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Stability of Solid State Reaction Fronts
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We analyze the stability of a planar solid-solid interface at which a chemical reaction occu
Examples include oxidation, nitridation, or silicide formation. Using a continuum model, includi
a general formula for the stress dependence of the reaction rate, we show that stress effect
render a planar interface dynamically unstable with respect to perturbations of intermediate wavele
[S0031-9007(98)07122-1]
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Many important reactions occur at solid-solid inter
faces, and require one of the reacting species to diffu
to the interface through one of the solids. The oxidatio
of silicon, a complex process vital to the fabrication an
function of silicon devices, is the best known example
but the oxidation of metals, nitridation of silicon, and sili
cide formation fall into the same general category. Sin
the original and reacted materials typically have diffe
ent lattice constants, the reaction generates stress, wh
in turn alters the reaction rate. In nonplanar geometrie
where the stress is nonuniform, the resulting structure c
be drastically affected [1–3]. There is a longstanding e
fort to understand these stress effects on morphology in
oxidation and in other systems [1–6].

It is well known that, in the case of epitaxial growth
of a solid at a free surface, stress causes a morpholog
instability in an initially planar surface [7]. In this paper
we show that the stress at a solid-solid reaction front c
similarly lead to an instability [8].

The instability here, however, differs in two importan
respects from that occurring in epitaxial growth. First, th
instability in epitaxial growth is driven by the thermody-
namics, always acting to lower the energy of the syste
In contrast, the reaction instability is essentially dynam
cal in nature. It results from the effect of stress on th
reaction rate rather than on energetics. Stress may e
ther stabilize or destabilize the planar reaction front, ev
though the energy is always lowered by long-waveleng
deviations from planarity. Second, a free surface und
stress is always unstable at long wavelengths and stabl
short wavelengths. In contrast, solid-solid reaction fron
are stabilized at long and short wavelengths by diffusio
and interface-tension effects, respectively. An instabili
can therefore occur only at intermediate wavelengths.

The system we study is illustrated schematically i
Fig. 1. For simplicity, we use the language of oxidation t
describe it. However, the model we now discuss is qui
general, and applies equally well to the other reactio
mentioned above. In oxidation, the surface layer of
solid (typically metal or semiconductor) is in contact with
a reservoir of oxidant, such as O2 gas. The surface
oxidizes, producing a thin solid film of oxide, as show
in Fig. 1. The oxidant must diffuse through the film to
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the film-substrate interface in order for further oxidatio
and film growth to occur.

Typically there is some volume change upon oxidatio
which produces stress [1]. This in turn affects the ox
dation and diffusion rates. In some materials, such
SiO2, viscous flow of the oxide film or other inelastic
processes can relieve these stresses, in whole or
part. Deal and Grove [9] proposed a simple model f
the oxidation of planar substrates at high temperatur
where viscous flow is so rapid that stress relaxation c
be treated as instantaneous. Their model has beco
the standard framework within which many subseque
oxidation problems involving curved geometries [1] hav
been analyzed.

Here we address the opposite regime, where the sys
is purely elastic and there is no viscous flow. Th
case is important for oxidation and other reactions
lower temperatures. As device structures shrink towa
the nanometer scale, and processing temperatures
correspondingly reduced, the stress-induced instability
describe may well become important in systems where
was previously irrelevant.
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FIG. 1. An illustration of the geometry of the solid state
reaction. The diffusion of the mobile reactant is represent
by a random walk.
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Consider the geometry of Fig. 1, where the substra
film interface is a plane modulated by a small sinusoid
perturbation with amplitudeaq and wavelengthl ­
2pyq. Our task is to evaluate the interface velocity
and determine whether the deviation from planarity grow
with time. If, for some q,aq grows as the reaction
proceeds, the planar interface is unstable.

The velocity $y of a point $xI on the reaction front is

$ys $xId ­ Rs $xI dr21
f n̂I ­ fcs $xIdk1 2 rck2gr21

f n̂I . (1)

HereR is the number of oxidant molecules per unit are
that reacts at the interface per unit time to form oxid
nI is the local unit normal to the interface (Fig. 1),rf

is the density of bound oxidant molecules in the oxid
cs $xd is the concentration of diffusing oxidant molecule
in the film, k1 and k2 are the respective rate constan
for the forward and reverse reactions (oxidation an
reduction) at the interface, andrc is the density of sites
through which the oxidant can diffuse in the film. Any
crystalline anisotropy is neglected for simplicity. Th
Fourier component of this velocity with wave numbe
q gives directly the rate of change ofaq, and hence
determines the stability of a planar interface.

With the current density $j of diffusing oxidant
molecules given by$j ­ 2D $=c, cs $x, td satisfies the
diffusion equation≠cy≠t ­ D=2c, whereD is the oxi-
dant diffusion constant. Typically, the diffusion is rapid
enough to maintain a quasi-steady-state concentration
soc obeys simply

=2c ­ 0 . (2)

The boundary condition on this equation at the interfa
comes from the requirement that all oxidant molecul
flowing into the interface react with the substrate t
produce oxide. This can be written as

n̂I ? $jf $xI g ­ Rs $xId ­ cs$xI dk1 2 rck2 . (3)

At the upper surface, the normal oxidant current equa
the rate at which oxidant is incorporated into the upp
surface of the film from the reservoir [9]:

$js $xSd ­ 2hfcp 2 cs $xSdgn̂S . (4)

Hereh is a rate constant (Henry’s constant),$xS is a point
on the upper surface,cp f$cs $xSdg is the concentration of
oxidant in the oxide film in equilibrium with the reservoir
andnS is the unit normal to the upper surface.

The solution of Eq. (2), subject to the boundary cond
tions (3) and (4), is complicated by the fact that the ra
constantsk1 andk2 depend on the local stress. The stre
dependence has been discussed from a phenomenolog
perspective by several authors in the context of silico
oxidation [1]. Here we apply a recent more comple
treatment [10], which we now briefly sketch. The reac
tion proceeds from an initial state of free energyF1 to a
final state of free energyF2 through a transition state (the
saddle point of the energy surface) with free energyFt .
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The local reaction rates can then be written as

ki ­ k0e2bsFt2Fi d, (5)

whereb ; 1ykBT , kB is Boltzmann’s constant,i ­ 1 or
2 , andk0 is a rate constant reflecting the microscopic “a
tempt frequency.” F1, Ft , andF2 represent free energie
coarse grained over distances large compared to ato
dimensions but small compared to other dimensions of
system. In general,F1, Ft , andF2 depend on the stresse
and interface curvature throughout the system. Note t
we are concerned with free-energychangesFi 2 Ft as-
sociated with a reaction event, and these depend only
the local stress and curvature.

We are considering stability with respect to an infin
itesimal perturbation from planarity, so we expand t
stress and reaction rate to the lowest order inaq. Then,
Fi ­ F̄i 1 dFi, for i ­ 1, t, 2. Here F̄i is the (local)
free energy for the planar interface, including stress
fects, anddFi is the change due to the curvature an
to the extra stress produced by the sinusoidal corru
tion. SincedF is Osaqyld, we can takedF ø kBT ,
so ki ø k̄if1 2 bsdFt 2 dFidg, with i ­ 1, 2 and k̄i ­
k0e2bsF̄t2F̄i d. The reaction rate is then

Rs $xI d ø R̄s $xId 1 bcs $xI dk̄1sdFt 2 dF1d

2 brck̄2sdFt 2 dF2d , (6)

where R̄s $xId ­ fcs $xIdk̄1 2 rck̄2g is the rate for the flat
interface.

ExpandingdF to lowest order in the local strain and
curvature gives

dFt 2 dFi ­ sgik 1 sn
i denn 1 s

p
i deppdr21

f . (7)

Here gi is the curvature derivative ofFt 2 Fi , and acts
as an effective interface tension;k is the local curvature
of the interface;denn and depp are the extra strains
normal and parallel to the interface due to deviations fro
planarity; ands

n
i and s

p
i are coefficients (“activation

stresses”) reflecting the stress of the transition state r
tive to that of the initial or final state in the normal an
parallel directions, respectively. (This neglects crystalli
anisotropy [10].) Note that the expansion fordFt 2 dFi

can be written in terms of the strainsdenn and depp of
either the film or the substrate, but the coefficientss

n
i and

s
p
i assume different values in the two cases. Equiv

lently, one can write Eq. (7) asdFt 2 dFi ­ sgik 2

e
n
i dsnn 2 e

p
i dsppdr21

f , wheredsnn and dspp are the
extra stresses resulting from deviations from planari
The coefficientsen

i and e
p
i are the normal and paralle

“activation strains” [6,11], and are related to the activati
stresses through the stress-strain relation, Eq. (8), yield
(for the film) s

n,p
1 ­ 2slf 1 2mfden,p

1 2 lfe
n,p
1 .

We evaluate the strains for the geometry of Fig. 1 usi
linear elastic theory [12]. The volume expansion acco
panying oxidation gives rise to elastic displacements$us $xd
of the material at position$x. Taking both the substrate
2491
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and oxide to be isotropic elastic media but with differ
ent elastic constants, one expresses the stress tensor$s in
terms of $u through the standard relation

s
s,f
ij ­ ls,f s $= ? $us,fddij 1 ms,fs≠u

s,f
i y≠xj 1 ≠u

s,f
j y≠xid

2 3Ks,fhs,fdij . (8)

Here h is the misfit strain parallel to the surface, with
hs ­ 0 and hf ­ h for the substratessd and film sfd,
respectively;Ks,f are the bulk moduli,Ks,f ; ls,f 1

2ms,fy3; and sls,f , ms,fd are the Lamé coefficients. The
above form of the stress tensor incorporates the requ
ment that the stress-free state for the substrate has z
displacement,$us ­ 0, while the stress-free state for the
film is achieved through a uniform stretching or diagon
strain h in all three directions relative to the referenc
substrate; i.e.,u

f
i s $xd ­ hxi for i ­ x, y, z.

This treatment assumes a fixed misfit at the interfac
and would be exact for an interface between two crysta
with a fixed epitaxial relationship, such as Si-NiSi2.
However, the case of greatest interest, Si-SiO2, is more
complex. The large volume increase upon oxidatio
is largely accommodated by expansion normal to t
interface, with only a modest residual misfit stress. Sin
the microscopic oxidation processes that determine
residual stress are unknown, our assumption is reasona
but untested in the context of Si oxidation.

To compute the stresses, one must solve the ela
force-balance equation$= ? $s ­ 0 for both substrate
and film, subject to the boundary conditionss ! 0 as
z ! 2` (in the substrate),$s f ? n̂S ­ 0 (force balance
at the upper surface),$uss $xId ­ $ufs $xI d (continuity of
displacement at the interface), and$s s ? n̂I ­ $s f ? n̂I

(force balance across the oxide-substrate interface) [13
For the planar interface (aq ­ 0), the displacement and

stress must vanish in the substrate. For the film, only thz
component of the displacement is nonzero:uf

z szd ­ efz,
with ef ­ 3Kfhyslf 1 2mfd. The only nonvanishing
components of$s f are the diagonal ones parallel to th
interface:s

f
xx ­ s

f
yy ­ 22mfef .

For the planar film, the oxidant current must be unifor
throughout the oxide. So, by solving Eq. (2) with th
boundary conditions (3) and (4), one readily calculates t
growth rate of the oxide thicknesslstd from Eq. (1):

d
dt

lstd ­
scp 2 rck̄2yk̄1dyrf

1yk̄1 1 1yh 1 lstdyD
. (9)

This result is essentially identical to that of Deal an
Grove [9], viz.,lstd grows ast at short times and ast1y2

at long times. Note that in practicecp . k̄2rfyk̄1, solstd
always increases with time.

For the modulated geometry of Fig. 1, the interfac
position iszI sx, td ­ z0std 1 aqstd cossqxd, z0std being its
average position at timet. We calculate the curvature,
displacements, and stresses to linear order inaqyl. With
Eq. (7), one can then expressdFt 2 dFi, and hence the
oxidant flux $js $xI d at the interface, in terms ofaq, l, the
2492
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oxide thicknessl, and the parameters of the problem, suc
as gi and s

p,n
i . One then solves=2c ­ 0 in the oxide,

to Osaqyld, subject to the boundary condition (4) at th
upper surface and (3) at the interface. Knowingcs $xId, one
uses Eq. (1) to determine the interface positionzI s $x, td:
z0std is given by the solution of the planar problem, and th
amplitude,aqstd, of the perturbation evolves according to

daqydt ­ Vqaq , (10)

where

Vq ­ r21
f s2w0 1 w1q 2 w2q2d . (11)

The w0, w1, and w2 terms, respectively, represent th
effects of diffusion, stress, and interfacial tension.

Thewi can be written as

w0 ­
k̄1

Drf
sC0k̄1 2 rck̄2df0sqld , (12)

w1 ­ 2beffsC0k̄1sn
1 2 rck̄2sn

2 dfn
1 sqld

1 sC0k̄1s
p
1 2 rck̄2s

p
2 dfp

1 sqldg , (13)

w2 ­ bsC0k̄1g1 1 rck̄2g2df2sqld . (14)

Here

C0 ;
cpr

21
f 1 rck̄2yh 1 rck̄2lyD

s1 1 k̄1yh 1 k̄1lyDd
,

andrc ; rcyrf is of order unity. The quantitiesf0sqld,
fn

1 sqld, f
p
1 sqld, andf2sqld are complicated dimensionless

functions ofql and the various parameters. The depe
dence of these functions onql is weak, and they are of
order unity over the range ofql’s of interest. For many
reactions, including the oxidation of silicon,k̄2 is negli-
gibly small. Thus the reverse reaction (decomposition
the oxide) doesn’t occur in practice. In this case, form
las (12)–(14) simplify, sincēk2 can be set to 0.

The explicit q dependence of the last two terms i
Eq. (11) results from the strains (denn and depp) and
the curvature (k) behaving likeq and q2, respectively.
Thus the smoothing influence of the oxidant diffusio
term (i.e., w0) dominates and maintains stability (i.e.
keepsVq , 0) at small q [14]. This is the inverse of
diffusion-limited growth, where the role of diffusion is
destabilizing, as in the Mullins-Sekerka instability. Th
interface tension (i.e.,w2) term prevents perturbations
of very small wavelengths from growing, stabilizing th
planar interface at largeq.

Planar growth is unstable, i.e.,Vq . 0, whenw1 . 0
and D ­ w2

1 2 4w0w2 . 0, the instability occurrs only
over the range of wavelengthsq2 , q , q1, where

q6 ­ sw1 6
p

w2
1

2 4w0w2 dy2w2 .

This is illustrated in Fig. 2.
To illustrate that the instability may occur under realis

tic conditions and at relevant wavelengths, we consider
oxidation, simplifying the problem with the usual assump
tion thatk̄2 is negligibly small. We must first estimate the
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FIG. 2. An illustration of the stability calculation results.
Notice that the interface is always stable (Vq , 0) in both the
small and largeq limit, and only become unstable (Vq . 0) in
the intermediate rangeq2 , q , q1 whenD . 0.

parameterssn
1 and s

p
1 , but a crude, order-of-magnitude

estimate suffices for the current illustration. Becaus
oxidation is accompanied by expansion, the oxidation rea
tion should proceed more readily when the existing mat
rial near the interface has been dilated, i.e., whendenn and
depp are positive. In other words, one expects both coe
ficientss

n
1 ands

p
1 to be negative. Our elastic theory cal

culation shows, however, thatfn
1 sqld , 0 andf

p
1 sqld . 0

[with fn
1 sqld 1 f

p
1 sqld . 0], so the sign ofw1 is deter-

mined by the relative magnitudes ofs
n
1 and s

p
1 . Thus

the instability presumably will not occur for all values o
parameters.

It can, however, occur for reasonable parameter valu
Assume, e.g., thatsn

1 ands
p
1 are comparable, and can be

crudely estimated as22mfe0; heree0 is an effective strain
which is taken to be of order one,e0 , 1, consistent with
the large, order-unity volume change accompanying ox
dation. This choice makesw1 . 0. For the other parame-
ters, we use rough numbers for wet oxidation in silico
[9]. Taking lstd ø Dyk̄1 (the most favorable limit for the
occurrence of the instability),cp , 3 3 109 cm23, k̄1 ,
5 3 1025 cmysec,D , 1029cm2ysec,rf , 1022 cm23,
w2 , 109 cm21 sec21 , andbmf , 1.6 3 1024 cm23 at
about900 ±C, we find that the inequalityw1 . 2

p
w0w2,

and hence the instability, holds for allef greater than
about2 3 1024, which can indeed be achieved for modes
values of misfit strainh. For the numbers above, we find
roughly, q2 , 2 3 104 cm21, andq1 , 5 3 107 cm21

for ef ­ 0.01. This implies an instability for wavelengths
between roughly 1 nm and3 mm.

Equation (10) shows that the characteristic tim
tI over which the instability develops is set by
1yVqmax ­ 4w2rfysw2

1 2 4w0w1d, where qmax ;
sq1 1 q2dy2 is the wave number for whichaq grows
most rapidly. For the sample parameters above, one fin
that tI , 1 sec. This time scale is short compared wit
typical processing times, or with the other characterist
time tX ­ Drfy2cpk̄2

1 , 104 sec, which is roughly the
e
c-
e-

f-
-

f

es.

i-

n

t
,

e

ds
h
ic

time when the motion of the planar interface crosses o
from t to t1y2 behavior.

Finally, we note that there is some intriguing exper
mental evidence of roughness in Si-SiO2 interfaces for
thin oxide layers [15] at 900±C. However, because of
the poorly understood complexities of real Si oxidatio
with a volume expansion of order unity but a far small
residual misfit, our results should be viewed as indicati
of the type of behavior that may occur, rather than
quantitatively applicable.
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