where kAlP0P00 denotes
R

z0
6,z00

6
APsz0

1, z0
2dPsz00

1, z00
2d

and O  Ks2 1 z1≠z1 1 z2≠z2d 1 sK2sz1≠z1 2

z2≠z2d2 is the diffusion operator [20].
A systematic way to study this problem is to introduc

replicas. Starting from (2) we representZm as the partition
sum of a CG withm-vector chargesnb

r living on the
dual lattice sites. Averaging over disorder, and taking t
continuum limit we obtain them-vector (hard core) CG of
partition sum expanded in power of thevector fugacityYn:

Zm  1 1
X
p$2

X
n1...np

Z
r1...rp

Yn1 . . . Ynp

Y
ifij

Ç
ri 2 rj

a

Énb
i Kbcnc

j

,

with Kbc  Kdbc 2 sK2, all integrals being restricted
to jri 2 rjj . a, and the sum is over all distinct neu
tral configurations

P
r nb

r  0. Yn is a function of

P(z ,z )l + -
ael

a

P(z",z")+    -0

P(z' ,z')+   -0

FIG. 1. Schematic representation of the fusion of two loc
environments.
e
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the replicated chargen  sn1, . . . , nmd with bare value
Yn ø e2gnbKbcnc . SinceKbfic fi 0, one cannot restrict to
single nonzero component charges [13], as it leads to
erroneous results of [8] at low temperature. However, w
stress that this quadratic form forYn, which results from
the Gaussian nature of the bare disorder, isnotpreserved by
the RG as shown below. We now perform the RG analy
of them-vector CG, extending the scalar case [21], leavi
the preceding form unchanged with [18,22]

≠lK
21
bc  d0

X
nfi0

nbncYnY2n , (4a)

≠lYnfi0  s2 2 nbKbcncdYn 1 d
X

n0fi0,n
Yn2n0Yn0 . (4b)

Rescaling and annihilation of opposite replica charg
separated bya # jri 2 rjj # aedl gives the first term of
(4b) and (4a). The second term of (4b), which comes fro
fusion of two replica chargesas usual invectorCG, was
absent in [4,12,13] but is crucial for the consistency of t
RG to orderY2

n. We take the point of view, as discusse
below, that the set ofYn encodes the full scale dependen
distributionPsz1, z2d of local disorder. Remarkably, the
correspondence betweenPsz1, z2d andYn emerges when
performing the analytical continuationm ! 0 of (4) which
we now present. To capture the most relevant operator
is sufficient to considerYn with nb  0, 61 in each replica
[19], which, using replica permutation symmetry, depen
only on the numbersn6 of 61 components ofn. This
leads to the general parametrization in terms of a funct
2559
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Fsz1, z2d:

Yn  kzn1

1 zn2

2 lF



*Y
b

fdnb ,0 1 z1dnb,11 1 z2dnb,21g

+
F

,

wherek. . .lF 
R

z6
. . . Fsz1, z2d. After some combina-

torics [23,24] the limitm ! 0 of (4b) can be rewritten
equivalentlyas Eq. (3) forP  Fys

R
z1,z2.0 Fd, which

is then naturally interpreted as a probability distribution
The first term in (4b) gives the diffusion contributionO P,
and the second term in (4b) yields the term of fusion o
environments [20] in (3). Finally, with the same defini
tions, (4a) yields the renormalization forK and s from
screening, which together with (3) form our complete se
of RG equations [22]

dK21

dl


4d0

d2

*
z0

1z00
2 1 z0

2z00
1 1 4z0

1z00
2z0

2z00
1

s1 1 z0
1z00

2 1 z0
2z00

1d2

+
P0P00

, (5a)

ds

dl


4d0

d2

*
sz0

1z00
2 2 z0

2z00
1d2

s1 1 z0
1z00

2 1 z0
2z00

1d2

+
P0P00

. (5b)

We have also studied this problem and obtained (3) a
(5) using a second methodwithout replicas. It also allows
one to justify physically the expansion presented prev
ously in the fugacityYn of replica charges. Technically, it
consists in introducing [24] anexpansion of physical quan-
tities in the number of points, which for the free energy
FfV g  2T ln ZfV g as a functional of the disorder takes
the form

FfV g 
X

r1fir2

f s2d
r1,r2

fV g 1
X

r1fir2fir3

f s3d
r1,r2,r3

fV g 1 . . . , (6)

where by definitionf
skd
r1,...,rk depends only onV srd at points

ri , i  1, . . . , k. The first term in (6) corresponds to the
independent dipole approximation [12], and the secon
term takes into account contributions from triplets of site
Equation (6) is identical term by term to the expansion i
the vector fugacityYn in the replica method used above
It corresponds to a new expansion in the small dens
of favorable regionsPlsz , 1d, equivalent to a small
density of vector charges on the replicated CG. We ha
performed (one loop) renormalization of (6): upon coars
graining, eachf skd correctsfsk21d, which is taken into
account consistently for allk by the fusion term in (3).

Since we are performing an expansion in the densi
of rare favorable regionsPlsz , 1d, it is consistent
to discard thez0

1z00
2 terms in the denominators in (3)

[25,26]. This leads to a closed equation for a sing
fugacity distribution Pszd 

R
z2

Psz, z2d which, using
the parametrizationGlsxd  1 2 kexps2ze2bsx2ElddlPl szd

whereEl 
Rl

0 Jldl, b  1yT , can be rewritten as

1
2 ≠lG  Dl≠

2
xG 1 s1 2 GdG . (7)
2560
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The diffusion coefficient isDl 
1
2 slJ

2
l and by con-

structionGls2`d  1 andGls1`d  0. Remarkably, for
constantD this is the much studied KPP equation, whic
describes diffusive invasion of an unstable state (G  0)
by a stable one (G  1). It also appears in the solution o
the problem of the directed polymer on a disordered Ca
ley tree [6], whereG parametrizes the free energy distri
bution. It is known [15,16] thatGlsxd converges at largel
towards traveling waves solutionshsx 2 mld selected by
the behavior at infinity ofGl0sxd , e2bx. This implies
Plszd ! z21psln z 2 bXld with Xl  ml 2 El (Xl , 0
in theXY phase; see Fig. 2).

We first find at low T , s , sc an XY phase as in
Fig. 2 (K , s converge toKR , sR). The typicalz goes
to zero but P develops a broad tail up toz , Os1d.
While in this phase and at criticality the concentratio
of rare favorable regionsPls1d decreases, it eventually
increases at largel in the disordered phasesc & s.
In the XY phase, one must distinguish two differen
tails in Plszd. As shown in Fig. 2, the bulk of the
distribution (typical values) is located aroundztyp , ebXl .
It corresponds to thefront regionwhich has a tail of sizep

l ahead of the front. From the velocity selection studi
[15,16] for T . Tg  J

p
sy2 we find the front position

ml , 2sb21 1 Dbdl. For T , Tg the velocity freezes
with ml 

p
D f4l 2

3
2 ln l 1 Os1dg. This corresponds

to Plszd , z2s11md within the tail of the front, withm 
TyTg , 1. Thus forT , Tg the distribution function of
ln z travels at therelative velocityy  ≠lXl  Js

p
8s 2

1d, which determines the phase diagram (see Fig. 3): it
negative [decrease ofPlsz , 1d] in the low T XY regime,
positive for s $ sc. Furthermore, at lowT , there is
also afar tail ahead,l of the front which corresponds
to rare eventsz , 1, of small probability Pls1d, but
which dominate average correlations (and thus≠lK and
≠ls). The linearized KPP equation, valid in this region
leads toPlszd , Pls1dz2s11md with m  TyTp , 1 and
to Pls1d , es221y4sdl, for T , Tp  2sJ.

In the high T regime of theXY phase,Plszd is not
so broad, and one recovers from (7) the usual RG res
[8] ≠ly  s2 2 K 1 sK2dy for the average fugacity
yl  kzll , 1` (, ztyp for T . Tg), using Glsxd ,
e2bsx2EldkzlPl at largex.

~1/z
1+µ

T

σ
R

1/8

TT*
g

XY phase

cc

z~1

l

~1/z
1+µ

l
P(z)l

lT lnz + E 

-X =E -ml

J

z~e Front region~   l
β

l
     X

FIG. 2. Scale dependent distributionPlszd and its two tail
regions forT , Tg. Inset: phase diagram.
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FIG. 3. Relation between the sign of the relative front velocit
y  ≠lXl and the increase or decrease ofPlsz , 1d.

The critical behavior at the transition from theXY to the
disordered phase is determined bythe front region, since
the velocity ≠lXl vanishes. AtT  0, we obtain from
the universalcorrections [15,16] to the velocity:≠lXl 
Js

p
8s 2 1d 2 3

p
Dy2l 1 Osl23y2d a projection of the

RG flow on the planes , sc  1
8 andg , Pls1d [27]

≠lg 

√
16ss 2 scd 2

3
2l

!
g; ≠lss 2 scd  g2,

yielding gl , l23y2 at criticality and a correlation length
j , e1yjs2scj. This new universality class [24] is differ-
ent from KT and from the prediction of [4,13]. Note tha
although most details ofPsz6d, e.g., its bulk, depend on
the cutoff procedure (and fusion rule . . .), here the unive
sality appears in a remarkable way. It comes from th
independence of the velocity and the front tail (which als
determine the relevant operators) on the precise formFfGg
of the nonlinear term in (7) (see [15]).

Finally, theE  0 critical wave function of 2D Dirac
fermions in a random magnetic fieldB [1–3] satisfies
jc0srdj2  e2Vr yZ with B  2

1
2 =2Vr . It is thus related

to the partition function of asingle chargeZ 
P

r e2Vr in
a random potentialVr with logarithmic correlations, which
can also be studied by our RG approach. The same deco
position of disordere2Vr  zre2V .

r , and renormalization
via fusion of environments (z  z0 1 z00) yields directly
(7) for the distributionPlszd. Elimination of scales up to
lp  lnsLyad yields thatZ ø zslpd has the same distri-
bution as the free energy of the DP on the Cayley tre
confirming the conjecture of [1,4]. It also yields the mul
tifractal spectrum ofjc0j

2 found to agree with [1,2]
To conclude, we developed a RG approach to rando

XY models, disordered CG, and random Dirac problem
By following the whole fugacity distribution, it appears
perturbative in the concentration of rare favorable region
which corresponds to the vector fugacity in the replic
method. This expansion is highly nonperturbative in th
original fugacity y. A precise connection to the free
energy distribution of DP on Cayley trees and rando
energy models (GREM) arises from the RG [28] and turn
out to be crucial to describe the disorder driven transitio

We thank B. Derrida and V. Hakim for useful discus
sions about the KPP equation.
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