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Accurate Measurement of the Planck Constant

Edwin R. Williams,* Richard L. Steiner,* David B. Newell,* and Paul T. Olsen†
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(Received 1 July 1998)

Using a moving coil watt balance, electric power measured in terms of the Josephson and qua
Hall effects is compared with mechanical power measured in terms of the meter, kilogram, and sec
We find the Planck constanth  6.626 068 91s58d 3 10234 J s. The quoted standard uncertainty
(1 standard deviation estimate) corresponds tos8.7 3 1028dh. Comparing this measurement to an
earlier measurement places an upper limit of2 3 1028yyr on the drift rate of the SI unit of mass, the
kilogram. [S0031-9007(98)07164-6]
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We have measured the Planck constanth with a
standard uncertainty (1 standard deviation estimate)
s8.7 3 1028dh. This new value has important implica
tions for the fundamental constants, including the ne
least-squares adjustment of the constants [1]. This
clearly demonstrated in Table I, which lists six of the co
stants whose values are limited by the uncertainty of t
measurement and lists the values assumed for other c
stants needed in the calculations. The equations use
relate these constants toh can be found in [6]. Because
this measurement provides the most accurate connec
between at atomic constant and the kilogram, the last
tifact standard in the International System of Units (S
it provides an improvement in the assigned uncertaint
of all atomic fundamental quantities that are dependent
the kilogram, as well as providing a means of monitorin
any changes in the kilogram.

The Planck constant is determined in a moving-co
watt balance experiment which realizes the electric
units as defined in the SI. The National Institute o
Standards and Technology (NIST) watt balance [7] h
been designed to measure the ratio of mechanical
electrical power, linking the artifact kilogram, the mete
and the second to the practical realizations of the oh
and the volt derived from the quantum Hall effect (QHE
ommit-
TABLE I. Fundamental constants improved by this measurement and values used to calculate them. The International C
tee for Weights and Measures, CIPM, adopted the indicated values in 1990 [2].ur means relative standard uncertainty.

Constant Symbol Value Unc. ur s1028d
Planck constant h 6.626 068 91s58d 3 10234 J s 8.7 this work
Josephson constant (SI) KJ  2eyh 483 597.892s21d GHzyV 4.4 this work
Electron mass me 9.109 382 11s80d 3 10231 kg 8.8 this work
Proton mass mp 1.672 621 62s15d 3 10227 kg 8.9 this work
Avogadro constant NA 6.022 141 84s52d 3 1023 mole21 8.7 this work
Elementary charge e 1.602 176 48s7d 3 10219 C 4.4 this work
Josephson constant KJ-90 483 597.9 GHzyV exact (CIPM)
von Klitzing constant RK-90 25 812.807 V exact (CIPM)
1/(fine-structure constant) 1ya 137.035 999 93s52d 0.38a

Rydberg constant R` 10 973 731.568 639s91d m21 0.000 83 b

Electron’s atomic mass meymu 0.000 548 579 911 1s12d 0.021c

aReference [3]. bReference [4]. cReference [5].
0031-9007y98y81(12)y2404(4)$15.00
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and the Josephson effect (JE), respectively. Joseph
voltages,UJsn, fd, and quantized Hall resistances,RHsid,
can be realized by using the following equations:

UJsn, fd  nfyKJ  nfys2eyhd

and RHsid  RKyi  shye2dyi ,
(1)

wheren and i are integers,e is the elementary charge,f
is the frequency applied to a Josephson device,KJ the
Josephson constant, andRK the von Klitzing constant.
Notice that sKJd2RK, which is inversely proportional to
electric power, is also

sKJd2RK  s2eyhd2shye2d  4yh . (2)

The conventional values adopted internationally in 199
to maintain practical electrical units of voltage and
resistance areKJ-90 andRK-90, and their values are given
in Table I.

The experiment, first proposed by Kibble [8], consist
of two measurement modes. In the first mode a voltag
referenceU is used to servo control the velocityn of a
coil moving vertically in a magnetic field. In the second
mode, a currentI passing through the same coil, now held
stationary in the same magnetic field, is used to balan
© 1998 The American Physical Society
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the forceFz  mg, wherem is the mass of a standard
mass andg is the local acceleration of gravity. The
simple equation FzyI  mgyI  2dFydz  Uynz ,
wheredFydz is the vertical magnetic flux gradient in the
coil, relates the two modes. This can be rewritten as

UI  mgnz  sF ? ndz , (3)

which equates the electric power and the mechani
power. The reason this equation can be realized with
small uncertainty is that it is evaluated in two modes.
the velocity mode no current flows in the coils dissipatin
power, and in the balance mode the power dissipati
from friction is negligible for the minimal motion of
the balance and coil. Thus this experiment uses Eq.
to equate virtual power. Rewriting Eq. (3) to explicitly
indicate the units used in the experiment, we obtain

hUIj90W90  hmgnzjSI W

or W90yW  hmgnjSIyhUIj90 ,
(4)

whereW90 and W are the units of power in their respec
tive systems and the quantities inh j are the measured
values in those units. FromhnfyKJjV  hnfyKJ-90jV90,
hRKjV  hRK-90jV90, W90  sV90d2yV90 (whereV90 and
V90 are the units of voltage and resistance), and usi
Eqs. (2) and (4), it follows that

h  h4yfsKJ-90d2RK-90gj sW90yWd

 h4yfsKJ-90d2RK-90gj shmgnzjSIyhUIj90d . (5)

A measurement ofh does not depend on the value
chosen forKJ-90 and RK-90 as long as the Josephson an
QHE effect devices are used to measurehUIj. However,
KJ-90 was chosen using the measurements available
1990 to makehmgnjSIyhUIj90  1 and any measured
deviation means the conventional valuesKJ-90 and RK-90
need adjusting to preserve this equality.

Figure 1 shows the configuration of the experimen
The axial force on a loop of wire in a purely radia
field sssB  fBaszdyrgr̂, where Baszd is nearly constant
with z and timeddd is independent of the wire shape
A superconducting magnet consisting of two soleno
sections wound in opposition produces a 0.1 T radial fie
outside the magnet Dewar.Baszd varies by1385 mTyT
from the center over a635 mm vertical displacement,
maintaining this variation over days. Because the fie
and not the flux must be constant, the magnet is opera
in a constant current mode with 5.6 A. The magn
has 200 000 turns and an inductance of 5000 H. Tw
induction coils, each with 2355 turns, are located in th
radial field. The lower induction coil is fixed to the
support structure of the balance and the upper “movin
induction coil is attached to a wheel balance located abo
the Dewar. Aligning the magnetic field perpendicular t
gravity, and the inductive coils to the field, is essential s
that all forces and velocities measured are vertical. Th
the balance is a 31 cm radius wheel that operates l
a pulley, where the inductive coils, mass standards, a
countermass hang from flat bands of 50 strands of w
cal
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FIG. 1. Schematic of watt balance experiment. The whe
both magnets, and the fixed induction coil are all rigidl
connected. A Dewar is between the superconducting mag
and the induction coils.

rolling on the wheel, allowing the coil to move strictly
vertically for 100 mm as the wheel rotates610±. The
five degrees of motion for the induction coil, other tha
vertical, are monitored, and excitations are damped. T
monitoring of coil motion plus some mutual inductanc
techniques are used to align our experiment and
estimate the alignment errors [9].

For the first part of the measurement, the veloci
phase, no mass standards are on the pans and a s
force on the countermass side is applied, via an aux
iary coil and permanent magnet, to produce a veloc
of about 2 mmys that generates a constant voltag
1.018 6 0.001 V across the moving induction coil. We
synchronously measure the time, the voltage differen
between the moving and fixed induction coils, and the d
tance between these coils, eliminating voltage and mot
common to both. Three interferometers, spaced equa
apart on the coils, record the coil center-of-mass positi
while three digital voltmeters integrate voltage betwee
successive position readings with less than 200 ns de
time. With the interferometry performed in air, a refrac
tive index is calculated from pressure, temperature, a
humidity sensors. The resultingUyn ratio has a vibration
related noise of about 0.002% and must be extensiv
averaged. TheBaszdyBasz  0d variation is measured
with 650 Uyn measurements timed uniformly ove
85 mm travel. The field’sz dependence is modeled with
an eighth order orthogonal polynomial from hundreds
curves measured daily, which is then used in calculati
2405
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FIG. 2. Histogram of most recent 989 watt measurement

the temporal changesf60.2 smBayBadyhg for eachUyn

ratio at the position that the weighings are made. A
of 10 up and 10 down velocities takes 30 min.

In the second mode, the balance phase, a tare we
of 500 g placed on the countermass pan is balanced
a 210.18 mA servo current in the induction coil. As
the 1 kg standard mass is placed on and off the pan,
induction coil current is reversed while allowing minima
rotation of the balance, and a61.018 V reading across
a 100V standard resistor is recorded. Five mass “o
off” sequences take 30 min. EachFyI ratio is combined
with before and afterUyn ratios for a single watt datum
where eachFyI and Uyn ratio generally has equivalen
relative statistical uncertainties within 0.08mWyW. The
histogram plot in Fig. 2 shows our last 989 watt readin
over four months. The 0.14mWyW standard deviation of
this data shows the precision of our experimental proce

The experiment is automated and runs nightly and o
holidays to reduce vibrations. Figure 3 shows the res
of the last four months, where each point is a run co
sisting of 8 to 20 watt readings, on average. The er
bars are the standard deviation of the mean. Our mos
cent data has day-to-day fluctuations slightly larger th
expected after accounting for shorter term scatter, calib
tions, or other effects that might contribute noise at lo
frequency. We estimate (by considering the standard
viation as a function of the “bin” size in which the dat
are grouped) that a 0.03mWyW assignment for the statis
tical (type A) uncertainty is appropriate.

The final uncertainty is dominated by type B uncerta
ties, shown in Table II. A more detailed discussion
these uncertainties is submitted for publication [10].
the additional possible error sources that contribute to
uncertainty, the four largest contributors are as follow
(1) The index of refraction of air. Our distance me
surements rely on the modified Edlen formula for calc
lating the index of air. However, we have construct
an absolute refractometer [11] that agrees with our Ed
calculations to about 0.05mWyW. Air analysis from a
residual gas analyzer shows no exceptional variati
2406
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FIG. 3. The daily average of the latest watt results. The erro
bars are the standard deviation of the mean each day’s results

or contaminants. (2) Our present alignment procedures
which have resolution limits, are reasonably stable but ar
performed infrequently, so an error could systematically
affect a few months of data. These alignment correc
tions are discussed in some detail in an earlier paper [9
(3) The voltage measurements are limited by unpre
dictable thermal emfs associated with two volt transfers
back to a Josephson array voltage standard, which
maintained in the watt laboratory. Although the estimated
voltage uncertainty is actually quite reasonable (15 nV)
one thermal especially is unpredictable, and, since volt
age measurements occur twice in the watt calculation, th
uncertainty doubles. (4) Residual knife-edge hysteresi
effects during force measurements are one of the large
causes of short term fluctuations in the data. All bal-
ances have this problem, but inelastic deformation from
the large knife-edge deflections in the velocity mode and
0.3 mm (1 mrad) wobbles as the mass is taken on and o
limit the performance of our balance.

TABLE II. Relative standard uncertainties in the NIST watt
experiment.

Uncertainty source Value snWyWd
Reference transfers (type B)

Mass 20
Resistance 8
Voltage 30
Length 5
Frequency 5
Gravity 7

External effects
Refractive index 43
Mass buoyancy 23
Alignments 40
Leakage resistance 20
Magnetic fluxz-profile fit 20
Knife-edge hysteresis 20
RF noise offsets 10

RSS subtotal 82
Statistical type A 30
Combined 87



VOLUME 81, NUMBER 12 P H Y S I C A L R E V I E W L E T T E R S 21 SEPTEMBER1998

ct

ic
ed
nt

her

nts
].
e
w

y
to
n
le,

r
m:
,
e
ur,

nt
e,
rk.

.

d.

g,

ts,
ew

a

FIG. 4. Comparison with other electrical measurements ofh.
The National Laboratory for England is NPL; for Australia
is CSIRO/NML; for Germany is PTB; for China is NIM.
CODATA, the Committee on Data for Science and Technolog
of the International Council of Scientific Unions, Task Grou
on Fundamental Constants.

Using the data discussed above and shown in Figs
and 3 and Table II, we obtain a relative standard unc
tainty of 0.087mWyW; the final result is

sW90yW 2 1d  s10.8 6 8.7d 3 1028. (6)
Equation (6) gives for the Planck constant

h  6.626 068 91s58d 3 10234 J s. (7)
Figure 4 illustrates the relation of this value with the othe
electrical measurements ofh. The values used in Fig. 4
are referenced in [1]. One of those, the 1988 Nation
Physical Laboratory (NPL) watt result [12] was the mo
accurate with an uncertainty of 0.2mWyW assigned as
the authors recently suggest [13]. Currently the new NP
experiment has a better signal-to-noise ratio than th
reported here, in part because they have their experim
in vacuum. They will likely have the most accurate resu
when uncertainty testing is completed. Using the 19
NPL value forhW90yWj1988, and our 1998 value results in
a drift of the value of the watt:

shW90yWj1998 2 hW90yWj1988dys1998 2 1988d

 s1 6 2d 3 1028yyr . (8)
Since the watt is directly proportional to the Planc
constant, it follows that this limit,62 3 1028yyr, on the
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drift of the watt is a limit of the drift of the SI unit of
mass, the kilogram. This is comparable with a less dire
determination suggested by Davis [14] of62 3 1028yyr.

By making the connection between the macroscop
unit of mass (the kilogram) to quantum standards bas
on the JE and QHE, this experiment provides a significa
improvement in the Planck constant as well as many ot
constants. This 9 parts in108 measurement ofh meets
the original design goal of this experiment and represe
a factor of 15 improvement over our previous result [15
It also allows us to set an upper limit on the drift of th
last artifact in the base units of the SI. We are no
implementing major modifications, including a vacuum
system, that will allow a tenfold reduction in uncertaint
[10]. When that new level is achieved, we will be able
monitor the kilogram and consider its possible redefinitio
based on defining some constant of nature, for examp
eitherh or the atomic mass unit.

The following have reported their work on earlie
portions of this experiment, and we are indebted to the
W. Phillips, V. Bower, R. Elmquist, W. Tew, G. Jones
G. Stanbakken, A. Gillespie, K. Fujii, and A. Picard. Th
following have made essential calibrations: Z. Jabbo
J. Keller, C. Tilford, D. Vaughn, A. Miiller, R. Dziuba,
J. Sims, C. Burroughs, S. Benz, and J-H. Kim. Importa
suggestions were provided by R. Davis, B. Kibbl
R. Deslattes, C. Teague, J. Faller, B. Taylor, and A. Cla
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