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Impact of Inhomogeneous Reionization on Cosmic Microwave Background Anisotropy
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It is likely that the reionization of the Universe did not occur homogeneously. Using a model
that associates ionized patches with overdense regions, we find that the resulting cosmic microwave
background (CMB) anisotropy power spectrum peaks at angular scales corresponding to the exten
of the ionized regions, and has a width that reflects the correlations between them. There is
considerable uncertainty in the amplitude. Neglecting inhomogeneous reionization in the determination
of cosmological parameters from high resolution CMB maps may cause significant systematic error.
[S0031-9007(98)07011-2]
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Observations of cosmic microwave background (CMB
anisotropy are providing strong constraints on theories
cosmological structure formation. Planned CMB observ
tions can potentially provide constraints on the paramete
of these theories at the percent level [1,2]. One of the re
sons the CMB is such a wonderful probe of cosmolog
cal parameters is that predictions for a given theory c
be made with great precision [3]. This is because line
perturbation theory is an excellent approximation over th
relevant length scales atz . 1100 when the CMB was last
tightly coupled to matter.

However, new anisotropies can be generated at la
times by the nonlinear process of reionization as the CM
photons are brought back into contact with matter v
Thomson scattering. We know this reionization took plac
before redshiftz . 5 because spectra of distant squares d
not show a continuum of absorption by neutral hydroge
It is unlikely that reionization occurred atz * 60 for in
that case the level of anisotropies on degree scales wo
be significantly lower than on10± scales, when actually
just the opposite is true [4].

Reionization affects the CMB in several ways. First, th
fluctuation power on small angular scales is damped by
factor e22t wheret is the optical depth back to last scat
tering. Second, as Sunyaev and Kaiser [5] pointed o
secondary anisotropies are generated on large scales
to the Doppler effect when photons scatter off moving fre
electrons. They also noted that the effect is strongly su
pressed on small scales because photons get nearly op
site Doppler shifts on different sides of a density peak,
consequence of potential flows generated by gravitation
instability. Both of these effects—the damping and th
Sunyaev-Kaiser (SK) effect—are linear and therefore i
cluded in standard Boltzmann codes [3].

Here we focus on the effects of inhomogeneities
the ionization field [6–8]. We show that inhomogeneou
reionization (IHR) restores the SK effect at small scale
due to modulation of the velocity field with the spatial vari
ation of the ionization fraction, an effect analogous to th
modulation by the density field in the homogenous case
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second order in perturbation theory [9]. Since the typic
patch size is much smaller than the scale of variation
the velocity field, the Doppler effect contributions com
only from regions where the flow is coherent. The resu
ing anisotropy pattern depends sensitively on the mod
of reionization. Thus, the signature of IHR in the CMB
provides an indirect window on a poorly probed but inte
esting era in which the first stars and galaxies formed. O
the other hand, if these anisotropies are large enough, t
can create systematic errors in the determination of cosm
logical parameters. So, after calculating the anisotropi
we compute the magnitude of these systematic errors, i
how much a given cosmological parameter might bemis-
estimatedif IHR is ignored.

Anisotropy spectrum: Formal solution.—The perturba-
tion to the photon temperature distribution function,D ;
dTyT , is governed by the Boltzmann equation, which
the late times of interest is

≠Dsx, h, ĝdy≠h ­ nesT aĝ ? vsx, hd , (1)

wherea ­ s1 1 zd21 is the scale factor of the Universe
normalized to unity today,h ;

R
dtya is the conformal

time, ne is the free electron density,sT is the Thomson
cross section,̂g is the direction of the photon momentum
and v is the electron velocity. Henceforth we work in
units where the conformal time today is unity,h0 ­ 1; and
assume a flat, matter dominated universe,a ­ h2. The
solution to Eq. (1) for the photon perturbations here a
now [atx ­ x0 andh ­ 1; D0sĝd ; Dsx0, h0, ĝd] is

D0sĝd ­ 4.06 3 1025 Vbh
Z 1

hi

dh

h3 xesx, hdĝ ? ysxd ,

(2)

where, vsx, hd ; 22h ysxdsMpcyhd, ne ­ ñe xesx,
hda23, and nesT h0 ­ 0.122Vbh, with ne the present
mean electron density,Vb the baryon density in units of
the critical density, andh the Hubble constant in units
of 100 kms21 Mpc21. Both xe and y are evaluated at
x ­ x0 2 ĝ s1 2 hd, the position at timeh of a photon
with direction vectorĝ incident on us today. Note that
the integral includes all contributions starting fromhi,
© 1998 The American Physical Society
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a time far after standard recombination ath . 0.03, but
before reionization occurs.

We focus on predicting the two-point correlation func
tion Csud ; kD0sĝdD0sĝ0dl, where cosu ; ĝ ? ĝ0 and
the angular brackets indicate an average over all locati
x0. Using Eq. (2) we obtain the correlation function du
to reionization:

Csud ­ 10212

µ
Vbh
0.025

∂2 Z 1

hi

dh

h3

Z 1

hi

dh0

h03 C sh, h0, ud .

(3)

It is therefore determined by an integral over adjacent lin
of sight of the four-point correlation function

C sh, h0, ud ; ĝiĝ
0
j kxex0

eyiy
0
jl , (4)

where, for example,x0
e ; xesx0, h0d. Different models of

reionization will lead to different four-point functions. We
now explore several possibilities.

Homogeneous reionization.—The simplest possibility
is that reionization takes places homogeneously. Wh
not particularly plausible, it is a useful limiting cas
for demonstrating the SK cancellation. In homogeneo
reionization (HR),xe ; xeshd, wherexe is the fraction of
the Universe that is ionized. Thus we have

C HRsh, h0, ud ­ xex0
eCysh, h0, ud (5)

and we takexe to be zero at times earlier thanzi 1 dzi,
unity at times later thanzi, and to increase linearly with
redshift during the transition. The velocity correlatio
function can be written as

Cysh, h0, ud ­ C' cosu

1 sCk 2 C'd
sr ? ĝd sr ? ĝ0d

r2 , (6)

wherer ; x 2 x0. The correlation functions of the ve-
locity components parallel and perpendicular tor are

Cksrd ­
Z Pskd

k2

∑
j0skrd 2 2

j1skrd
kr

∏
d3k , (7)

C'srd ­
Z Pskd

k2

j1skrd
kr

d3k , (8)

where Pskd is the matter power spectrum, throughou
assumed to be that of the standard cold dark matter the
[10]. Figure 1 showsCysh, h0, 0d as a function ofh for
fixed h0 ­ 0.188. Cy is strongly peaked at equal times
where the two lines of sight share the same velocity. O
the other hand, at largejh 2 h0j, Cy becomes negative
due to infall from opposite sides into an overdense regio
The integration, in Eq. (3), of this oscillatory function with
the slowly varyingxex0

e leads to a cancellation of Dopple
effects, as described by Kaiser [5] in Fourier space.

Uncorrelated inhomogeneous reionization.—The SK
cancellation can be avoided if the velocity two-point fun
tion Cy is modulated by the spatial dependence ofxe. To
demonstrate this effect, we adopt a toy model of the reio
-
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FIG. 1. The mean ionization fractionxe for HR szi ­
26, dzi ­ 4d, the velocity two-point functionCysh, 0.188, 0d
for the SCDM (standard cold dark matter) model withs8 ­ 1.2
wheres8 is the rms of mass fluctuations in spheres of radi
8h21 Mpc today, and the ionization fraction two-point functio
for uncorrelatedCuc

xe
and correlated bubblesCco

xe
. Dashed lines

denote negative values.

ization process: independent sources turn on randomly
instantaneously ionize a sphere with comoving radiusR
and volumeVR, which then remain ionized. The resultin
four-point function can be written as

C ucsh, h0, ud ­ Cysh, h0, ud fCuc
xe

sh, h0, ud 1 xex0
eg .

(9)

Since x (where x ; 1 2 xe) is equal to the proba-
bility that no ionizing source is within volumeVR ,
the probability that no source is withinR of either
x or x0 is (at equal times)kxx 0l ­ x f2VR2V srdgyVR ­
x x x2V srdyVR where for r , 2R, V srd ­ VRf1 2

s3y4d sryRd 1 s1y16d sryRd3g is the overlap volume of
the spheres centered onx and x0. Therefore, with the
proper generalization to unequal times, we have

Cuc
xe

; kxex0
el 2 xex0

e ­ kxx 0l 2 x x 0 (10)

­ x x 0fxsss minsh, h0dddd2V srdyVR 2 1g . (11)

Cuc
xe

is sharply peaked at smallr ø jh 2 h0j (see
Fig. 1, whereR ­ 1 Mpc), therefore in Eq. (9),C ucsud ~

Cysh, h, ud. Thus, the SK cancellation of HR is avoided
IHR modulates the velocity field, accessing only the regi
where the velocity field is highly coherent. Note, thoug
that the modulation is not particularly effective since th
ionization radiusR is typically very small, and thus only
a tiny region ofh contributes. Therefore, as Gruzino
and Hu (GH) [7] have pointed out, a model of this typ
produces anisotropies with amplitude proportional toR.

Figure 2 shows the anisotropy spectrum arising fro
the two-point function of Eq. (11), assumingzi ­ 26 and
2005



VOLUME 81, NUMBER 10 P H Y S I C A L R E V I E W L E T T E R S 7 SEPTEMBER1998

,

-

r
,
e

-

s

h

e.

r.
g

r

R

er

nt

e

dzi ­ 4. The GH results for the same parameter choic
would each have peaks 30% lower inl and 2 times larger
in amplitude due to a slower fall off ofCuc

xe
with r and one

less factor ofs1 2 xed in their version of Eq. (11). Despite
these differences, they correctly identified the qualitativ
features of this type of IHR: (i) amplitude proportiona
to R; (ii) white noise (CIHR

l ~ constant) on large scales
due to lack of correlations atr ¿ R; and (iii) peak at
l , s1 2 hrdyR where reionization takes place athr . We
now show that the first two of these features break dow
when more realistic models are considered.

Correlated inhomogeneous reionization.—Because the
ionizing sources in the model of Eq. (11) and that devise
by GH are independent of each other, correlations in t
ionization field exist only on scales comparable to, o
smaller than, the ionization radiusR. However, overdense
regions, such as galaxies and clusters of galaxies,
observed to be highly correlated with each other.
overdense regions are the source of the ionizing radiati
(which they are very likely to be), then their clustering wil
lead to long-range correlations in the ionization field an
therefore affectCIHRsud.

The physical process we imagine is that the mass in a
region where the linear theory density contrast smooth
on a comoving scaleRc, dRc , exceeds a critical threshold
sdc ­ 1.69d, collapses, forms stars or quasars which the
ionize a region with sizeR ­ E1y3Rc. The efficiencyE is
the ratio of the volume of the ionized regions to collapse

FIG. 2. The angular power spectrumCl , defined byCsud ;
Sls2 1 1dClys4pdPlscosud. The thick solid line on top is
the linear spectrum. The rest are different approximations
the IHR anisotropies, all assumingVb ­ 0.1 and h ­ 0.5.
The curves peaked atl ­ 4000 and l ­ 20 000 are from the
uncorrelatedR ­ 5 Mpc andR ­ 1 Mpc models, respectively.
The oscillations are ringing due to the sharp cutoff ofV srd.
The dashed curves show the model of Eq. (13) forzi ­ 26
(bottom) andzi ­ 31 (top). The remaining solid lines include
velocity-ionization field cross correlations. The correlate
model curves do damp beyond, . 1yR . 30 000.
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regions. From this scenario we expect [10,11]

xe ­ 2E
Z `

dc

ddPRcsdd ­ E erfc

µ
dcp

2 sRc shd

∂
,

(12)

Cco
xe

­ kxex0
el ­ aa0

Z `

dc

dd
Z `

dc

dd0PRcsd, d0d

ø
aa0

2p

JRc srd
sRc shdsRc sh0d

exp

∑
2

n2shd 1 n2sh0d
2

∏
,

(13)

where erfcsxd denotes the complementary error function
a ; 2Es1 2 xed (see below),PRc sdd and PRc sd, d0d are
the one- and two-point distributions of the smoothed
field dRc, respectively; the smoothed correlation function
is given bykdd0l ; JRc srd, sRc ; JRc s0d, andnshd ;
dcysRcshd.

Despite a number of studies of the details of reion
ization [12,14], we are still far from a satisfactory un-
derstanding. Therefore, we take two simple models fo
E, which can vary by many orders of magnitude (see
e.g., Table 2 in [12]). The requirement that objects mor
massive thanMcszd . 108 MØf10ys1 1 zdg3y2 are neces-
sary for reionization leads toRc ­ 0.22h Mpc [13]. Our
two choices forE areE ­ 7 3 105 h6 [13], resulting in
zi ­ 26 andE ­ 114 (the “middle of the road” model in
[12]), which giveszi ­ 31. Note that current scenarios
for reionization generally lead toE ¿ 1, i.e., the sources
tend to ionize a region much larger than their typical vol
ume (see, however, [8] for a different view).

Figure 1 shows the results of Eq. (13) for thezi ­ 26
model. The clustering of overdense regions naturally lead
to a much widerCco

xe
, which falls off only as a power law,

thus more efficiently modulatingCy . For this reason, the
correlated models in Fig. 2 (dashed lines) show a muc
wider distribution of power, and the white noise regime
is reached only at scales much larger than the patch siz
Over the range of, plotted, the power spectrum of the
uncorrelated models with the same values ofR as in
the peaks model would be orders of magnitude smalle
The dashed lines in Fig. 2 are the result of assumin
kxex0

eyy0l ­ kxex0
el kyy0l and then applying Eq. (13) for

kxex0
el. For the solid lines, we use an expression fo

kxex0
eyy0l similar to that forkxex0

el in Eq. (13) but with an
integral over the joint probability distribution ofd, d0, y, y0

[15]. This leads to a modification of the white noise
behavior at large scales. Cross correlation between H
and IHR leads to higher-order terms such asxekx0

edyy0l.
These are of comparable magnitude tokxex0

eyy0l and will
be discussed in [15]. Note that the flatness of the pow
spectra in Fig. 2 above, . 3000 reflects the near scale
invariance of the matter power spectrum over the releva
length scales.

Impact on parameter determination.—The anisotropies
produced during IHR may significantly affect the
exquisite parameter determination anticipated from futur
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TABLE I. Ratio of systematic offset to statistical uncertainty expected for Planck [16] fro
the two “peaks” models in Fig. 2. Since IHR affects very small scales, MAP [16] is mu
less sensitive to this offset. Variables are, from left to right, the primordial power spectr
index, the ratio of tensor to scalar contributions toC2, the optical depth, and the contribution
to h2 from b aryons, (b) curvature (curv), cold dark mattersmd, and massive neutrinos. The
power spectrum derivatives were evaluated at the parameter values of the SCDM mod
[2]. This does not include polarization information; however, since polarization is sourced
the quadrupole moment, not velocity, the polarization IHR power spectrum will be down
roughly a factor ofs1025y1023d2 from the IHR temperature power spectrum.

Model ns rts t Vbh2 Vcurvh2 Vmh2 Vnh2

zi ­ 31 0.75 0.65 0.01 2.25 0.20 21.02 0.94
zi ­ 26 0.34 0.29 0.006 1.01 0.09 20.46 0.42
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CMB observations. Suppose a multidimensional fit
performed on the data to extract a set of parametershpij.
If the fit assumesClshpijd that ignores the contribution
from CIHR

l , then each parameter will be incorrectl
estimated by

Dpi ­ F21
ij

X
l wl

≠Cl

≠pj
CIHR

l , (14)

where the weightswl are the inverse of the squares o
the errors expected onCl ’s (the errors are the sum of
the errors due to sample variance and those due to no
[1,2]); Fij is the Fisher matrixSiwls≠Cly≠pid s≠Cly≠pjd.
Table I shows the ratio of this systematic offset to th
statistical uncertainty for Planck [16].

Sources of uncertainty.—Even within the context of our
peaks model, Eq. (13) is not exact. Since the ionized
gion is larger than the region that collapsed (i.e.,E . 1)
a more rigorous approach would be to calculate the prob
bility of two points both being within a distanceR of one
or more peaks. Instead, we have calculated the probabi
that two points are bothwithin a peak and then scaled the
resulting two-point function byEE0. We expect this ap-
proximation to be best forr . R, which covers the range
of relevance for the curves in Fig. 2. Because we ha
not taken the more rigorous approach, we must inclu
suppression factors to correct for overcounting overlappi
regions. These are the factors ofs1 2 xed, motivated by
their appearance in our fully tractable uncorrelated mod
Removing them boosts the power by a factor of about 5

Uncertainty inE has a much milder effect on uncertaint
in CIHR

l than one might expect from a quick glance a
Eq. (13). The reason is that increasingE causes reion-
ization to occur earlier and therefore decreases the ex
nential factor in Eq. (13). We find that decreasingE by a
factor of 10 decreasesCIHR

l by a factor of 2.
Our peaks model, and the calculations which lead

estimates of its parameters, are highly idealized. Althou
more sophisticated studies will eventually alter the deta
of our results, we believe significant power at scales larg
than the patch size is a natural consequence of cos
structure formation via gravitational instability.
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