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Electron-Hole Excitations in Semiconductors and Insulators
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We present a newab initio approach to calculate the interaction between electrons and hole
periodic crystals and to evaluate the resulting coupled electron-hole excitations. This involves a
interpolation scheme in reciprocal space in solving the Bethe-Salpeter equation for the two-pa
Green’s function. We apply this approach to the calculation of the entire optical absorption spec
as well as of the energies and wave functions of bound exciton states in GaAs and LiF. Very
agreement with experiment is observed. [S0031-9007(98)07068-9]
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The interaction of the excited electrons and holes pla
a central role in the optical properties of condensed mat
[1–3]. For many materials and systems, the behavi
of the isolated excited electrons and holes is well u
derstood, and very reliableab initio methods have been
developed to calculate these quasiparticle states [4]. Ho
ever, when optical properties are computed from su
quasiparticle band structures, one encounters some s
tematic shortcomings. On the one hand, the overall sha
of the absorption spectrum of a semiconductor is not co
rectly described by free electron-hole transitions. The ca
culations typically underestimate the absorption streng
at low energies and overestimate it at high energies (s
e.g., the dashed curve in Fig. 1 for the case of GaA
On the other hand, bound exciton states are complet
missing from the spectra. Both shortcomings have lon
been identified to originate from the missing electron
hole interaction, but attempts to overcome these failur
have been limited to relatively simple situations, such
the effective-mass approximation to bound excitons or t
empirical tight-binding approach of Hanke and Sham [2
to the continuous spectrum. The theoretical study of o
tical excitations in electronic systems so far is thus lim
ted and incomplete. The goal of our present work is
develop a unifiedab initio approach that can handle al
aspects of quasiparticle self-energy, electron-hole intera
tion, and optical excitations on equal footing. In particu
lar, such anab initio method would be most useful for
predicting the optical properties of new materials or ma
terials under novel conditions, such as in reduced dime
sions, confined geometries, or under pressure.

In this paper, we go beyond the free-quasipartic
picture and study electron-hole excitations including the
interaction. To this end, we solve the Bethe-Salpet
equation (BSE) for the two-particle Green’s function
of electron-hole pairs. The BSE is expressed in term
of the wave functions and energies that are obtain
from anab initio quasiparticle calculation within theGW
approximation for the electron self-energy [6,7]. In
recent paper, we have applied this general approa
to small semiconductor clusters [6]. Here we exten
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the technique to bulk crystals by introducing a nov
interpolation scheme ink space for the electron-hole
interaction. Using different methods, several studi
on excitonic effects have already been performed
bulk insulators and semiconductors. Albrechtet al. [8]
calculated the lowest-energy exciton in Li2O, as well as
the optical spectrum of Si. Benedictet al. [9] presented
a different approach that allows for the calculation
the optical absorption spectrum, but the method do
not focus on individual excitations. In this paper, w
present an approach that allows one to calculate
entire excitation spectrum of a periodic system, as w
as to analyze the properties of individual excitations (e.
discrete bound levels) that contribute to the spectrum.

A natural basis for describing optical excitation pro
cesses is given by free quasielectron-quasihole pa
jyckl :­ â

y
ykb̂

y
c,k1Qj0l, whereâ

y
yk andb̂

y
c,k1Q are quasi-

hole and quasielectron creation operators andQ is the mo-
mentum of the absorbed photon.j0l is the ground state of

FIG. 1. Calculated optical absorption spectrum of GaAs wi
(solid lines) and without (dashed lines) electron-hole intera
tion, using three valence bands, six conduction bands, 50k
points to the Brillouin zone (BZ), and an artificial broadenin
of 0.15 eV. The dots denote experimental data [5].
© 1998 The American Physical Society
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the system. Because of the electron-hole interaction,
pair configurations are coupled, and the resulting exci
tions jSl are given by [10]

jSl ­
X
k

holeX
y

elecX
c

AS
yckâ

y
ykb̂

y
c,k1Qj0l . (1)

The electron-hole amplitudesAS
yck and the corresponding

excitation energiesVS are determined by the BSE [3]:

seQP
c,k1Q 2 e

QP
yk dAS

yck 1
X

y0,c0,k0

kyckjKehjy0c0k0lAS
y0c0k0

­ VSAS
yck , (2)

whereKeh is the electron-hole interaction. The energie
and the optical transition matrix elements of the excit
tions S finally determine the imaginary parte2svd of the
macroscopic dielectric function, i.e., the optical absor
tion spectrum.

Because of the two-particle nature of the problem, t
computational effort of solving the BSE is enormou
Combinations of several occupied and unoccupied ban
at several hundred wave vectors, i.e., up to104 ba-
sis functions, have to be taken into account in Eqs. (
and (2). The determination of the108 matrix elements
kyckjKehjy0c0k0l of the electron-hole interaction forms
the bottleneck of such calculations. A key component
our present approach is a radical reduction of this co
putational demand by more than 2 orders of magnitud
We achieve this by calculating the interaction explicitl
for only a few wave vectors and interpolating in betwee
which requires a new method of very careful handling
the wave functions and phases of the one-particle state

Within the usual approximations [3,7], the electron-ho
interactionKeh consists of a direct, screened interactio
termKd and an exchange termKx. If we neglect dynamic
screening effects [11], the direct term is given by

kyckjKdjy0c0k0l ­
Z

dx dx0cp
c,k1Qsxdcc0,k01Qsxd

3 Wsr, r0dcyksx0dcp
y0k0 sx0d , (3)

whereW is the statically screened Coulomb interactio
The variablex ­ sr, sd comprises position and spin. To
develop a numerical evaluation of Eq. (3), it is mos
convenient to writeW as

Wsr, r0d ­
X

qGG0

e2isq1Gdr e
21
G,G0sqd

jq 1 Gj jq 1 G0j
eisq1G0dr0

,

(4)

wheree21 is the static inverse dielectric matrix. Only the
q ­ k0 2 k terms in Eq. (4) contribute to Eq. (3).

Solving the BSE requires the knowledge ofKd and
Kx on a very fine gridhkj in the Brillouin zone. The
matrix elements ofKd depend very sensitively on the
reciprocal distanceq, in particular, whenq is small. An
interpolation scheme forKd itself would thus be very
unstable. An interpolation scheme can, nevertheless,
obtained in the following way. From Eqs. (3) and (4
the matrix elements ofKd are given by double sums ove
the
ta-
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G and G0. For smallq, the “head”sG ­ G0 ­ 0d and
“wings” (G ­ 0 or G0 ­ 0) of W behave as1ye0sqdq2

and 1yq, respectively, whereas all other components
WG,G0sqd (the “body”) remain finite. Correspondingly, the
matrix elements ofKd can be written as

kyckjKdjy0c0k0l ­
ayck,y0c0k0

e0sqdq2 1
byck,y0c0k0

q
1 cyck,y0c0k0 (5)

with q ­ k0 2 k. a, b, andc vary weakly with respect
to k and k0. We calculatea, b, andc for a coarse grid
hk̃j of points in the Brillouin zone. Based onsk̃, k̃0d, a
matrix element ofa (or b, c) at sk, k0d on the fine grid
required for the BSE is then approximately given by

ayck,y0c0k0 ­
X

ỹc̃ỹ0c̃0

dỹk̃
ykdc̃k̃p

ck dỹ0k̃0p

y0k0 dc̃0k̃0

c0k0 aỹc̃k̃,ỹ0c̃0k̃0 (6)

with

dñk̃
nk ­

Z
c

p
ñk̃sxdeisk̃2kdrcnksxd dx . (7)

The pointsk̃ and k̃0 should be chosen close tok andk0.
The integralsdnk,ñk̃ account for the change of the wave
functions when going from̃k to k.

In the following, as illustrations, we discuss electron
hole excitations in GaAs and LiF. Figure 1 shows the o
tical spectrum of GaAs, calculated with (solid lines) an
without (dashed lines) electron-hole interaction. The spe
trum resulting from the free-quasiparticle transitions show
systematic deviations from experiment. At low energie
(2–5 eV) the absorption strength is much lower than
experiment while it is too high for energies above 5 eV
When we include the electron-hole interaction, the pea
at 3 and at 5 eV are strongly enhanced; in addition, t
peak structure at 5 eV is effectively shifted to lower en
ergies. The spectrum including the interaction is in mu
better agreement with the measured data. The same t
of improvement has been observed by Benedictet al. [9].

The modifications of the spectrum do not result from
a negative shift of the transition energies, as one mig
naively expect from the attractive nature of the intera
tion. In fact, we find that the joint density of states of th
electron-hole transitions remains nearly unchanged by
interaction (except for the formation of bound exciton
see below). The changes in the optical spectrum ori
nate mainly from thecoupling of the electron-hole con-
figurations in the excited-state wave function, which lea
to a constructive coherent superposition of the oscillat
strengths for transitions at lower energies and to a destr
tive superposition at energies above 5 eV. Such modific
tions of the spectrum occur also in other semi-conducto
[2,8,9,12].

Figure 1 does not exhibit bound exciton states b
cause of the limited resolutions,0.15 eVd arising from
the finite set of 500k points in the BZ used. To de-
scribe the discrete exciton states, we have to increase
k-point grid density to108 k points in the Brillouin zone.
2313
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TABLE I. Calculated binding energies of excitons in GaA
(cf. Fig. 2), compared with data from optical absorption [13
and from two-photon absorption [14] measurements.

This work [meV] Exp. [meV]

E1s 4.0 4.2a

E2s 0.9 1.05a

E2p 0.2–0.7 ,0.1b

aReference [13].
bReference [14].

Fortunately, the use of about 1000 of thesek points near
the position of the band extrema allows already for a co
verged representation of the1s, 2s, and2p excitons. The
exciton spectrum is given in Table I and in Fig. 2. Th
lower panel displays the exciton levels and their degen
acy from ourab initio calculation. The first two peaks at
24.0 and22.5 meV belowEg are given by the1s exci-
tons. The states at24.0 meV are composed of mixed (due
to spin-orbit interaction) triplet and singlet excitonic state
The splitting of 1.5 meV between these states and the n
one, which can be identified as a longitudinal exciton,
caused by the exchange part of the electron-hole inter
tion [15]. The2s excitons at20.9 and 20.7 meV form
a similar multiplet. Between20.7 and20.2 meV we ob-
serve the2p excitons. The splitting among these state
and the energy difference to the2s level are caused by the
anisotropy of the valence bands [16]. Our calculated bin
ing energies agree well with available experimental da
(see Table I). Because of the finitek-point sampling used,

FIG. 2. Calculated exciton spectrum of GaAs relative to th
fundamental gap energy, showing the oscillator strength (up
panel) and the degeneracy (lower panel) of the exciton sta
Two valence bands, one conduction band, and 1000k points
sjkj , 0.015 a.u.d near the G point were used. The band
structure includes spin-orbit interaction.
2314
s
]

n-

e
r-

s.
ext
is
ac-

s

d-
ta

e
er

es.

the higher transitions, which are more extended in re
space, do not form accurately a hydrogenlike series in o
spectrum. This problem may be overcome with a dens
k-point grid or a nonuniform grid near the band minimum
In the upper panel of Fig. 2 we display the correspondin
dipole oscillator strengths of the exciton states. Becau
of the selection rules, only the transverses states have a
nonvanishing dipole matrix element and are observable
optical experiments [15]. The ratioI2syI1s of the strengths
of the 2s and the1s exciton is 0.1, which is close to
the ideal ratio of1y8 for hydrogenlike envelope functions.

Of course, all these structures and effects are well know
for GaAs. A simple effective-mass approach with ad
justable parameters can reproduce the experimental f
tures. The novelty here is that the present approach yie
the same results without any assumptions on the dispers
and wave functions of the bands and on the electron-ho
interaction. Our scheme can thus directly be applied to s
uations in which simple empirical techniques do not hold

Now we discuss a much different system, LiF. Com
pared to GaAs, the electron-hole interaction is muc
stronger, and the corresponding modifications of the op
cal absorption spectrum (shown in Fig. 3) are much mo
pronounced. In fact, the spectrum is completely altere
from the noninteracting case. Again, the spectrum inclu
ing the interaction is in much better agreement with ex
periment. The most pronounced feature in the calculat
spectrum is the occurrence of two strongly bound singl
excitons at 12.8 eV (transverse excitons). In addition,
longitudinal singlet exciton, which is not visible in the op
tical spectrum, is found at 13.3 eV.

Our approach further allows us to explicitly calculate
the real-space electron-hole amplitude

xSsrh, red ­
X
k

holeX
y

elecX
c

AS
yckcp

yksrhdcc,k1Qsred (8)

of each excitation.rh sred refers to the coordinates of the
hole (electron). As an example, we discuss the lowe

FIG. 3. Same as Fig. 1, but for LiF. A broadening of 0.25 eV
is included. The experimental data are from Ref. [17].
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FIG. 4. (a) Real-space distributionjxSsrh, redj2 of the electron
sred with respect to the holesrhd for the lowest-energy exciton
in LiF (at 12.8 eV), in the (010) plane. Dots (triangles) deno
Li (F) atoms. The holesrhd is fixed at the central F atom.
(b),(c) The same quantity, along the linesAB andCD indicated
in panel (a).

exciton in LiF. In Fig. 4(a) we show the distribution
of the electron relative to the hole, which we fix at a
F atom, in the (010) plane. The envelope function
s-like, with slight modifications due to the anisotropy
of the cubic crystal, and has a mean radius of sligh
over 4 Å or one lattice constant. Figures 4(b) and 4(c
show the same quantity as a line plot along thef101g,
as well as along thef100g direction [indicated as lines
AB and CD, respectively, in panel (a)]. The figures
exhibit several interesting features. First, the char
density of the electron is very low at the Li atoms
From an extreme Frenkel excitonlike picture, one mig
have expected that the electron hops from the cent
F atom to the nearest-neighbor Li atoms. Instead,
partly remains on the central F atom and partly hops
the first- and second-nearest F atoms and even fart
away. Second, the electron distribution on these neighb
F atoms is not isotropic but is highly polarized toward
the central F atom. This results from the correlation
the quasielectron to the effective positive charge of t
quasihole on the central F atom.

In conclusion, we have presented an approach
including the interaction between quasielectrons a
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quasiholes inab initio electronic structure and optical
properties calculations for periodic systems. By usin
an interpolation scheme in reciprocal space, the matr
elements of the interaction are obtained with very mode
computational effort. We have discussed the results
applications to GaAs and LiF. Very good agreement wit
experiment is obtained—both for the entire absorptio
spectrum and for the low-energy absorption thresho
due to discrete bound excitons. Furthermore, we ha
presented the details of the two-particle wave function
the lowest exciton in LiF in real space.
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