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Magnetic Anisotropy in Quantum Hall Ferromagnets
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We show that the sign of magnetic anisotropy energy in quantum Hall ferromagnets is determined
a competition between electrostatic and exchange energies. Easy-axis ferromagnets tend to occur
Landau levels whose states have similar spatial profiles cross. We report measurements of in
quantum Hall effect (QHE) evolution with magnetic-field tilt. Reentrant behavior observed for th
n ­ 4 QHE at high tilt angles is attributed to easy-axis anisotropy. This interpretation is supported
a detailed calculation of the magnetic anisotropy energy. [S0031-9007(98)06972-5]
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In the quantum Hall effect (QHE) regime, two-
dimensional electron systems (2DES) can have fe
romagnetic ground states in which electronic spin
are completely aligned by an arbitrarily weak Zee
man coupling [1]. However, spin independence of th
electron-electron interaction leads to isotropic Heisenbe
ferromagnetism, and therefore to loss of ferromagne
order at any finite temperature [2]. Richer physics occu
when the two Landau levels (LL’s) that are nearly de
generate differ by more than a spin index. For examp
double-layer QHE systems can be regarded as easy-pl
sXY d two-dimensional ferromagnets [3] and exhibit a
variety of effects which have received considerab
experimental [4] and theoretical [5] attention in recen
years. Idealized single-layer QHE systems have a pha
transition [6] in tilted magnetic fields between unpolarize
and spin-polarized states, and as we show below, can
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regarded as easy-axis (Ising) ferromagnets. In this Le
we report experimental data for a 43 nm wide unbalanc
GaAs quantum well in which a loss of the QHE atn ­ 4
is observed over a finite range of magnetic-field til
angles. We derive a general expression for the magn
anisotropy energy and propose that its sign is respons
for this observation.

In a strong magnetic field, the single-particle states
a 2DES are grouped into LL’s with orbital degenerac
Nf ­ AByF0, where A is the system area,B is the
field strength, andF0 is the magnetic flux quantum. We
consider the case where the LL filling factorn ; NyNf

is an integer [7] and two different groups ofNf orbitals
are close to degeneracy. We assume that other LL’s
far enough from the Fermi energy to justify their negle
[8]. Using apseudospinlanguage [3] to represent the LL
index degree of freedom, the Hamiltonians we consid
can be expressed in the form
H ­ 2bss $q ­ 0d 1
1

2A

X
$q

hVr,rs $qdrs2 $qdrs $qd 1 Vs,ss $qdss2 $qdss $qd 1 Vr,ss $qd frs2 $qdss $qd 1 ss2 $qdrs $qdgj .

(1)
].
on,
In Eq. (1), b is half the energy separation between th
nearly degenerate LL’s, andrs $qd and ss $qd are, respec-
tively, the sum and difference of the density operato
[9] projected onto the up and down pseudospin LL’
Note that b is half the single-particle energy differ-
ence and does not include mean-field contributions fro
Coulomb or exchange interactions with electrons in th
LL’s of interest. We have limited the present discus
sion to cases for which the total number of electron
with each pseudospin index is conserved. The effe
tive interactions that appear in Eq. (1) are related to t
effective interactions between pseudospins by the f
lowing relations:Vr,r ­ sV"," 1 V#,# 1 2V",#dy4, Vs,s ­
sV"," 1 V#,# 2 2V",#dy4, andVr,s ­ sV"," 2 V#,#dy4.

Our calculation of the pseudospin anisotropy energy
based on the following single Slater determinant wa
function:
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jCfn̂gl ­
NfY

m­1

c
y
m,n̂j0l . (2)

Here m labels the orbital states within a LL and
n̂ denotes the pseudospinor aligned in thên ­
fsinsud cossfd, sinsud sinsfd, cossudg direction. This
many-particle state is fully pseudospin polarized [10,11
For the dependence of energy on pseudospin orientati
we find that

kCfn̂gjHjCfn̂gl
N

­ 2bp cossud 1
Us,s

2
cos2sud . (3)

Herebp ­ b 2 Ur,s and for all indices

Us,s0 ­
Z d $q

s2pd2 fVs,s0s $q ­ 0d 2 Vs,s0s $qdg

3 exps2q2,2y2d , (4)
© 1998 The American Physical Society
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FIG. 1. Pseudospin orientation (a) and Hartree-Fock quasip
ticle gap minus exchange energyI",# in units of 2jUs,s j (b) as a
function of the effective fieldbpyjUs,s j for the easy-axis (full
line) and easy-plane (dashed line) broken symmetry states.

where , ­
p

h̄cyeB is the magnetic length. In Eq. (3)
we have dropped terms in the energy that are independ
of pseudospin orientation. The right-hand side of th
equation is independent off because thêz component
of total pseudospin is a good quantum number.

For each effective field strengthbp, the pseudospin
orientation is determined by minimizing the total energ
For Us,s . 0, easy-plane anisotropy, cossud ­ 0 at bp ­
0 and the pseudospin evolves continuously with effecti
field as illustrated in Fig. 1(a), reaching alignment fo
jbpj . Us,s. For Us,s , 0, easy-axis anisotropy, local
minima occur at both cossud ­ 1 and cossud ­ 21
for jbpj , jUs,sj. If only global pseudospin rotation
processes were possible, macroscopic energy barr
would separate these two locally stable states, result
in hysteretic behavior [see Fig. 1(a)]. The sign ofUs,s
is determined by competition between the two terms
square brackets on the right-hand side of Eq. (4). T
Vs,ss $q ­ 0d term is an electrostatic energy which i
present when the two pseudospin states have differ
charge density profiles perpendicular to the electr
layers. This term favors easy-plane anisotropy. T
Vs,ss $qd term is the exchange energy which favors eas
axis anisotropy. Easy-axis anisotropy will always occ
whenVs,ss $qd is an increasing function of wave vector.

Transport measurements in the QHE regime are e
tremely sensitive to the energy gap for charged ex
tations. Generally, large energy gaps give rise to w
developed Hall plateaus and deep minima in the d
sipative resistivity. In the Hartree-Fock approximation
the quasiparticle energy gap of anisotropic QHE ferr
TABLE I. Effective Coulomb interactions in units of2pe2,ye as a function of wave vectorq in units of ,21 for ideal double-
layer and tilted-field models.Lnsxd is the Laquerre polynomial.

Model Vrr Vss Vrs

Double-layer s1 1 e2qddy2q s1 2 e2qddy2q 0

Tilted-field fLmsq2y2d1Lm21sq2y2dg2

4q
fLmsq2y2d2Lm21sq2y2dg2

4q
fLmsq2y2dg22fLm21sq2y2dg2
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magnets can be written as [12]

DHF ­ I",# 2 2Us,s 1
2bp

cossud
, (5)

where I",# ­
R dq2

s2pd2 exps2q2,2y2d
°
Vr,r 2 Vs,s

¢
. For

the easy-plane case,DHF is a continuous function of the
effective fieldbp, decreasing linearly forbpyUs,s , 21,
constant forjbpjyUs,s , 1, and increasing linearly for
bpyUs,s . 1. In contrast, if the system has easy-ax
anisotropy, DHF decreases toI",# at the extremes of
the hysteresis loop (bpyUs,s ­ 61) before jumping
to I",# 1 4jUs,sj when the pseudospin magnetizatio
reverses. In Fig. 1(b) we summarize the above results
plotting sDHF 2 I",#dy2jUs,sj as a function ofbpyjUs,sj.
In the Hartree-Fock approximation this quantity depen
only on the sign of the anisotropy energy.

For concreteness, we now mention idealized mod
which have easy-plane and easy-axis anisotropy. For t
arbitrarily narrow quantum wells separated by a distanced
with full polarization of the true electron spin, we let pseu
dospin represent the layer index. The “pseudosp
Zeeman fieldb is then proportional to the bias electri
field Eg, created by a gate external to the electron syste
b ­ eEgdy2. On the other hand, for a single arbitraril
narrow quantum well withn ­ 2m in which the real-
spin Zeeman coupling has been increased [6] so as
bring the up-spinn ­ m LL close to degeneracy with
the down-spinn ­ m 2 1 LL, we let the pseudospin
represent the spin index of the LL close to the Ferm
energy. The pseudospin Zeeman coupling for this mo
is b ­ sgpmBB 2 h̄vc 1 I0dy2. Here the first term is
the real-spin Zeeman coupling, the second term is
cyclotron energy, and the last term is the contribution
b from exchange interactions with frozen LL’s lying wel
below the Fermi energy [I0ys

p
py2 e2ye,d ­ 1y2, 5y16,

and31y128 for m ­ 0, 1, and 2, respectively [6,13] ]. The
effective Coulomb interaction energies for the two mode
are summarized in Table I. For the ideal double-lay
model, the electrostatic termVs,ssq ­ 0d dominates,
Vs,ssqd is a monotonically decreasing function ofq, and
Us,s is positive. On the other hand, for the ideal tilted
field model, the pseudospin wave functions differ on
in the plane of the 2DES, the electrostatic term is cons
quently absent, and the exchange term produces easy-
anisotropy [Us,sys

p
py2 e2ye,d ­ 23y16, 233y256,

and2107y1024 for m ­ 0, 1, and 2, respectively].
Now we turn to the discussion of the measured QH

evolution with tilted field, shown in Fig. 2 [14]. In finite
width quantum wells, the large tilt angles necessary
2329
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FIG. 2. (a) Measured longitudinal resistance vs perpendicu
component of the magnetic field for different tilt angles (a is
measured from the normal to the plane of the 2DES) atT ­
300 mK. The n ­ 4 QHE is lost ata ø 80± and reappears
at a ø 80.5± while for n ­ 2 no loss of the QHE is observed
neara ­ 72±. The inset shows calculated charge distributio
at a ­ 0 for the unbalanced GaAs quantum well studied her
The front-gate and back-gate voltages and the 2DES den
(N ­ 1.57 3 1011 cm22) were fixed during the experiment.
(b) Anisotropy energies calculated for the geometry of th
sample atn ­ 2 and 4. The two Landau levels which are
brought close to degeneracy by applying in-plane compon
of the magnetic field are indicated in the insets together w
calculated density profiles for up (dashed line) and down (so
line) pseudospin orbitals at high tilt angles.

bring the up and down pseudospin LL’s close to degen
acy result in substantial coupling of the in-plane comp
nent of the magnetic field to orbital degrees of freedo
2330
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[15]. These orbital effects can be incorporated [1
by adjusting the effective interactions appropriately.
particular, for real finite-width quantum wells, the pe
pendicular charge density profiles of the two pseudos
LL’s differ, and the electrostatic contribution toUs,s is
no longer zero. The sign of the anisotropy energy depe
in detail on the quantum well geometry, the tilt angl
and the filling factor. The insets in Fig. 2(b) show
charge-density profiles in the quantum well studied f
the relevant orbitals at high tilt anglesa obtained from
self-consistent LDA calculations [15]:n ­ 0, # and n ­
1, " at n ­ 2; n ­ 1, # andn ­ 2, " at n ­ 4. From these
orbitals we see that, forn ­ 2, the Hartree contribution to
Us,s is significant at higha. Hence,Us,s increases sub-
stantially with tilt angle and becomes positive at largea

[see Fig. 2(b)]. This result demonstrates that easy-pla
anisotropy can occur in realistic single quantum wells.
so, referring to the quasiparticle gap predictions summ
rized in Fig. 1, a strong QHE may be expected through
the region of tilt angles where the relevant LL’s are clo
to degeneracy. The experimental data of Fig. 2 show
strong minimum atn ­ 2 at all angles neara ­ 72±

wherebp ­ 0 occurs. No clear evidence for the disap
pearance of the QHE is observed up to the highest
cessible tilt angles forn ­ 2, consistent with easy-plane
anisotropy. We note that the calculatedUs,s becomes
positive ata slightly higher than72±; we attribute this
small discrepancy to the local density approximation f
exchange and correlation, used in the self-consistent fi
calculations for the LL orbitals.

At n ­ 4, our calculations predict thatbp ­ 0 occurs
at a ­ 79±, and that the density profiles of the tw
pseudospin states are similar even at high tilt angl
as illustrated in Fig. 2. Hence,Us,s is only weakly
angle dependent and is still stronglynegativearounda ­
79±. We attribute the clear degradation of the measu
QHE at n ­ 4 to phenomena associated with easy-ax
anisotropy. The tilt anglea ­ 80± where then ­ 4
QHE disappears is in a good quantitative agreem
with the theoretically predicted anglea ­ 79± at which
the pseudospin Zeeman fieldbp vanishes. We expec
transport properties inside the hysteresis loop in the ea
axis case, to have a complicated disorder depende
Spatially random potentials couple differently to differe
LL’s and will produce a random pseudospin magne
field. This is expected [16] to lead to the formatio
of large domains with particular pseudospin orientation
The dynamics of pseudospin reorientation is likely to
controlled by barriers to domain wall motion. If these a
comparable tokBT , the pseudospin will achieve alignmen
with the effective field on laboratory time scales, cossud
will change from 21 to 1 at bp ­ 0, and the energy
gap will have a cusp. This scenario appears to apply
recent experiments which study analogous LL crossin
in the valence band of GaAs [17] and to some tilted fie
driven transitions at fractional LL filling factors [14]. On
the other hand, when some domain wall motion barrie
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are much larger thankBT we expect that all physical
properties will exhibit hysteretic behavior, and that th
electronic state will have domain structure forbp close
to zero. Dissipation due to mobile charges created
domain walls [11] can then lead to a breakdown of th
QHE, observed in our data atn ­ 4 (Fig. 2). We expect
that dissipative and Hall resistances will then depen
on measuring current and sample history, as well as
temperature. In our experiment, however, we have n
found clear evidence of hysteresis, possibly because
base temperature (300 mK) is too large.

In the disorder free limit, easy-axis anisotropy in tw
dimensions leads to a finite temperature continuous pha
transition in the Ising universality class and stronger the
modynamic anomalies than for the Kosterlitz-Thoules
phase transition of easy-plane systems. The transit
temperature can be estimated [11] by balancing ener
and entropy terms in the free energy of long domain wall

kBTc , Us,sswRy,2d , (6)

wherew is the domain wall width andR is the domain
wall orientation correlation length. The domain wal
physics of these easy-axis ferromagnets is unconventio
because the spin stiffness is negative [11]. Prelimina
results from work presently in progress suggest th
wRy,2 is substantially larger than one and that the critic
temperature should typically exceed,1 K.

This work was supported by the National Scienc
Foundation under Grants No. DMR-9623511, No. DMR
9714055, and No. INT-9602140, by the Ministry o
Education of the Czech Republic under Grant No. ME
104, and by the Grant Agency of the Czech Republ
under Grant No. 202/98/0085.

Note added.—A recent experimental study [18] we
learned of after this work was completed finds hysteret
behavior in a narrow (25 nm) GaAs quantum well in
vicinity of n ­ 2y5 and4y9 fractional QHE’s which cor-
respond to integer QHE’s at composite fermion filling
factorsn ­ 2 and 4, respectively. In these experiment
Zeeman coupling strength was controlled both by appl
ing hydrostatic pressure and by tilting the field. We be
lieve that the theory developed in this paper explains t
origin of the hysteresis found in Ref. [18] at very low
temperatures (T & 200 mK).
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