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Disappearance of Elliptic Flow: A New Probe for the Nuclear Equation of State
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Using a relativistic hadron transport model, we investigate the utility of the elliptic flow excitation
function as a probe for the stiffness of nuclear matter and for the onset of a possible quark-gluon-plasma
phase transition at alternating-gradient synchrotron energies1 & Ebeam & 11A GeV. The excitation
function shows a strong dependence on the nuclear equation of state, and exhibits characteristic
signatures which could signal the onset of the transition. [S0031-9007(98)07138-5]
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The determination of the nuclear equation of state (EO
has been, and continues to be, a major driving force
studies of nuclear matter at high-energy densities [1,2].
prevailing notion is that such studies will not only provid
crucial information about the EOS, but will afford uniqu
information about novel nonperturbative aspects of qua
tum chromodynamics (QCD) [2,3]. The phase transitio
for deconfinement and chiral symmetry restoration leadi
to quark-gluon plasma (QGP) formation constitute aspe
which are of great current interest.

A key step toward the delineation of the EOS and th
QGP phase transitions is the determination of experimen
signatures which can serve as clean and sensitive pro
Many of the experimental signatures proposed over t
last several years [4–6] have had only limited succe
primarily because they have turned out to be sensitive n
only to the EOS or the phase transition, but also to oth
poorly known physical effects.

Recent lattice QCD calculations (carried out at ze
baryon density) point to a softening of the EOS near a
above the energy region of the QGP phase transition, w
the pressure rising with temperature more slowly tha
the energy density. This softening starts even for qua
antiquark densities quite comparable to those in the grou
state of nuclear matter [7]. In the picture where chang
in the properties of hadronic matter are associated w
hadrons pushing out the nonperturbative vacuum, one
pects a similar softening of the EOS even at relatively lo
temperatures when the baryon density increases sign
cantly beyond its normal valuer0. Collisions of nuclei
at alternating-gradient synchrotron (AGS) energies (1 &

Ebeam & 11A GeV) are expected to produce equilibrate
matter at densities up tor , 8r0. Thus, it is of para-
mount importance to establish signatures for a softeni
of the EOS for such matter densities.

Pressure gradients provide the driving force for co
lective flow and the associated anisotropy of the tran
verse flow tensor. Consequently, flow measurements c
provide useful probes for the pressure developed in n
clear collisions, and, hence, may provide insights into t
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EOS as well as QGP formation. The directed sidewa
flow signal at high energies is compromised by the fa
that the flow angle essentially merges with the col
sion axis. In addition, this signal is known to exhib
strong dependencies on transport properties [8,9] wh
become increasingly uncertain with increasing beam e
ergy. These dependencies are weaker for the transv
flow tensor (elliptic flow) which has already been show
to be quite sensitive to the pressure at maximum co
pression [10,11]. At AGS energies of,s1 11dA GeV,
the elliptic flow results from a strong competition be
tween squeeze-out and in-plane flow. In the early stag
of the collision as shown in Fig. 1(b), the spectat
nucleons block the path of participant hadrons emitt
toward the reaction plane; therefore the nuclear matte
initially squeezed out preferentially orthogonal to the r
action plane. This squeeze-out of matter leads to ne
tive flow. In the later stages of the reaction as show
in Fig. 1(c), the geometry of the participant region (i.e
a larger surface area exposed in the direction of the
action plane) favors in-plane preferential emission a
hence positive elliptic flow. The magnitude and the sig
of the elliptic flow depend on two factors: (i) the pres
sure built up in the compression stage compared to
energy density, and (ii) the passage time for removal
the shadowing due to the projectile and target spectato
Specifically, the characteristic time for the development
expansion perpendicular to the reaction plane is,Rycs,
where the speed of sound iscs ­

p
≠py≠e, R is the nu-

clear radius,p is the pressure, ande is the energy density.
The passage time is,2Rysg0 y0d, wherey0 is the center
of mass spectator velocity. The squeeze-out contribut
should then reflect the ratiocsyg0y0 [8]. Measurements
of the elliptic flow and of its excitation function should
then provide a good probe ofcs and the EOS.

Theoretical efforts utilizing only hydrodynamical con
cepts have provided a wealth of qualitative insights
the nature of collective flow. However, these approach
often lead to serious overestimates of the quantitat
strength of various dynamical effects [9,10,12]. In th
© 1998 The American Physical Society
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FIG. 1. Schematic illustration
of the collision of two Au
nuclei at relativistic energies.
Time shots are shown for an
instant before the collision (a),
early in the collision (b), and
late in the collision (c).
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Letter, we investigate—by way of a relativistic transpo
model—the practical viability of elliptic flow as a probe
for the EOS and the QGP in Au1 Au collisions at AGS
energies [,s1 11dA GeV]. We show that (i) a distinct
transition from negative to positive elliptic flow occurs a
a beam energy,Etr , which is strongly dependent on the
parameters of the EOS, and (ii) that a phase transiti
to the QGP would provide a characteristic and detectab
signature in the elliptic flow excitation function.

Calculations have been performed with a preliminar
version of our new relativistic transport model [13]. An
ultimate goal for this new effort is to have a mode
which is not only applicable at finite baryon densities an
in nonequilibrium situations, but can reproduce the the
modynamic properties of nuclear matter obtained in la
tice QCD calculations. The phenomenological relativist
Landau theory of quasiparticles [14] serves as a basis
the model. For the purpose of this Letter, which is con
cerned only with energies of,s1 11dA GeV, we choose
nucleons, pions, andD andNp resonances for the hadronic
degrees of freedom. Particle energies are evaluated
specifying the energy density (in any frame) as a fun
tional of the particle phase-space distributions. The fiel
are chosen here solely to act on baryons as these parti
offer the best chance to observe any emission anisotro
that is of a dynamic origin. Since the vector and scal
fields can be momentum dependent with no exclusive d
pendence on the vector or scalar densities, there is no p
ticular benefit for a separate consideration of such fiel
(unless, of course, the spin dynamics were considered)

For convenience, we choose a parametrization for t
fields that can easily be identified as either vector or sca
[15]. Thus, in the case of the fields without momentum
dependence in their nonrelativistic reduction, we use
baryon energy density of the form

e ­
X
X

gX

s2pd3

Z
dp fXspd

q
p2 1 m2

Xsrsd

1
Z rs

0
dr0

s Usr0
sd 2 rs Usrsd , (1)

where the summation is over all baryons
mXsrsd ­ mX 1 Usrsd, and rs ­

P
X

gX

s2pd3

R
dp 3

fmXsrsdy
q

p2 1 m2
Xsrsd g fXspd. This gives baryon

single-particle energies

eXsp, rsd ­
q

p2 1 m2
Xsrsd . (2)

We take

Usjd ­
2aj 1 bjn

1 1 sjy2.5dn21 , (3)
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wherej ­ rsyr0, r0 ­ 0.16 fm23, anda, b, andn are
adjusted to the ground-state nuclear-matter propertie
a ­ 187.24 MeV, b ­ 102.62 MeV, and n ­ 1.5354
for a soft equation of state (K ­ 210 MeV), and
a ­ 115.08 MeV, b ­ 48.25 MeV, andn ­ 2.5427 for
a stiff equation of state (K ­ 380 MeV). It is important
to point out here that the denominator in (3) prevent
supraluminous behavior at high densities. A steep
increase of energy with density for the stiff EOS (se
inset of Fig. 3, shown below) leads to higher pressure
and sound velocities for that equation.

In the case of mean fields dependent on mome
tum in their nonrelativistic reduction, we parametrize
the energy density in the local frame whereJ ­P

X
gX

s2pd3

R
dp fXspd ≠eX

≠p ­ 0, with

e ­
X
X

gX

s2pd3

Z
dp fXspd

√
mX 1

Z p

0
dp0 yp

Xsp0, rd

!

1
Z r

0
dr0 Usr0d , (4)

andU is of the form expressed by Eq. (4) withj ­ ryr0
and r ­

P
X

gX

s2pd3

R
dp fXspd. Here the local particle

velocity y
p
X is of the form

yp
Xsp, jd ­

pq
p2 1 m2

Xys1 1 c
mN

mX

j

s11lp2ym2
X d2 d2

. (5)

This yields single-particle energies

eXsp, rd ­ mX 1
Z p

0
dp0yp

X

1 r

*Z p

0
dp0 ≠y

≠r

+
1 Usrd ,

which in a nonrelativistic reduction is similar to the ener
gies in the nonrelativistic transport models proposed b
Bertschet al. [1,16]. Adjustment of the parameters to the
properties of nuclear matter and to the nucleon-nucle
potential gives a ­ 185.47 MeV, b ­ 36.29 MeV,
n ­ 1.5391, c ­ 0.838 89, and l ­ 1.0890 for a soft
equation of state (K ­ 210 MeV), anda ­ 123.62 MeV,
b ­ 14.65 MeV, n ­ 2.8906, c ­ 0.835 78, and
l ­ 1.0739 for a stiff equation (K ­ 380 MeV). The
effective mass at normal density and Fermi momentum
mp

N ­ pFys≠eNy≠pd ­ 0.65mN for both sets.
The equations of motion in the mean field have bee

integrated utilizing a relativistic Hamiltonian for the
computational lattice. In any simulation, it is important to
satisfy detailed balance conditions for elementary collisio
processes close to equilibrium. It is difficult to satisfy
2439
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this condition for processes involving more than tw
particles in the final state [17]. Consequently, we adop
compromise which results in a different treatment of th
high-energy and low-energy collision processes. For t
low-energy processes (

p
s 2 m1 2 m2 , 1.7 GeV), we

force at most two particles in any state, and a strict d
tailed balance is followed. This is in direct contrast to th
high-energy processes for which the inverse processes
considered to be less likely. The high-energy producti
processes are parametrized using available experime
data on net cross sections, pion multiplicities, hadro
rapidity, and transverse-momentum distributions (e.
[18]); these processes are simulated using the concep
transverse-momentum phase space with a leading part
effect. The procedure is similar to that of Ref. [19
When possible, the diffractive production is favore
over the central. The low-energy processes are trea
in a relatively standard manner [17]. The model, s
constructed, successfully reproduces pion and pro
rapidity distributions as well as transverse-momentu
distributions within the beam-energy range of interest.

A necessary prerequisite for using elliptic flow as
probe for the EOS and the QGP is that a chosen meas
of this flow can accurately determine both its magnitud
and sign. To measure the elliptic azimuthal asymmetry
the particle distributions at midrapidity, we use the Fouri
coefficient kcos2fl, where f represents the azimutha
angle of an emitted baryon (jycmj , 0.3y0) relative to
the reaction plane. In the absence of elliptic flow, th
coefficient is zero. For in-plane elliptic flow (i.e., positive
the Fourier coefficientkcos2fl . 0 and for out-of-plane
flow (i.e., negative)kcos2fl , 0. For small values of the
ratio csyg0y0, the squeeze-out (or negative) contributio
should decrease approximately linearly with this ratio.

An important characteristic of the elliptic flow
is the change from negative values at low energi
(,0.2A GeV) to positive values at high beam energie
(,20A GeV). This behavior is clearly exhibited in
Fig. 2(a) where we show elliptic flow excitation function
for calculations which assume a stiff EOS (filled dia
monds) and a soft EOS (filled circles). For compariso
we also show results from calculations without a mea
field. All of the results shown in Fig. 2(a) are calculate
for impact parameters ofb ­ 4 6 fm. Figure 2(a) shows
an essentially logarithmic dependence of the elliptic flo
on beam energy over the range0.5 & Ebeam & 10A GeV.
This trend is the expected qualitative result indicating th
the squeeze-out contribution to the elliptic flow decreas
with increasing beam energy. Figure 2(a) also sho
that the slope of the excitation function, as well as th
beam energyEtr , for transition from negative to positive
elliptic flow, depends strongly on the stiffness of th
EOS. We believe that these results not only provide
new and significant probe for the EOS, but also raise t
expectation that any change in the stiffness of the EO
with energy will be manifested as a change in the slope
the excitation function.
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Experience from the low-energy domain (Ebeam &

1A GeV) has shown that the momentum dependence
the mean field is an important factor for the determinati
of the EOS from flow measurements. Nucleon-nucle
scattering data and nuclear-matter calculations clea
indicate the presence of this momentum dependen
here, it plays a role in generating flow before the matt
equilibrates. A priori, there could be two separate effec
due to the momentum dependence: (i) It may pass
an enhanced stiffness of the EOS, and/or (ii) it may le
to a loss of sensitivity to the stiffness of the EOS. Th
second effect could eliminate the possibility of observin
a change in the stiffness with increasing beam energy.

In Fig. 2(b), we show elliptic flow excitation func-
tions obtained from calculations that include momentum
dependent fields. The general trends of these excitat
functions are similar to those shown in Fig. 2(a). How
ever, one can clearly see that the net effect of the m
mentum dependence is to enhance the squeeze-out.
greater significance is the fact that the sensitivity of t
elliptic flow to the stiffness of the EOS remains prac
tically unchanged when this momentum dependence
included. The difference in the transition energyEtr is
,2A GeV, between the soft and stiff EOS whether or n
one includes momentum-dependent forces (see Fig. 2)
cursory examination of Fig. 2 also shows that measu
ments of elliptic flow should clearly discriminate betwee
models with a realistic EOS and the cascade models
which Etr & 0.6A GeV. The latter result corroborates a
earlier finding on the second-order flow [20].

FIG. 2. Calculated elliptic flow excitation functions for Au1
Au reactions. Panels (a) and (b) show, respectively, the fu
tions obtained without (NMD) and with (MD) the momentum
dependent forces. The filled circles, filled diamonds, and op
squares indicate, respectively, results obtained using a
EOS, a stiff EOS, and by neglecting the mean field. T
straight lines show logarithmic fits.
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FIG. 3. Calculated elliptic flow excitation functions for Au1
Au. The open diamonds represent results obtained with a s
EOS. The open circles represent results obtained with a s
EOS and with a second-order phase transition (see text). T
solid and dashed lines are drawn to guide the eye. Numb
at the top of the figure indicate rough magnitude of loca
baryon densities reached in reactions at different beam energ
The inset shows energy per baryon vs baryon density in t
calculations, atT ­ 0, for a stiff EOS (dashed line), a stiff
EOS with a second-order phase transition (solid), and a s
EOS (dash-dotted).

In order to search for an elliptic flow signature tha
can signal the onset of a phase transition to the QG
we have carried out calculations assuming an EOS with
weak second-order phase transition, obtained by sett
U ­ const in (1)–(3), forj $ 2.3. The energy per
baryon for this EOS (solid line) is compared to that fo
the stiff EOS (dashed) in the inset of Fig. 3. A first-orde
phase transition with a stronger drop in the energy p
baryon (in the same general density range) is obtain
in the extrapolation of the lattice QCD results [13]
The elliptic flow excitation functions calculated using a
stiff EOS with a phase transition (open circles) and
stiff EOS without the phase transition (diamonds) ar
compared in Fig. 3. Both functions have been obtaine
with no consideration of momentum dependence in th
mean field. For low beam energies (&1A GeV), the flow
excitation functions are essentially identical because t
two EOS are either identical or not very different at th
densities and temperatures that are reached. For2 &

Ebeam & 9A GeV the excitation function shows larger in-
plane elliptic flow from the calculation which includes the
phase transition, indicating that a softening of the EO
has occurred for this beam-energy range. This deviati
is in direct contrast to the essentially logarithmic beam
energy dependence obtained (for the same energy ran
from the calculations which assume a stiff EOS withou
the transition. This difference in the predicted excitatio
functions could very well serve as an important hint a
to whether or not the conditions necessary for the pha
transition to the QGP are created in this energy range.
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In summary, we have used a relativistic hadron tran
port model to investigate the viability of elliptic flow as
a probe for the compressibility of nuclear matter and t
onset of a possible QGP phase transition in the ene
ranges1 11dA GeV. The flow excitation functions ob-
tained from our calculations indicate that a distinct tran
tion from out-of-plane elliptic flow to in-plane elliptic flow
occurs at a beam energy,Etr , which is strongly dependent
on the incompressibility constant for nuclear matter. Add
tional calculations, which take account of a possible pha
transition, show characteristic trends in the excitation fun
tions for flow, which could signal the onset of a QGP pha
transition. These new results suggest that an experime
analysis of elliptic flow from reaction data at AGS energie
can provide invaluable constraints for the EOS and pos
bly for formation of the QGP.
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