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Much of the phase behavior observed in self-assembling amphiphilic systems can be understo
the context of ensembles of random surfaces. In this article, it is shown that Monte Carlo simulat
of dynamically triangulated surfaces of fluctuating topology can be used to determine the structure
thermal behavior of sponge phases, as well as the sponge-to-lamellar transition in these systems
effect of the saddle-splay modulus,k̄, on the phase behavior is studied systematically for the first tim
Our data provide strong evidence for a positive logarithmic renormalization ofk̄; this result is consistent
with the lamellar-to-sponge transition observed in experiments for decreasing amphiphile concentra
[S0031-9007(98)07097-5]
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Since Scriven’s pioneering suggestion [1] more tha
twenty years ago that microemulsions are bicontinuo
structures, there has been considerable progress in un
standing the structure and phase behavior of dilute a
phiphilic mixtures [2]. In particular, the bicontinuous
structure of microemulsions has been confirmed [3,4], t
scattering intensity in both bulk [5] and film contrast [6
has been analyzed, and the similarities with sponge pha
have been emphasized [7]. These studies have led to
generally accepted picture that microemulsions in terna
systems containing oil, water, and long-chain amphiphil
consist of two multiply connected networks of oil an
water channels which are separated by an amphiph
monolayer. Similarly, the sponge phase in binary mixtur
consists of an amphiphilic bilayer which separates two d
connected water networks.

In the long-chain limit, the molecular solubility of am-
phiphiles in oil and water is extremely low, and essential
all amphiphiles are contained in supramolecular agg
gates consisting of extended, nearly incompressible, tw
dimensional monolayer or bilayer membranes [8]. The
surfaces can be described as an ensemble of fluctuating
faces whose shapes and fluctuation spectra are determ
by the continuum elastic energy [9]

H 
Z

dS

∑
k

2
sc1 1 c2 2 2c0d2 1 k̄c1c2

∏
, (1)

where the integral is taken over the area of the membra
Here, k is the bending rigidity,k̄ is the saddle-splay
modulus,c0 is the spontaneous curvature, andci  1yRi,
with the principal radii of curvatureR1 and R2. The
spontaneous curvature vanishes in binary systems du
the symmetry of the bilayer; in ternary systems, it is ze
for special choices of control parameters such as the te
perature or salt concentration. We will assume thatc0  0
throughout this paper.

A theoretical analysis of this model is very difficult
Various approximations have therefore been used to obt
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predictions for the structure and phase behavior of th
systems. In Refs. [10,11], the role of membrane und
lations, which lead to a scale-dependent reduction of
bending rigidity k [12], has been emphasized. The in
fluence ofk̄ on the phase behavior is difficult to incor
porate in this approach, and it is generally ignored. O
the other hand, the importance of the saddle-splay mo
lus in promoting the irregular, bicontinuous structure of
microemulsion or sponge phase was stressed in Ref. [
In fact, it has become increasingly clear recently thatboth
effects have to be taken into account in order to und
stand the lamellar-to-sponge transition [14–16]. This c
be seen by rewriting Eq. (1)—forc0  0—in the form

H 
Z

dS

∑
k1

2
sc1 1 c2d2 1

k2

2
sc1 2 c2d2

∏
, (2)

with k1  k 1 k̄y2 and k2  2k̄y2. The lamellar
phase is energetically stable only if bothk1 and k2 are
positive. Fork2 , 0, the flat phase is unstable to the fo
mation of infinite minimal surfaces—or sponge phase
For k1 , 0, there is an instability to a vesicle phas
The effects of thermal fluctuations are incorporated [1
by replacing the elastic moduli in (2) by their renorma
ized, scale-dependent values, where, to first order inTyk

[12,17],

k6sjd  k6 2
a6T
4p

lnsjyad (3)

with a1  4y3 and a2  5y3. In Eq. (3), a is a mi-
croscopic length scale andj is a characteristic structura
length which is related to the amphiphile volume fractio
f  kaSyV l by f , ayj, whereS is the membrane area
andV is the volume. The lamellar-to-sponge instability
therefore predicted to occur when

lnsfyf0d 
2p

a2

s2k̄yT d (4)
© 1998 The American Physical Society
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with k̄ , 0, where f0 is a constant of order unity. It
should be emphasized that, although these arguments
explain the phase behavior of these systems, they prov
little insight into the structure of the sponge phase itse
e.g., the topology of its multiconnected membrane.

In this paper we report the results of the first system
atic Monte Carlo simulation study of the phase behav
of fluid membranes of fluctuating topology in which th
fluctuations are controlled by the curvature energy (1).
our model, the membranes are described using the sa
dynamically triangulated networks which have been e
ployed in simulation studies of the thermal behavior
fluid membranes of fixed topology [18,19]. The mem
branes consist of a triangular network of beads of diam
ter a0 which are linked by flexible tethers of maximum
extension,0. In order to allow the topology to change,
new kind of Monte Carlo step—in addition to bead move
and bond flips—has been introduced. When two diffe
ent membrane segments—which may or may not be p
of the same membrane—come in close spatial proximi
an attempt is made to create a “minimal” neck (or passa
by first removing a surface triangle from each membra
segment and then inserting six new surface triangles wh
form a tubular connection between the holes in each s
ment. Similarly, whenever a minimal neck is present,
attempt is made to remove six surface triangles in the ne
Special care has to be taken to guarantee detailed bala
[20]. Our procedure for topology change implies that th
numberN of vertices remains constant during the sim
lation, but the numberNb of tethers (or bonds) and the
numberNt of triangles changes. Periodic boundary co
ditions are used in a cubic simulation box.

In order to avoid problems with two-phase coexisten
regions, we employ a constant pressure ensemble. This
the additional advantage in that we have direct access to
equation of state, since we can determine the amphiph
volume fraction as a function of the external pressu
Finally, the curvature energy (1) has to be discretized
the triangulated surface. For the first, mean-curvatu
squared contribution, we use the discretized Laplacian

k
Z

dSsc1 1 c2d2 °! t
X

i

sisDRd2
i , (5)

whereRi is the position vector of vertexi, andsi is its ef-
fective area, as described in detail in Ref. [21]. The ben
ing rigidity k of the continuum model has been determine
as a function oft [21]. One findsk  t for tyT ¿
1, but k . ty2 in the low-t regime studied here. More
precisely,kyT  1.0 for tyT  2.0, andkyT  1.7 for
tyT  3.0, with an uncertainty of about20%. For the
second, Gaussian curvature contribution, the Gauß-Bon
theorem implies

1
2p

Z
dS c1c2  xE  N 2 Nb 1 Nt (6)
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in the case of periodic boundary conditions, wherexE is
the Euler characteristic, which is twice the number of di
junct membrane components minus the number of hand

The Euler characteristicxE characterizes the interna
structure of amphiphilic mesophases. For an ideal lame
phase without defects,xE  0, while for a sponge and
vesicle phase,xE ø 0 and xE ¿ 0, respectively. In
fact, the Euler characteristic itself is not a good measu
for the connectivity of a sponge phase, since it is a
extensivequantity. We therefore use the scaled Eul
characteristic [22]

g ; 2kxEV 2S23l . (7)

Our results for the equation of state in the sponge pha
for kyT  1.0 and various values of̄k are shown in
scaled form in Fig. 1. With decreasing pressurep, the
amphiphile volume fractionf first decreases and then
saturates at a value which depends on the saddle-sp
modulus. This saturation indicates emulsification failur
the sponge phase can no longer be swollen by adding wa
but coexists at this point with an almost pure water pha
Figure 1 shows that the Monte Carlo data are very w
described by an equation of state of the form

pa3yT ;
1
T

ff≠fy≠f 2 fg

 fAskyT , k̄yT d 1 BskyT , k̄yT d lnsfdgf3, (8)

wherefsfd is the free-energy density. It has been argu
in Refs. [6,13] that the second equality in Eq. (8) follow
from the scale invariance of the curvature energy togeth
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FIG. 1. Equation of statefpsfda3yT gf23 vs lnsfd of sponge
phases for kyT  1.0, with k̄yT  20.4, k̄yT  20.5,
k̄yT  20.6, and k̄yT  20.7 (from right to left). Data are
shown for system sizesN  127 (e), N  247 (1), N  407
(h) and N  607 (3). The solid lines are the fits to the data
discussed in the text. In the analysis of the Monte Carlo da
we identify the microscopic scalea with the bead diametera0.
The tether length,0  1.633a0 is used in all simulation runs.
The volume fraction is averaged over 20 to 100 million Mont
Carlo sweeps for each data point.
2285
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with the logarithmic renormalization ofk and k̄. Some
experimental evidence for the validity of this ansatz ha
already been given in Ref. [13]. However, our simulation
provide the first direct demonstration that this relation
correct in the curvature model. Furthermore, the depe
dence ofA andB on the saddle-splay modulus can now b
studied systematically for the first time. These function
are intimately related to the structure of a sponge phase;
example, the larger the multiple connectivity of the mem
brane, the larger is the amplitude of thek̄ dependence of
A in Eq. (8). A simple linear ansatz for the data presente
in Fig. 1 gives Ask̄yT dyBsk̄yT d  2sa11 1 a12k̄yT d,
with a11  0.44 6 0.01, a12  2.46 6 0.03, and
Bsk̄yT d  0.96 6 0.03 for kyT  1.0. Our data for
kyT  1.7 are considerably less reliable, since th
relaxation times are longer and the finite size effec
are more pronounced in a system with larger bendin
rigidity. In this case, least-squared fits to the data a
consistent with Ask̄yT dyBsk̄yT d  2sa21 1 a22k̄yT d
with a21  0.59 6 0.06, a22  2.71 6 0.11, and
Bsk̄yT d  0.90 6 0.10.

The negative sign of the amplitude of thēkyT term
in Ask̄yT d follows directly from Eq. (1) and the negative
Euler characteristic of a sponge phase. The fact th
Bsk̄yT d does not depend on̄kyT for kyT  1.0 seems
to indicate that the internal structure of the sponge pha
remains unchanged—up to an overall rescaling. Howev
the structural parameterg does change; it decreases from
g . 0.17 6 0.01 at k̄yT  20.4 to g . 0.12 6 0.01
at k̄yT  20.7, where the error estimate includes th
weak pressure dependence ofg for fixed k̄. A typical
configuration in the sponge phase is shown in Fig. 2a.

At sufficiently negative saddle-splay modulus, or at su
ficiently large pressure, the system may transform into
lamellar phase. Our data for the sponge-to-lamellar pha
boundary forkyT  1.7 are compared with the prediction
(4) for the stability limit of the lamellar phase in Fig. 3.
The agreement of the slopes is quite remarkable. Our d
therefore provide the first confirmation of a positive reno
malization of the saddle-splay modulus. Furthermore, w
find that the (universal) amplitudea2  5y3 is in good
agreement with our simulation results. However, a fact
f0 much larger than unity is required in Eq. (4) to fit the
data; this indicates that the transition to the sponge pha
occurs well before the stability limit of the lamellar phas
is reached. The positive renormalization ofk̄ is very im-
portant, since it provides a mechanism for the formatio
of cubic bicontinuous phases with a lattice constant of o
der of several thousand angstroms [23]. We expect su
phases in our model at higher bending rigidities.

Two other forms for the free energyfsfd have been sug-
gested recently [24,25]. In both cases, the renormalizati
of k andk̄ is notconsidered. Although it is difficult to rule
out these suggestions on the basis of the functional dep
dence of the pressurepsfd—due to the limited range of
f values that we are able to simulate—we have foun
2286
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FIG. 2. Typical membrane configurations (forN  607 and
,0  1.633a0). (a) Sponge phase forkyT  1.7, k̄yT 
20.7, and pa3yT  0.001. (b) Sponge phase forkyT 
1.0, k̄yT  20.8, and pa3yT  0.01. The two sides of the
membrane are colored differently to emphasize the bicontinu
structure.

that they do not allow for a consistent interpretation of o
simulation data. In Ref. [24], emulsification failure re
quires a small, positive saddle-splay modulus, while o
data show that it occurs for negativek̄ (of order2k). The
Gaussian random-field approach of Ref. [25], on the ot
hand, predicts emulsification failure at negativek̄, but pre-
dicts f , s2k 2 5k̄d21y3, which is not supported by the
data presented in Fig. 3. See Refs. [16,26] for a criti
discussion of these models.

For kyT  1.0, the coexistence of the sponge pha
with the vesicle phase of very low volume fraction ca
be seen explicitly for̄kyT  20.8. Forpa3yT # 0.003,
the volume fraction decreases and the Euler character
increases roughly linearly with Monte Carlo time in th
case. Forpa3yT  0.01, the sponge phase is stable—
a typical configuration is shown in Fig. 2b—but contai
vesicles embedded in a bicontinuous network. As can
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FIG. 3. Phase diagram forkyT  1.7. The upper data set
shows the location of the sponge-to-lamellar transition and t
lower data set shows the location of emulsification failure. Th
width of the miscibility gap of the sponge-lamellar coexistenc
is smaller than the error bars. The approximation (4), wi
f0  7.0, for the sponge-to-lamellar transition is shown as
dashed line. Note the logarithmic scale of the ordinate.

seen in Fig. 2b, most of the vesicles have the minimu
size of only four beads. This is consistent with rece
calculations of the vesicle size distribution, which indicate
a maximum at molecular sizes [27]. The phase diagram
k̄yT # 20.9, where the vesicle phase becomes promine
remains to be studied in detail. It is important to note th
the lamellar phases with an amphiphile volume fractio
f , 0.35 werenot observed at this value of the bending
rigidity (for k̄yT $ 20.9).

We have shown in this paper that Monte Carlo simu
lations of dynamically triangulated surfaces of fluctuatin
topology can provide detailed information on the meso
scopic structure and the phase behavior of amphiphi
systems which cannot be easily obtained by other me
ods. Simulations of this model and its generalizations c
be used to study many other problems in which topolog
changes are important. Examples include the effect
spontaneous curvature on the structure of a sponge ph
[28], the formation of passages in lamellar phases [15,2
the fission of vesicles in external force fields, such as h
drodynamic flow, or the effect of embedded polymers o
the swelling behavior of a sponge phase.
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