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The dynamics of a superconducting quantum point contact biased at subgap voltages is shown
to be strongly affected by a microwave electromagnetic field. Interference among a sequence of
temporally localized, microwave-induced Landau-Zener transitions between current carrying Andreev
levels results in energy absorption and in an increase of the subgap current by several orders o
magnitude. The contact is an interferometer in the sense that the current is an oscillatory function of
the inverse bias voltage. Possible applications to Andreev-level spectroscopy and microwave detection
are discussed. [S0031-9007(98)07169-5]
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The classic double-slit interference experiment, whe
two spatially separated trajectories combine to form
interference pattern, clearly demonstrates the wavel
nature of electron propagation. For a 0-dimension
system, with no spatial structure, a completely analogo
interference phenomenon may occur between two disti
trajectories in thetemporalevolution of a quantum system
Such trajectories may appear in the presence of tempor
localized nonadiabatic perturbations (rather than spatia
localized slits in a screen) which scatter the syste
from one adiabatically evolving state to another. In th
Letter we show that this type of interference phenomen
significantly controls the microscopic dynamics of
voltage-biased superconducting quantum point cont
(QPC) subject to microwave irradiation.

It is well known that the Josephson current in a QPC
carried by Andreev bound states localized within the co
tact area. The corresponding energy levels—the Andre
levels—lie in the energy gap of the superconductor a
their positions depend on the changef in the phase of the
condensate across the junction. Hence, the Andreev le
will move adiabatically with time within the gap if the con
tact is biased by a voltageV much smaller than the gap
energy,D. With any (normal) electron scattering prese
in the contact the Andreev levels will, however, never cro
the Fermi level; instead they will oscillate periodically wit
f so that on the average no energy is transferred to
QPC and a purely ac current will flow through the conta
(ac Josephson effect).

Microwave radiation of large frequencyv , D rep-
resents a nonadiabatic perturbation of the QPC syste
However, if the amplitude of the electromagnetic field
sufficiently small, the field will not affect the adiabatic
dynamics of the system much unless the condition for re
nant optical interlevel transitions is fulfilled. Such reso
nances will occur only at certain moments determined
8 0031-9007y98y81(12)y2538(4)$15.00
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the time evolution of the Andreev level spacing. They pro
vide a mechanism for the energy transfer to the system
be nonzero when averaged over time and for a finite d
current through the junction. The rate of energy transfe
is in an essential way determined by the interference b
tween different scattering events [1], which will also lead
to oscillatory features in the current-voltage characteristic
of the QPC.

Although an example of the more general problem o
energy level spectroscopy, the spectroscopy of Andre
levels has an important specific aspect. Because of th
ability to carry electric current, detection of optical tran
sitions between Andreev levels is possible by means
transport measurements. The appearance of a subgap
rent under resonant radiation can furthermore be used a
sensitive microwave detector.

For an unbiased QPC, the Andreev spectrum o
each transport mode has the formE6sfd ­ 6Esfd ­
6Df1 2 D sin2sfy2dg1y2, where D is the transparency
of the mode and the energy is measured from the Fer
energy [2,3]. With a small bias voltage applied, the
levels move along the adiabatic trajectoriesE6std ­
6Esf0 1 2eVtyh̄d in energy-time space, as shown in
Fig. 1. When the criterium̄h Ùf ­ 2eV ø 2E2stdyD for
adiabaticity is obeyed, the rate of interlevel transitions i
exponentially small keeping the level populations consta
in time [4,5]. The presence of a weak electromagnet
field [on the scale ofEstd] does not affect the adiabatic
level trajectories except for short times close to th
resonances att ­ tA,B, whenEstA,Bd ­ h̄vy2. Here the
dynamics of the system is strongly nonadiabatic with
resonant coupling which effectively mixes the adiabati
levels. This is an analog of the well known Landau-Zene
transition, which describes interlevel scattering as
resonance point is passed. In our case these transitio
give rise to a splitting of the quasiparticle trajectory at th
© 1998 The American Physical Society
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FIG. 1. Time evolution of Andreev levels (full lines) in the
energy gap of a gated voltage-biased, single-mode superco
ducting QPC (see inset). A weak microwave field induces res
nant transitions (wavy lines) between the levels at pointsA and
B and the level above the Fermi energy becomes partly occ
pied to an extent determined by interference between the tw
transition amplitudes. Nonadiabatic interactions release the e
ergy of quasiparticles in the (partly) occupied Andreev leve
into the continuum at pointC, where the Andreev states and
the continuum merge into each other (represented by dashed
rows; see text) and the initial conditions for the Andreev leve
populations are reset (filled and empty circles).

pointsA, B into two paths,A1A2B2 andA1B1B2, forming
a loop insE, td space.

The resonant scattering opens a channel for energy a
sorption by the system; a populated upper level when a
proaching the edge of the energy gap (at pointC in Fig. 1)
creates real excitations in the continuum spectrum, whic
carry away the accumulated energy from the contact. As
result, the net rate of energy transfer to the system is finit
it consists of energy absorbed both from the electroma
netic field and from the voltage source. The confluence
the two adiabatic trajectories atB2 (see Fig. 1) gives rise
to a strong interference pattern in the probability for rea
excitations at the band edge, pointC. The interference ef-
fect is controlled by the difference of the phases acquire
by the system during propagation along the pathsA1A2B2
andA1B1B2.

For a quantitative discussion we consider a one-mod
superconducting point contact [6] with arbitrary energy
independent transparencyD for normal electrons,0 ,

D , 1. The length of the junctionL is small compared
to the coherence lengthj0, L ø j0. The contact is
biased at a small applied voltageeV ø D, and a high
frequency electromagnetic field is applied to the gat
situated near the contact; see inset in Fig. 1. We w
describe the evolution of the Andreev states with the time
dependent Bogoliubov–de Gennes (BdG) equation [7] fo
the quasiclassical envelopesu6sx, td of the two-component
wave functionCsx, td ­ u1sx, tdeikFx 1 u2sx, tde2ikFx ,

ih̄≠uy≠t ­ fH0 1 szVgsx, tdgu . (1)

In this equationu ­ su1, u2d is a four-component
vector, H0 is the Hamiltonian of the electrons in the
electrodes of the point contact,

H0 ­ 2 ih̄yFsztz≠y≠x

1 Dhcosffstdy2gsx 1 i sinffstdy2g sgnxsyj , (2)
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where si and ti denote Pauli matrices in electron-hol
space and inu6 space, respectively. The functionu,
which is smooth on the scale of the Fermi waveleng
has a discontinuity at the contact which is determin
by the transfer matrix of the QPC in the normal sta
and is described by the following boundary condition [8
us10d ­ s1y

p
Dd s1 2

p
R tydus20d, R ­ 1 2 D .

The gate potentialVgsx, td ­ Vvsxd cosvt in Eq. (1)
oscillates rapidly in time and the amplitude is assumed
be small compared to the Andreev level spacing,Vv ø
Estd. Under this condition, the system experiences
adiabatic evolution at all times except close to the res
nances (pointsA andB in Fig. 1) The durationdt of these
resonances is short in the limiteV ø D compared to the
period of Josephson oscillationsTV ­ p h̄yeV . Indeed,
the resonant transition occurs if the deviation of the inte
level spacing from the resonance valueEstd 2 h̄vy2 ­
ÙEstA,Bddt does not exceed the quantum mechanical reso
tion of the energy levels̄hydt. From this we can estimate
dt to dt , fh̄y ÙEstA,Bdg1y2 ø h̄yeV . Hence we may con-
sider the nonadiabatic dynamics as temporally localiz
scattering events. By introducing a linear combinatio
ustd ­ b1stdeivty2u1 1 b2stde2ivty2u2 of the eigen-
statesu6 corresponding to the adiabatic Andreev leve
E6, we can describe the system’s evolution through a re
nance by letting a scattering matrix̂S connect the co-
efficientsb6 before and after the splitting pointsA and
B. A standard analysis of the Landau-Zener interlev
transitions (see, e.g., [9]) gives the scattering matrix e
ments at the pointA sSAd11 ­ sSAd22 ­ t, sSAd12 ­
2sSAdp

21 ­ r, wherejrj2 ­ 1 2 jtj2 ­ 1 2 e2g is the
probability of the Landau-Zener interlevel transition. He
g ­ pjV12j2ysdEydtd, whereV12 is the matrix element
for the interlevel transitions. At the splitting pointB the
scattering matrix readŝSB ­ ŜT

A . The matrix elementV12

was calculated for the case of a double barrier QPC str
ture in Ref. [9]. For a single barrier junction an analogo
calculation gives usV12 ­ asLyj0d

p
DR Vv sinsfy2d,

where the constanta , 1 is determined by the posi-
tion of the barrier. We note that this matrix element
proportional to thereflectivity of the junction; reflection
mixes electron states with1kF and 2kF allowing op-
tical transitions between the Andreev levels. In a pe
fectly transparent QPC (D ­ 1), the upper and lower
Andreev levels correspond to opposite electron mome
and the effect under consideration does not exist;
Refs. [4,10].

By introducing the matrixF̂j,i ­ expfiszFsi, jdg,

Fsi, jd ­
1

2eV

Z fj

fi

df

√
Esfd 2

h̄v

2

!
, (3)

which describes the “ballistic” dynamics of the system b
tween the Landau-Zener scattering events, we connect
coefficientsb6 at the end of the period of the Josephso
oscillation,f ­ 0, with the coefficientsb6

0 at the begin-
ning of the period,f ­ 22p,
2539
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√
b1

b2

!
­ F̂0,BŜBF̂B,AŜAF̂A,22p

√
b1

0

b2
0

!
. (4)

The time-averaged current through the junction can
directly expressed through these coefficients.

The quasiclassical equation for the total time depende
current at the junction (x ­ 0) readsIstd ­ yFkutzul,
where k. . .l denotes a scalar product in 4-dimension
space. From Eqs. (1) and (2) it follows that

Istd ­
2e
h̄

√
df

dt

!21 Z `

2`

dx

"
ih̄

dku Ùul
dt

2 ÙVgkuszul

#
.

(5)
In the static limit, ÙVg ­ 0 and Ùf ! 0, it equals the usual
equation I ­ s2eyh̄d sdE6ydfd for the Andreev level
current. In the general nonstationary caseu is a linear
combination ofu6 and we calculate the current average
over the periodTV . Using the normalization condition
jb1j2 1 jb2j2 ­ 1 and omitting small contributions from
rapidly oscillating terms, we obtain

Idc ­
2e
p h̄

√
D 2

h̄v

2

!
fjb1j2 2 jb1

0 j2g . (6)

The direct current through the contact can be viewed as
sulting from photon-assisted pair tunneling or equivalent
as being due to the distortion of the ac pair current due
the induced interlevel transitions. The magnitude of th
current is such that the energy absorbed from the volta
source,VIdc, together with the energy absorbed from th
hf field corresponds to the energy necessary for creatin
real continuum-state excitation.

Let us now discuss the boundary condition atf ­ 2pn
(n is an integer). In the vicinity of these points, th
Andreev levels approach the continuum and the adiaba
approximation is unsatisfactory, even at small applied vo
ages and weak electromagnetic fields. The durationdt of
the nonadiabatic interaction between the Andreev level a
the continuum states can be estimated using the same
gument as for the microwave-induced Landau-Zener sc
tering. One finds thatdt , h̄ysDe2V 2d1y3. To derive the
boundary condition, for example, at pointC in Fig. 1, one
needs to calculate the transition amplitude connecting
statesu1st1d at time t1 ø tC 2 dt and u1st2d at time
t2 ¿ tC 1 dt: ku1st2dUst2, t1du1st1dl. HereUst2, t1d is
the exact propagator corresponding to the Hamiltonian
Eq. (1). It follows from symmetry arguments that this am
plitude is exactly zero. Both the Hamiltonian (2) and th
boundary condition foru at x ­ 0 are invariant under
the simultaneous charge and parity inversion described
the unitary operatorL ; P̂sxtz , where P̂ is the parity
operator inx space. This implies that at any time an
nondegenerate eigenstate of the Hamiltonian is an eig
state of the symmetry operatorL with eigenvalue11 or
21 and that this property persists during the time evolutio
of the state. In particular, the static Andreev state obe
the equationLu1sfd ­ Lu1sfd at any f. It follows
from Eq. (2) thatu1s2fd ­ sxtyu1sfd so Ls2fd ­
2540
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2Lsfd. The immediate consequence of this property
that the static Andreev states correspond todifferenteigen-
valuesL at f , 0 and atf . 0, and therefore they are
orthogonal [11], even though they belong to thesamelevel.
Hence the state evolving from the adiabatic stateu1st1d is
orthogonal to the adiabatic stateu1st2d. As a result the
probability for an adiabatic Andreev state to be “scattere
into a localized state after passing the nonadiabatic reg
is identically zero. In reality, the Andreev state as it ap
proaches the continuum band edge decays into the state
the continuum. Such a decay corresponds to a delocal
tion in real space and is the mechanism for transferring e
ergy to the reservoir [12].

The orthogonality property shown above guarantees t
the coherent evolution of our system persists during on
one period of the Josephson oscillation and that the eq
librium population of the Andreev levels is reset at eac
point f ­ 2pn [13]. This imposes the boundary condi
tionsb1s2pn 1 0d ­ 0, b2s2pn 1 0d ­ 1 in the begin-
ning of each period. Combining this boundary conditio
with Eqs. (6) and (4), we finally get

Idc ­
8e
p h̄

√
D 2

h̄v

2

!
e2gs1 2 e2gd sin2fFsA, Bd 1 ug ,

(7)
whereu is the phase of the probability amplitude for th
Landau-Zener transition, which weakly depends onV .

Equation (7) is the basis for presenting the biased QP
as a quantum interferometer. There is a clear analo
between the QPC interferometer and a standard SQU
in that they both rely on the presence of trajectories th
form a closed loop. In a SQUID, which is used to measu
magnetic fields, the loop is determined by the devi
geometry; in the QPC the voltage (analog of the magne
field) is well defined while the “geometry” of the loop in
sE, td space can be measured. This loop is determin
by the Andreev-level trajectories insE, td space and is
controlled by the frequency of the external field. Th
gives us an immediate possibility to reconstruct the pha
dependence of the Andreev levels from the frequen
dependence of the periodP of oscillations of the current
versus inverse voltage; see Fig. 2. Indeed, it follows fro
Eq. (3) that

fsEd ­ p 6
4pe

h̄
dP21

dv

Ç
v­2E

. (8)

In order to be able to do interferometry it is neces
sary to keep phase coherence during one period of
Josephson oscillation. There are three dephasing mec
nisms that impose limitations in practice: (i) deviation
from an ideal voltage bias, (ii) microscopic interaction
and (iii) radiation induced transitions to continuum state
The main source of fluctuations of the applied voltage
the ac Josephson effect. In the resistively-shunted-junct
model, a fixed voltage across the junction can be ma
tained only if the ratio between the intrinsic resistanceRi

of the voltage source and the normal junction resistan
RN is small. If RiyRN ø 1 the amplitude of the voltage
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FIG. 2. Current vs inverse voltage from Eq. (7) for a biase
superconducting QPC irradiated with microwaves of frequen
v ­ 1.52Dyh̄ and amplitude corresponding to a matrix ele
ment jV6j ­ 0.024D for interlevel transitions. Note the cut in
the inverse voltage scale. Results of the scattering approa
Eq. (5) (¶), are close to those obtained by numerically solvin
the BdG equation (1) with the radiation field treated in the res
nance approximation (solid line). The close fit means that t
scattering picture can be used to reconstruct the Andreev lev
from the period of the current oscillations (Andreev level spe
troscopy; see text).

RN fluctuations dV is estimated asdV , sRiyRN dD.
Effects of voltage fluctuations on the accumulated pha
FsA, Bd can be neglected ifdFsA, Bd ­ F0sA, BddV ø

2p, i.e., if eV . sRiyRN d1y2D, which corresponds to a
lower limit for the bias voltage [14].

The dephasing time due to microscopic interactio
is comparable to the corresponding relaxation time [15
This mechanism of dephasing can be neglected as soo
the relaxation time exceeds the Josephson oscillation
riod, ti ¿ h̄yeV . Taking electron-phonon interaction a
the leading mechanism of inelastic relaxation, we estima
ti to be of the order of the electron-phonon mean free tim
at the critical temperature,tphsTcd, since the large devia-
tions from equilibrium in our case occur in the energy in
terval E , D. This gives [16] another limitation on how
small the applied voltage can be,eV . 1022D.

The third mechanism of dephasing becomes importa
when the Andreev levels are closer thanh̄v to the con-
tinuum band edge. One can estimate the correspond
relaxation time astv , h̄DyV 2

v . For small radiation
amplitudestv exceedsTV , while for optimal amplitudes
they are about equal. The effect of the level-continuu
transitions on the interference oscillations depends on
frequency. If h̄v , 2Dy3 the “loop region” [Estd ,

h̄vy2] is optically disconnected from the continuum
and transitions cannot destroy interference. Possi
level-continuum transitions at times outside the loop w
only decrease the amplitude of the effect by a factor
exps2aV 2

vyeVDd, wherea , 1 is the relative fraction of
the periodTV during which transitions to the continuum
are possible. Accordingly, this factor is of the order o
unity for the voltages that correspond to the maximu
amplitude of oscillations. If̄hv . 2Dy3, the interference
is impeded by the optical transitions into the continuum
and the current oscillations decrease. Still, a nonze
average current through the junction will persist.

The interference effect presented here can also
applied for detecting weak electromagnetic signals up
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the gap frequency. Because of the resonant character o
phenomenon, the current response is proportional to
ratio between the amplitude of the applied field an
the applied voltage,I , jV6j2yDeV . For common
superconductor-insulator-superconductor detectors a n
resonant current response is proportional to the ra
between the amplitude and the frequency of the appl
radiation [17], I , jV6yvj2; i.e., it depends entirely
on the parameters of the external signal and cannot
improved.

In conclusion, we have shown that irradiation of
voltage biased superconducting QPC at frequenciesv ,
D can remove the suppression of subgap dc transp
through Andreev levels. Because of the resonant nature
the photon-induced interlevel scattering the phenomen
can be used for sensitive microwave detection. Quant
interference among the resonant scattering events can
used for microwave spectroscopy of the Andreev levels
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