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Jamming, Force Chains, and Fragile Matter
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We consider materials whose mechanical integrity is the result of a jamming process. We argue
that such media are generically “fragile,” unable to support certain types of incremental loading
without plastic rearrangement. Fragility is linked to the marginal stability of force chain networks
within the material. It can lead to novel mechanical responses that may be relevant to (a) jammed
colloids and (b) poured sand. The crossover from fragile to elastoplastic behavior is explored.
[S0031-9007(98)06815-X]

PACS numbers: 46.10.+z, 03.40.Kf, 82.70.Dd

Consider a concentrated colloidal suspension of hardertainly not an elastic body, for if instead one tries to shear
particles under shear [Fig. 1(a)]. Above a certain thresholthe sample in a slightly different direction (causing a rota-
of stress, this system may jam [1]. (To observe such ation of the principal stress axes) static equilibrium cannot
effect, stir a concentrated suspension of cornstarch with be maintained without changing the direchor And since
spoon.) Jamming apparently occurs because the particlasdescribes force chains that pick their ways through a
form “force chains” along the compressional direction [1]. dense sea of spectator particles, it cannot simply rotate; in-
Even for spherical particles the lubrication films cannotstead, the existing force chains must be abandoned and new
prevent contacts; once these arise, an array or network ahes created with a slightly different orientation. This en-
force chains can support the shear stress indefinitely [2]Jails dissipative, plastic, reorganization, during which the
By this criterion, the material is a solid. In this Letter, we system will rejam to support the new load. (The systemre-
propose some simple models of jammed systems like thisembles a liquid crystal, except that the stress causes tran-
whose solidity stems directly from the applied stress itselfsient rearrangement, not steady flow.)

We argue that such materials may show fundamentally The jammed colloid is an example fhgile matter it
new mechanical properties, very different from those ofcan statically support applied shear stresses (within some
conventional (elastic or elastoplastic) bodies. range), but only by virtue of a self-organized internal

We start from a simple model of a force chain: a linearstructure, whose mechanical properties have evolved to
string of rigid particles in point contact. Crucially, this support the load itself. Its incremental response can be
chain can only support loaddong its own axigFig. 2(a)]:  elastic only tacompatibldoads;incompatibldoads (in this
successive contacts must be collinear, with the forces alongase, those of a different compression axis), even if small,
the line of contacts, to prevent torques on particles withirwill cause finite, plastic reorganizations. The inability to
the chain [3]. (Neither friction at the contacts nor particleelastically supporsomanfinitesimal loads is our definition
aspherity can obviate this.) of “fragile” (and more precise than any we have previously

Let us now model a jammed colloid by an assemblyseen). It extends naturally to other perturbations; e.g.,
of such force chains, characterized by a direatpin a  small changes in temperature which can lead to “static
sea of “spectator” particles, and incompressible solventavalanches” of rearrangement [4].

(We ignore for the moment any “collisions” between force We now argue that jamming may leagtnerically to
chains or deflections caused by weak interaction with théragile matter (as defined above). If a system arrests
spectators.) In static equilibrium, with no body forces act-as soon as it can support the external load, its state is
ing, the pressure tensg;(= —o;;) is then

pij == P6,~j + Al’l,‘l’lj, (1) @

where P is an isotropic fluid pressure, andl (>0) a O QO%
compressive stress carried by the force chains. OO

Even this minimal model of the jammed state exhibits
quite novel mechanical properties. Indeed, Eqg. (1) permits OQ% 9
static equilibrium only so long as the applied compression -
is alongn; while this remains true, small, or even large, in- g5 1. (a) A jammed colloid (schematic). Black: force

_c:rem(-;‘ntal loads can b? accomm(_)dated reversibly, b)_/ W_h@hains; grey: other force-bearing particles; white: spectators.
is (ultimately) an elastic mechanism. But the material is(b) Idealized rectangular network of force chains.

0031-900798/81(9)/1841(4)$15.00 © 1998 The American Physical Society 1841



VOLUME 81, NUMBER 9 PHYSICAL REVIEW LETTERS 31 AGusT 1998

lar argument to the intermediate axis leads to the ansatz
that all three directors lie along principal stress axes; this
is perhaps the simplest model in 3D [12]. (One version
of this argument links force chains with the fabric tensor
[10], which is then taken coaxial with the stress [11].) If
so, Eq. (2) does not change form if an arbitrary isotropic
\ pressure field? is added. One recovers Eq. (1) in 2D, and
FIG. 2. (a) A force chain of hard particles (any shape) canlh cases of uniaxial symmetry.
statically support only longitudinal compression. (Body forces With the ansatz of perpendicular directors as just
acting directly on these particles are neglected.) (b) Finitedescribed, Eq. (2) becomes a “fixed principle axes” (FPA)
deformability allows small transverse loads to arise. model [7,13]. Although grossly oversimplified, this
leads to nontrivial predictions for the jammed state. For
likely to be only marginally stable. Incompatible pertur- example, in an idealized colloidal jamming experiment
bations force rearrangement, leaving the system in a newlpl,14], one imposes a fixed spacing between parallel
jammed, equally fragile, state. This scenario is related tglates lying in the(x, z) plane, and a fixed shear stress
suggestions that rigidity emerges by successive buckling af ., at the plates. The normal stress differendgs=
force chains (impeded by spectators) in glasses and granu~, — o, and N, = o,, — 0., are then monitored
lar matter [5]. It also resembles self-organized criticality(also the shear ratg, which should vanish in a jammed
(SOC) [6]; we return to this later (see also [4,7]). How- state). The FPA model then contains, as a parameter, the
ever, we focus first on simple models of the fragile state irangle ¢ between the major compression axisind they
static equilibrium. direction. The model gives,, = [A; — Ay]sc, N =
Consider again our (homogeneously) jammed colloid[As — A1](s*> — ¢?), and N> = A3 — Ajc? — Ays?
What body forces can it now suppovtithout plastic  where s,c = sing,cos¢. (The 3 axis is alongz.)
rotation of the director? Various models are possible. On&o, FPA predicts a constant ratia = —N,/o,, =
is to assume that Eq. (1) continues to apply, wils) and  (s*> — ¢2)/sc as oy, is varied within a given jammed
A(r) now varying in space. IP is a simple fluid pressure, state. Remarkably, recent experiments [14] do report such
alocalized body force can be supported only if it acts alongonstancy otx (with & = 1.0 = 0.1, or ¢ = 58°) within
n. Thus (as in a bulk fluid) no static Green function exists‘the regime of strong shear thickening” (in whiah,,
for a general body force. To support the latter in threeshows time dependence reminiscent of stick-slip behavior
dimensions, in fact, requires more than one orientation of14]). Although not strictly a jammed statey (> 0 on
force chain, perhaps forming a network or skeleton [8—11]average) the success of the FPA concept in this regime is

A simple model for this is striking [15].
We now turn from colloids to granular materials. Al-
pij = Mininj + Aomim; + Aslil;, (2) though the formation of dry granular aggregates under

gravity is not normally described in terms of jamming, it

with n,m,1 directors along three nonparallel populationsis closely related. Indeed, the filling of silos and the mo-
of force chains; the\'s are compressive pressures actingtion of a piston in a cylinder of grains both exhibit jamming
along these. Body forces caudg, s to vary in space. and stick-slip phenomena associated with force chains; see

We can thus distinguish different levels of fragility, ac- [16]. Moreover, FPA-like models account quite well for
cording to whether incompatible loads include localizedthe forces measured experimentally beneath conical piles
body forces pulk fragility, e.g., Eqg. (1)], or are limited of sand, constructed by pouring cohesionless grains from a
to forces acting at the boundarpqundaryfragility, e.g.,  point source onto a rough rigid support [7,13,17]. Hence
Eq. (2)]. Indisordered systems one might also distinguishiragile models of granular media must merit serious con-
between macrofragile responses involving changes in theideration. They share some features with rebgpbplas-
meanorientation of force chains, and the microfragile re-tic models of such media [10].
sponses of individual contacts. Below we focus on macro- Note that in 2D, when combined with stress continuity
fragility, but if the medium shows static avalanches [4] the(d;o;; = pg; for sand under gravity), Eq. (2) gives differ-
distinction may become blurred. ential equations for the stress tensor which are hyperbolic

Returning to the simple model of Eq. (2), the chosen7,13,18]. With a zero-force boundary condition at the up-
values of the three directors (two in 2D) clearly shouldper surface of a pile [7], this gives a well-posed problem:
depend on how the system came to be jammed (its “corthe forces acting at the base follow uniquely from the body
struction history”). If it jammed in response to a constantforces by integration. [Analogous remarks apply to Eq. (2)
external stress, switched on suddenly at some earlier tim@) 3D.] If differentforces are now imposed at the base,
one can argue that the history is specifipttely by the rearrangement is inevitable. (This is boundary-fragile be-
stress tensor itselfln this case, if one director points along havior.) The same does not hold [19] within a traditional
the major compression axis, then by symmetry any otherslastoplastic modeling approach [20] whose equations are
should lie at right angles to it [Fig. 1(b)]. Applying a simi- elliptic in elastic zones and hyperbolic in plastic ones. In
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the sandpile, where an elastic zone contacts the suppogarticles are now flattened [Fig. 2(b)]. Clearly the ratio
the forces acting at the base cannot be found without speadf the maximum transverse load to the normal one will
fying a displacement field there. To define this displacevanish in some specified way (dependent on contact ge-
ment, one would normally invoke agference statehe  ometry) with the mean particle deformation. The same
one in which the load (gravity) is removed. For cohesion+atio e defines, in effect, the maximum elastic angular de-
less poured sand, this state is undefined [21], just as it igiation of the force chains. The system can thus be de-
for a jammed colloid which, in the absence of the appliedscribed as an (anisotropic) elastic body subject to a yield

shear stress, is a fluid. criterion of the following form:
This “elastic indeterminacy” of sandpiles has no facile
resolution [19,21]. One avenue is to consider a hypotheti- | pgrl = pgqtan®(q - n), 3)

cal sandpile where each grain becomes firmly “glued” to
its neighbors (or the base), upon first coming to rest. Thevhere®(x) is a smooth function that is small (of ordey
resulting medium is surely elastic, but contains quencheth a narrow range (of order wide) of orientations around
stresses arising from the addition of new material to thec = 0 (andx = 1), but close top outside this interval.
deformed pile as itis built [19]. (Put differently, were the  For finite e this material will have mixed elliptic/hyper-
grains to pack into a crystal, it would have a finite disloca-bolic equations of the usual elastoplastic type. But the re-
tion density.) In such a medium the displacement field issulting elastic and plastic zones must arrange themselves
not single valued, and the solution of the elastic problemso as to obey the fragile model to within terms that van-
though possible in principle, requires the whole construcish ase — 0. If, in a sandpilee is small but finite, then
tion history to be taken into account. Almost all elasto-stresses will depend on the detailed boundary conditions
plastic calculations seem to ignore this. More importantly at the base of the pile, but only through small corrections
for a typical disordered packing of near-rigid, glued grainsto the leading, fragile result (FPA in this example). These
there will arise manyensile contactgven under a purely deviations can accommodate an elastic response to very
compressive external load [22]. Hence, even were realistismall incremental loads (on a scale setd)y But for the
elastic (or elastoplastic) calculations available, their relemacroscopic stress pattern to differ significantly from the
vance to real (unglued) sandpiles, in which tensile contacteyperbolic prediction, one requiresppreciable particle
are entirely forbidden, remains in doubt [23]. The nonexis-deformation When the mean stresses are large enough
tence of the standard (zero load) reference state giges to cause thisd = 1), “ordinary” elastic or elastoplastic
cisely wherordinary mechanical behavior could give way behavior will be recovered. Conversely, the fragile, hy-
to fragility: in systems whose solidity arises solely becausgerbolic limit emerges athe limit of high particle rigidity
of the applied load itself. This points towards our alterna-for this simplified model skeleton. Thus fragile models of
tive, fragile description of cohesionless, poured sand undegranular or jammed matter, properly interpreted, need not
gravity. contradict (though equally they do not require) an under-
Nonetheless, one can anticipate a crossover betwedying elastoplastic description.
fragile and elastic or elastoplastic behavior. Sand under How valid are these new ideas? For granular media, the
strong enough compression may become elastic; even existence of tenuous force-chain skeletons is clear [8—
unconsolidated, poured sand, sound wavesufficiently 11,26]. Simulations of frictional spheres show most of the
small amplitude might propagate normally (although this isdeviatoric stress to arise from force chains; interparticle
actually far from obvious experimentally [24]). Likewise shear forces and “spectator” contacts provide mainly an
in our jammed colloid,.extremely smallotations of the isotropic pressure [9,11]. [Of course, the specific geome-
principal axes might be accommodated elastically. try of Fig. 1(b) is grossly oversimplified: the force chains
We next show, for a specific example of a fragile granu-are anisotropic, but not straight, with frequent collisions
lar skeleton, that just such a crossover can arise 8iight  [9].] Several arguments suggest that such granular skele-
particle deformability We consider a highly idealized, 2D tons are close to the fragile limit. (Note that this limit
rectangular skeleton of rigid particles, Fig. 1(b). In thisdoes not involve a critical packing density, but a marginal
material, where the longitudinal compressive forces balintegrity of the granular skeleton related to the absence
ance at each node [25], the shear stress must vanish acraggensile forces [22].) First, the probability distribution
planes parallel tm andm (thatis,p,, = p.. = 0). For  for interparticle forcegp( f) does not vanish at zero force
simplicity we also assume that the ratlg /A, (and its [11,26]. This is consistent with the idea thasmall in-
inverse) cannot exceed some constanifor example, compatible load (relative scal®/f with f the mean in-
to avoid buckling of the stress paths). This implies aterparticle force) can induce a fractigrn(0)é of contacts
Coulomb inequality| p,| = p,stane, for all other or-  to switch from spectator typef = 0) to force-chain type
thogonal unit vector pairg,r; here tanp is a material (f = f). The effect of this would be comparable with
constant such tha& = (1 — sing)/(1 + sing). the elastic responsef — f *+ ), and formally destroy
Now a small degree of particle deformability is intro- the elastic regime. Second, simulations show strong re-
duced. This relaxes slightly the collinearity requirementarrangement under small changes of compression axis; the
of forces along chains, because the point contacts betweaheleton is indeed “self-organized” [9,11]. Experiments
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