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A model for electronic motion on the Fermi surface in the presence of a uniform magnetic fi
and an alternating electric field is developed. For a sufficiently strong electric field it is found to
effectively kicked. It is demonstrated that for some values of the parameters the model consti
a realization of a kicked Harper model. A family of models to which it belongs is introduced.
realization of a model where kicking both in position and in momentum takes place is proposed.
required experimental conditions for these realizations are discussed. [S0031-9007(98)06922-1]

PACS numbers: 73.23.–b, 03.65.Sq, 05.45.+b
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The quantum mechanical behavior of systems that a
chaotic in the classical limit has been the subject of ma
recent studies [1,2] that form the field of quantum chao
In this field systems modeled by time dependent Ham
tonians, and, in particular, Hamiltonians that are period
cally dependent on time, attracted considerable intere
Among these systems maps play a special role, beca
of their simplicity. In spite of their simplicity maps ex-
hibit many of the physical properties of continuous sys
tems. Maps are generated by Hamiltonians where so
part, usually the potential, is proportional to ad function
of time. The standard system that was used for the exp
ration of classical and quantum dynamics of maps is t
kicked rotor leading to the standard map. For sufficient
strong kicks it exhibits classical diffusion that is sup
pressed by a mechanism similar to Anderson localizati
in disordered solids [1,3–5]. It was observed experime
tally for laser cooled sodium atoms [6,7]. In this Lette
it will be shown that in some regimes of parameters, ele
trons on the Fermi surface of a solid in the presence
a magnetic field and driven by an electric field are effe
tively kicked. The details will be presented in [8].

The simplest model for the exploration of electroni
motion in a periodic potential in the presence of a ma
netic field is the Harper model [9] that is defined by th
Hamiltonian

H H ­ cosp 1 l cosq . (1)

It models also electronic motion in a one-dimension
potential with two incommensurate periods. The mod
was studied extensively, and extremely interesting spect
properties were found [10–14]. This model is integrabl
A time dependent model that is related to it is the kicke
Harper model, which is defined by the Hamiltonian

H KH ­ LH cosp 1 KH cosq
X
n

dst 2 nd . (2)

The model and its variants appear naturally for the kicke
harmonic oscillator [15,16]. It is of specific interest sinc
it does not follow the Kolmogorov-Arnold-Moser (KAM)
picture. Its dynamics corresponds to kicks combine
with rotations of the fourfold symmetry. This system
exhibits chaotic motion in a region that increases withLH
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andKH . The model was subject to extensive theoretic
studies [14–20]. For some regimes of parameters
spectrum of quasienergies is similar in nature to the ene
spectrum of the Harper model [14,18,21]. It exhibi
classical and quantum diffusion as well as localizati
and anomalous diffusion and even ballistic motion [15
20]. The motivation for the explorations of the kicke
Harper model in the field of quantum chaos was so
mainly theoretical, because of the variety of interesti
phenomena that were found. Since the system can
modeled approximately by the kicked harmonic oscillat
it can be realized experimentally [22].

In the present Letter it is demonstrated that a variety
models including the kicked Harper model can be realiz
also for electrons on a lattice in the presence of a magn
field driven by a smooth driving electric field. The effec
tive kicking is generated as a result of a resonance betw
the electronic motion and the driving field. This syste
also exhibits interesting behavior in other regimes such
bifurcations and phase space acceleration [23]. The m
rials that are most relevant for experimental realization
the kicked Harper model are the 2D electron gas embed
in lateral superlattices fabricated on GaAs heterostructu
[24] and organic metals (where the skin depth is larg
than the size of the crystals used) [25,26]. Classical c
culations in the chaotic regime were used to explain
microwave photo-conductivity for GaAs heterostructur
[27]. The experimental and theoretical explorations of t
organic metals focused so far on their Fermi surfaces t
are quasi-two-dimensional. The topologies of these s
faces are studied by a variety of strong magnetic field [2
as well as cyclotron resonance [26,28] techniques. Tig
binding models leading to equations like (1) are used
these investigations [29] in the linear response regime.
the present Letter it will be shown that for strong driv
ing fields, where linear response theory does not hold,
model (2) is relevant.

In what follows the dynamics of Bloch electrons
namely, electrons moving in a periodic potential,
the presence of a uniform, constant (in time) magne
field and a uniform electric field alternating in time i
explored. The specific case of electrons on a cubic latt
© 1998 The American Physical Society 1921
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is considered. The magnetic field$H is chosen in the
direction of the crystal axis that will be denoted as thez
direction in what follows, while the electric field is chose
in the direction of they axis. In the first stage an effective
Hamiltonian for the electronic motion will be derived in
the framework of the one band approximation. Then
will be shown that in some limit it is well approximated
by a kicked model. For specific values of parameters
reduces to the kicked Harper model (2).

The starting point of our analysis is the tight-bindin
Hamiltonian H st.b.d ­ ´sh̄ $kd, where h̄ $k is the lattice
momentum. For a uniform magnetic field the Peier
substitution holds that if a magnetic field is applied to
periodic solid, described byH st.b.d without the field, the
Hamiltonian in presence of the field is [30]

H A ­ ´

µ
$P 2

e
c

$A

∂
, (3)

wheree is the charge of the electron,c is the speed of
light, $P is the canonical momentum, and$A is the vec-
tor potential of the magnetic field. The magnetic field
$H ­ s0, 0, Hd, and the vector potential is chosen to tak
the form $A ­ $A0 ­ s0, 2xH, 0d. The canonical momen-
tum in (3) is determined in the standard way asPx ­
h̄kx ; Py ­ h̄ky 1

e
c A0

y. The components of the velocity
syx , yyd ­ s Ùx, Ùyd and the generalized forces ÙPx , ÙPyd are
obtained in the standard way by differentiation ofH A.
The corresponding two components of the quasimom
tum which are canonical conjugate variables are (see,
example, [31])

h̄ Ùkx ­ 2
eH
c

yy , h̄ Ùky ­
eH
c

yx , $y ­
1
h̄

$=k´ .

(4)

The effect of the time dependent electric field is intro
duced by the acceleration theorem [31] that holds if t
perturbation is weak and of sufficiently low frequency s
that interband transitions can be ignored and is slow
varying in space so that matrix elements between Wa
nier functions are negligible. The effective approxima
Hamiltonian isHeff ­ ´sh̄ $kd 1 Us$r , td [31,32], where
U is the time dependent perturbation. Thus if the a
ternating electric field$E ­ s0, 2E0 cosñt, 0d is not too
strong its only effect is to add an additional compo
nent to the acceleration̄h Ùky leading to h̄ Ùky ­

eH
c yx 2

eE0 cosñt, where E0 is the strength of the alternating
field, while ñ is its frequency.

We will consider the orthorhombic lattice. In the tight
binding approximation the Fermi surface is determined
[33]

´s $̄hkd ­ 2a 2 g1 coskxa 2 g2 coskya 2 g3 coskza ,
(5)

where a is the diagonal part of the energy of lattic
electrons,g1, g2, g3 are the overlap integrals in tight-
binding approximation, anda is the lattice constant. The
1922
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resulting equations of motion are

ÙPx ­
eHg2a

h̄c
sin

a
h̄

µ
Py 2

e
c

Ay

∂
, ÙPy ­ 0 ,

Ùx ­
g1a

h̄
sin

a
h̄

Px , Ùy ­
g2a

h̄
sin

a
h̄

µ
Py 2

e
c

Ay

∂
.

(6)

The vector potential$A is chosen to be time dependent i
order to take into account the effect of the electric fiel
namely, $A ­ $A0 2

c
ñ

$E ­ s0, 2xH 1
cE0

ñ sinñt, 0d.
We note thatPy is a constant of motion and the time

dependence ofy is completely determined byx and Px .
Therefore it is convenient to usex andPx as the conjugate
variables. The equations of motion (6) for these are ju
the Hamilton equationsÙPx ­ 2

≠H1

≠x and Ùx ­
≠H1

≠Px
for the

Hamiltonian

H1 ­ 2g1 cos
Pxa

h̄
2 g2 cos

a
h̄

µ
Py 2

e
c

Ay

∂
, (7)

where $A is defined above. For the tight-binding approx
mation to hold it is required thatg1, g2 ¿ eE0a and
g1, g2 ¿ h̄ñ. It is convenient to introduce dimensionles
variables,p ­

Pxa
h̄ , q ­

a
h̄ s eH

c x 1 Pyd ­
eHa
c h̄ sx 2 x0d,

with x0 ­ 2
c

eH Py . The dimensionless electric field is
k ­

eE0a
h̄ñ , the time is rescaled byVt ! t, ñ

V ­ n, where
V ­ spg1g2 a2eHdyh̄2c. The dimensionless Planck’s
constant is also determined by the Poisson brack
for p andq: h̃ ­ h̄hq, pjP ­ h̄ ≠q

≠x
≠p
≠Px

­ Ha2

h̄cye ; 2p
F

F0
,

whereF is the magnetic field flux through one lattice ce
a 3 a, andF0 ­

hc
e is a quantum of the magnetic flux.

Rescaling the HamiltonianH1yp
g1g2 ! H1 and defin-

ing
p

g1yg2 ­ L,
p

g2yg1 ­ K, we obtain the following
Hamiltonian in the form of a driven Harper model:

H1 ­ L cosp 1 K cossq 2 k sinntd . (8)

The driving potential K cossq 2 k sinntd is well
known in the literature, and it has been discussed
the context of the description of dynamical localizatio
in atomic momentum transfer [34,35]. This effect ha
been observed experimentally following an extension
a theoretical proposal [7]. The Hamilton equations fo
H1 of (8) are Ùq ­ 2L sinp and Ùp ­ K sincstd with
cstd ­ q 2 k sinnt. For k ¿ 1 or eE0a ¿ h̄ñ the
forcing resulting in change of momentum is dominate
by the resonant points [7,34–36], whereÙc ­ 0 or

2L sinp ­ Ùq ­ kn cosnt . (9)

This condition is consistent with the tight-binding ap
proximation ifg1, g2 ¿ eE0a ¿ h̄ñ, which can be sat-
isfied for some regimes of the electric field for organ
metals and superlattices. Expandingcstd around the reso-
nant pointtr and integrating the Hamilton equation forp
taking into account the fact that this integral accumulat
most of its contribution from a narrow region (of width
jkn2 sintr j

21y2) around the resonance, one finds that th
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f

momentum transferred at each resonance is

Dp6
r ­

s
2p

kn2j sinntr j
K sin

µ
c6

r 6
p

4

∂
, (10)

wherecr ­ cstr d and the sign depends on the directio
of crossing of the resonance.

The position of the resonance depends onp. For strong
driving so thatkn ¿ L (or eE0a ¿ 2pg1

F

F0
­ g1h̃)

for the resonance condition it is required that cosntr ø
0 or j sinntr j ø 1. Consequently the resonant point
are ntr ø 6

p

2 and therefore are approximately equall
spaced in time, and occur at the timesnt2

r ­ 2
p

2 1 2pl
andnt1

r ­
p

2 1 2pl (l are integers). The resulting map
n

s
y

is M ­ M2M1 with

M1:

Ω
p1 ­ p 1 K1 sinsq 1 k0d ,
q1 ­ q 2 L1 sinp1 ,

M2:

Ω
p2 ­ p1 1 K1 sinsq1 2 k0d ,
q2 ­ q1 2 L1 sinp2 ,

(11)

whereL1 ­
p

n L while K1 ­
p

2pykn2 K andk0 ­ k 2
p

4 . First we note that the map is periodic ink with the
period2p, and therefore it is periodic in the magnitude o
the electric field.

This map is generated by the Hamiltonian
H2 ­ L cosp 1 nK1

∑
cossq 1 k0d

X̀
n­2`

d

µ
nt 1

p

2
2 2pn

∂
1 cossq 2 k0d

X̀
n­2`

d

µ
nt 2

p

2
2 2pn

∂∏
. (12)
e

is
red

is

ly
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It can be derived also with the help of the asymptot
properties of Bessel functions.

An essential simplification can be made if the electr
field is such thatk ­ 2pN 1

p

4 andN ¿ 1 is a natural
number. The resulting map corresponding to (11) is

p1 ­ p 1

s
2p

kn2 K sinq ,

q1 ­ q 2
p

n
L sinp1. (13)

It is generated by (2) withKH ­ K
n

p
2pyk and LH ­

p

n L. Classical chaos in large regions is found, for ex
ample, forKH . 1. Together witheE0a ¿ 2pg1

F

F0
­

g1h̃ this condition yieldseE0a ¿ h̄ñs g1

g2
d2.

A special role is played by the self-dual pointLH ­
KH . For (13) this condition iseE0a ­

2
p s g2

g1
d2h̄ñ. Con-

sistency witheE0a ¿ h̄ñ requires 2
p s g2

g1
d2 ¿ 1. It is

consistent also with the inequalityeE0a ¿ h̄ñs g1

g2
d2.

Therefore the interesting regimes of the kicked Harp
model can in principle be realized experimentally.

Choosing k ­ ps2N 1 1d 1
p

4 one finds a model
similar to (2) but withq shifted byp. For k ­ psN 1
1
2 d 1

p

4 one obtains the two-sided kicked Harper mode
defined by the Hamiltonian

H TKH ­ LH cosp 1 KHs21dN cossq 1 py2d

3
X
n

s21dndst 2 nd . (14)

So far the electric field was chosen to be parallel to th
y axis. Now turn to the case where the electric field
perpendicular to the magnetic field but is not confined
an axis, namely,$E ­ s2Ex cosñt, 2Ey cosñt, 0d. Fol-
lowing the argumentation used for the electric field para
lel to they axis one finds that the motion is described b
the effective Hamiltonian

H3 ­ L cossp 2 kx sinntd 1 K cossq 2 ky sinntd ,

(15)
ic

ic

-

er

l

e
is
to

l-
y

where the canonical variables arep andq, the parameters
L, K, andn are defined as before, whilekx ­

eExa
h̄ñ and

ky ­
eEya

h̄ñ .
In the asymptotic limit of largekx and ky , namely,

kxn ¿ K and kyn ¿ L, one obtains an approximat
Hamiltonian corresponding to (12)

H3 ­ H 1
3

X̀
n­2`

d

µ
nt 1

p

2
2 2pn

∂
1 H 2

3

X̀
n­2`

d

µ
nt 2

p

2
2 2pn

∂
(16)

with H
6

3 ­
p

2pykx L cossp 6 kx 7
p

4 d 1
q

2pyky 3

K cossq 6 ky 7
p

4 d. The Poisson bracketshH 1
3 , H 2

3 j
do not vanish in general, and therefore the motion
expected to be chaotic. For the system to be conside
kicked it is requiredeExa, eEya ¿ h̄ñ. For the kicks
to be equally spaced in time the conditionseEya ¿ g1h̃
and eExa ¿ g2h̃ should hold. The self-dual casep

2pykx L ­
q

2pyky K or s g1

g2
d2 ­

Ex

Ey
. The situation is

simpler when the Poisson brackethH 1
3 , H 2

3 j vanishes.
This requires

kx 2 ky ­ N1p , kx 1 ky ­ N2p 1
p

2
, (17)

whereN1 andN2 are integers. The situation is particular
simple whenkx ­ ky ­ 2pN 1

p

4 . In this caseH 1
3 ­

H
2

3 ­ H andH3 reduces to

H3 ­ H
X
n

dst 2 nT d (18)

with H ­ L3 cosp 1 K3 cosq, whereL3 ­
L
n

p
2pykx

and K3 ­
K
n

q
2pyky, while T ­

p

n is the period. This

model is integrable sinceH is such, the classica
Hamilton equations can be integrated and the solut
can be expressed explicitly in terms of elliptic function
The final answer takes the form cospstd ­ fsBf t2t0

T gintd,
wheref is a periodic function of periodB0, while fXgint
is the integer part ofX and B is a constant. IfB is
1923
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commensurate withB0 thenp is periodic and takes a finite
number of values, while if it is incommensurate it cove
ergodically the intervalf0, 2pg. There are different other
integrable possibilities for the various combinations (17

The one-step evolution operator for the HamiltonianH3

andH have the same eigenstates. The quasienergie
this case are justhm ­ Emyh̃jmod 2p , whereEn are the
eigenenergies ofH . SinceH is the Harper Hamilton-
ian, hEmj are known [11–14] and thehm can be obtained
from them. In particular, forL3 ­ K3 the quasienergy
spectrum will have a self-similar structure, but folded o
the intervalf0, 2pg.

In this Letter a model for electronic motion in solids
where as a result of variation of the electric field
transition takes place from smooth driving for weak field
to effective kicking for strong fields, was presented.
variety of models of which the well known kicked Harpe
model is an example was developed. It is expected t
at least some of them will be studied experimental
and theoretically. Preliminary results [8] indicate tha
interesting behavior is expected. In particular, it is foun
that the behavior of single trajectories for the mode
characterized by various values ofk, corresponding
to values of the electric field may be very differen
[8]. Most physical properties depend, however, on th
evolution of phase space densities (and related avera
and variances). In the chaotic regime these are not v
sensitive to small errors in the value ofk. The behavior
predicted by the model presented in this Letter ca
be observed in conductivity and absorption experimen
Deviations from standard resonance phenomena predic
by linear response theory are expected, and their deta
nature should be analyzed in the future.
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