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Does Inflationary Particle Production SuggestVm ,,, 1?
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We study a class of Friedmann-Robertson-Walker spacetimes with a nonminimally coupled li
massive scalar field. Values of the coupling parameterj , 0 enhance long range power in the
vacuum expectation value of the energy-momentum tensorkTmnl and fundamentally alter the nature
of inflationary particle production: the energy density of created particles behaves like an effec
cosmological constant, leading generically toVm , 1 in clustered matter and providing a possible
resolution of the “V problem” for low density cosmological models. [S0031-9007(98)06950-6]
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In this Letter we discuss particle creation of ligh
nonminimally coupled scalar fields due to the changin
geometry of a spacetime which underwent an early infl
tionary phase. Nonminimally coupled fields have arise
in diverse cosmological contexts, e.g., density perturb
tions from strongly coupled scalars [1], the possibility tha
a very light scalar particle such as the axion may coup
nonminimally to gravity [2] and production of primordial
magnetic fields from nonminimal electromagnetism [3
Ultralight scalars (withm , H) have been previously
discussed in the context of pseudo-Nambu-Goldsto
bosons [4].

As shown below, for negative values of the cou
pling the dominant contribution to bothkF2l and kTmnl
comes from modes having wavelengths larger than t
Hubble radius which makes both quantities formally in
frared (IR) divergent. IR divergences cannot be reno
malized away, instead a physically motivated IR cuto
has to be invoked [5]. The IR-regularizedkTmnl describ-
ing particle creation is finite, and behaves like an e
fective cosmological constant as the Universe expand
consequently, the energy density of created particles c
dominate the matter density leading toVm , 1 in a flat
Universe.

We consider a spatially flat Friedmann-Robertson
Walker (FRW) model with expansion factor either d
Sitter-like a ~ eHt , or power lawa ~ tp . Massive free
scalar fields satisfy the wave equation

fh 1 jR 1 m2gF ­ 0 , (1)

where R is the Ricci scalar andj parametrizes the
coupling to gravity,j ­ 0, 1y6 corresponding to minimal
and conformal coupling, respectively. In a spatially fla
FRW Universe the field variables separate andFk ­
s2pd23y2fkshde2ik?x. The comoving wave numberk ­
2payl where l is the physical wavelength of scalar
field quanta. Defining the conformal fieldxk ­ afk and
using R ­ 6äya3 (differentiation being with respect to
the conformal timeh ­

R
dtya), Eq. (1) leads to

ẍk 1 fk2 1 m2a2 2 s1 2 6jdäyagxk ­ 0 . (2)
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For de Sitter space (2) has the exact solution

xkshd ­ c1
p

h Hs2d
m skhd 1 c2

p
h Hs1d

m skhd , (3)

where m2 ­ 9y4 2 12j 2 m2yH2, and c1 ­
p

py2,
c2 ­ 0 gives the state associated with the Bunch-Davi
vacuum [6].

For ultralight fieldsmyH , 1 today, corresponds to
myH , 10260 during inflation, hence the field modes ca
be treated as being effectively massless. Settingm ­ 0
in (2) and specializing to a power law expansion

a ­ styt0dp ; shyh0ds122ndy2, (4)

where 2n ­ s1 2 3pdys1 2 pd (the inflationary range
p . 1 corresponds ton $ 3y2 and for a ~ eHt, n ­
3y2), we find exact solutions of (2) having the form (3
with m2 2 1y4 ­ sn2 2 1y4d s1 2 6jd. For j ­ 1y6,
m ­ 1y2 while for j ­ 0, m ­ n. The choicesc1 ­p

py2, c2 ­ 0 correspond to the adiabatic vacuum state
To study quantum fluctuations we define the operator

Fsxd ­
Z

d3kfakFksx, hd 1 a
y
k Fp

k sx, hdg , (5)

where ak , a
y
k are annihilation and creation operator

fak , a
y
k0g ­ dkk0, defining the vacuum stateakj0l ­ 0 ;k.

The two-point function

kFsxdFsx0dlvac ­
1

s2pd3

Z
d3keik?sx2x0dfkshdfp

k sh0d

(6)

is IR divergent over a certain range ofm values. To see
this, substitute Eq. (3) in Eq. (6), usingfk ­ xkya and
the small-argument limit of the Hankel functions

Hs2,1d
m skhd .

kh,1

skhy2dm

Gs1 1 md
6

i
p

Gsmd
µ

kh

2

∂2m

. (7)

The integral controlling the presence of IR divergencesZ
dkk2k22mjc1 2 c2j

2. (8)
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For the adiabatic vacuum state (3), IR divergences ar
whenm2 $ 9y4. For j ­ 0, IR divergences are encoun
tered for p $ 2y3 sp fi 1d [5]. The situation is sub-
stantially different for j fi 0 (Fig. 1), IR divergences
being present over a wide range of expansion rat
ise
-

es:

p , 0; p . 1y2 sp fi 1d; 0 , p , 1y2. Since there is
no particle production whenp ­ 0, 1y2, j ­ 1y6, these
special cases are free of IR divergences.

Significantly kTmnl can also be IR divergent: The
(bare) energy density in a spatially flat Universe is
r ­ kT00l ­
1

4p2a2

Z `

0
dkk2sj Ùfkj2 1 k2jfkj

2d 1
3

2p2 jH
Z `

0
dkk2

"
Hjf2

k j 1
fk

Ùfp
k 1 Ùfkf

p
k

a

#

1
m2

4p2

Z `

0
dkk2jfkj

2. (9)
e

-
,

e
h
s,

t
of
n

ua-

nt
y
g
es
s

d

s
f

Restricting attention momentarily toj ­ 0, m ­ 0, we
conclude thatkT00l is IR divergent forjnj $ 5y2, i.e.,
3y4 # p # 2 sp fi 1d. [We correct a minor error in
Ref. [5] who quote2y3 # p # 2 sp fi 1d.] This is a
much smaller range than for the two-point function whic
is divergent forp $ 2y3 sp fi 1d. In contrast, the key
aspect of nonminimal coupling is thatkT00l contains terms
proportional tojkF2l, and consequently (for ultralight
fields) kT00l is IR divergent over the same range of
parametersaskF2l.

The curing of IR divergences requires that mod
functions be modified in the IR limit. The only freedom
to accomplish this in Eq. (8) is to change the behavi
of jc1 2 c2j as k ! 0: There are no IR divergences if
limk!0 jc1 2 c2j

2 ~ Osk2jmj22d ! 0 (maintaining c2 ­
0, c1 ­ 1 at largek). One way to determinec1 and c2
is to assume the existence of a preinflationary radiatio
dominated phase [5,7], as a result [8],jc1 2 c2j

2 .
f1 1 4p2Cskh̃0d122jmjg21, whereh̃0 marks the onset of
inflation. Finiteness in the ultraviolet is achieved b
imposing a cutoff at the horizon scale. It then follow
that

kF2l ­ Ch2sn2jmjd
Z h21

h̃
21
0

dkk2k22jmj, (10)

FIG. 1. IR divergent regions (shaded) ofkF2l: The spe-
cial casesp ­ 0, 1y2, 1, and 1y6 # j # 3y2 have no IR
divergences.
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where C ­ Ch̃
122n
0 . The behavior ofkF2l depends

crucially upon the value ofn 2 jmj. For j ­ 0, kF2l .
C

R1yh

1yh̃0
dkk2s12nd, which gives for exponential inflation

sn ­ 3y2d the standard resultkF2l . H3Dtys4p2d [9].
In the case of power law inflationn . 3y2, and kF2l
freezes to a large value at late times [8,10]. With negativ
values ofj, m . n, kF2l grows with time approaching
the asymptotic form

kF2l ­
h!0

C
2jmj 2 3

µ
h̃0

h

∂2sjmj2nd
h̃22

0 (11)

at late times. Forj ø 21y6 and n2 ¿ 1y4 we have
jmj ø n

p
6jjj, which substituted in (11) gives

kF2l ~ ac, c ­
4n

2n 2 1
s
p

6jjj 2 1d . 1 . (12)

Thusj , 0 can greatly accelerate the growth of fluctua
tions in inflationary models. Even for minimal coupling
j ­ 0, IR finite physical quantities, e.g.,kFsxdFsx0dl
and kT00l, remain sensitive to the presence of long rang
power in the field modes. This is reflected in the growt
of scalar fluctuations, generation of density fluctuation
and the quantum creation of gravitational waves.

We now examine particle production in a Universe tha
inflates and then transits to a matter dominated regime
expansion. To do this, we return to Eq. (2): this equatio
closely resembles the one-dimensional Schrödinger eq
tion, the role of the “potential barrier”V sxd being played
by V shd ­ 2m2a2 1 s1 2 6jdäya [11]. The form of
the barrier is shown in Fig. 2 assumingj , 1y6, m . 0.
The process of superadiabatic amplification of zero-poi
fluctuations (particle production) can be qualitativel
described as follows: the amplitude of modes havin
wavelengths smaller than the Hubble radius decreas
conformally with the expansion of the Universe, wherea
that of larger-than Hubble radius modes freezes (ifj ­ 0)
or grows with timesj , 0d. Consequently, modes with
j # 0 have their amplitude superadiabatically amplifie
on reentering the Hubble radius after inflation (Fig. 2).

The nonvacuum state of the scalar field at late time
sh . jh0jd is described by a linear superposition o
positive and negative frequency solutions

foutsk, hd ­ af1
k 1 bf2

k , (13)

where f
1,2
k ­ spph0y2d shyh0dnH

s2,1d
jmj skhd. [a ~ tp ,

p , 1; 2n ­ s1 2 3pdys1 2 pd, 23y2 # n #
1767
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21y2 , 2y3 $ p $ 1y2 corresponding to mat-
ter with an equation of state 0 # w # 1y3,
m2 2 1y4 ­ sn2 2 1y4d s1 2 6jd.] The transition
from inflation to a radiation/matter dominated epoc
is marked byh0, H2

rh ; 1yh
2
0 being the Hubble pa-

rameter at reheating. [We assumem2 , jjjR or
fl

o

d

1768
h

m2yH2 , 6jjj sn2 2 1y4dysn 2 1y2d2 allowing us to
treat field modes as being effectively massless.]

The Bogoliubov coefficientsa and b are determined
by matching f

1
insk, hd, Ùf1

insk, hd given in (3) and
foutsk, hd, Ùfoutsk, hd at h ­ h0. For modes with
kh0 , 1 we obtain
a 1 b ­ A
i
p

GsmdGs1 1 md
µ

kh0

2

∂
2sm1md

1 B
Gs1 1 md
Gs1 1 md

µ
kh0

2

∂
m2m

,

a 2 b ­ C
ip

GsmdGs1 1 md

µ
kh0

2

∂m1m

1 D
Gsmd
Gsmd

µ
kh0

2

∂m2m

,

jaj2 2 jbj2 ­ 1 , (14)
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where A ­ sm 1 jnj 1 n 2 mdy2m, B ­ sm 1 jnj 1

n 1 mdy2m, C ­ sn 1 m 1 jnj 2 mdy2m, D ­ sm 2

jnj 1 m 2 ndy2m. (Indicesn, m refer to the inflationary
epoch;n, m to the matter-radiation dominated epoch.)

Sincejbj2 ~ skh0d22sm1md andm ­ msn, jd, the num-
ber density of created particles is sensitive to (1) the in
tionary expansion rate parametrized byn, (2) the equation
of state after inflation, parametrized byn, and (3) the cou-
pling to gravityj. More particles are created forj , 0
than forj ­ 0 (see Fig. 2 and Ref. [2]).

From (13) and (14) we find that on larger than horiz
scalesskh , 1d,

fout . iA
p

h0y4p Gsmd skh0y2d2mshyh0dm2jnj, (15)

from which follows the important observation tha
kF2lout ­ 1y2p2

R
dkjfoutj

2k2 hasexactly the samein-
frared properties askF2lin and that on scaleslarger than
the horizonkF2lout grows with time at a rate determine
by m 2 jnj . 0 (jnj ­ 3y2 in a matter dominated Uni-

FIG. 2. The timelike “potential barrier”V shd for inflation
followed by a matter dominated epoch.
a-

n

t

verse). This result bears directly on the energy density
created particleskT00lout, which can be determined from
(9) after substitutingf ! fout. Equation (9) informs
us that the main contribution tokT00lout comes from
long wavelength modes and, forj , 0, kT00lout is IR
divergent if the field is effectively massless. A radiatio
dominated phase prior to inflation leads to an effecti
IR cutoff kmin . h̃

21
0 in kT00l, since IR divergent states

cannot arise from IR finite initial conditions [12]. In
addition, a high frequency cutoff appears due to suppr
sion of particle creation at largek [13]. For particles
created during inflation, this cutoff is set by the Hubb
parameter at the end of reheating and the commencem
of radiation domination:kmax . Hrh . h

21
0 [13,14].

The integration limits in (9) are therefore
Rkmax

kmin
. For

myH # 1, kT00l is dominated by modes larger than th
Hubble radius, thus the integration limits are effectiveRh21

h̃
21
0

leading, for a matter dominated Universe, to

kF2l .
N

h
2
0

µ
h

hMD

∂2m23µ h̃0

h0

∂2m23
"

1 2

µ
h

h̃0

∂2m23
#

,

(16)
whereN ­ sA2y8p3d22mG2smdys2m 2 3d.

Although a full treatment of the semiclassical Einste
equationsGmn ­ 28pGsTmn 1 kTmnld lies beyond the
scope of this work, it is easy to perform a qual
tative analysis. For small valuesjjj , 1, the term
1ys4pa2d

R
dkk4jfkj

2 in Eq. (9) is dominated by horizon-
size modes, and is small compared to the remaining te
in kT00l, which are dominated by the larger infrared cuto
scaleh̃0 sh̃0 ¿ hd. These terms, excludingm2kF2l, are
of the formH2kF2l and can be absorbed into the left han
side of the (00) Einstein equation leading to

3H2 . 8pGfrm 1
1
2 m2kF2lg , (17)

whereG . Gys1 1 8pGjjj kF2ld. For ultralight fields
jjj , 0.1 ensures thatkF2l grows at a slow rate, satisfy
ing constraints on the time variation ofG [15]. Conse-
quently,

8pGkF2l . N

µ
Hrh

mpl

∂2

s1 1 zMDdm1m23

µ
z

Trh

TMD

∂2m23

,

(18)
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where z ­ h̃0yh. (Note that z ; kpykmin ­
exp

Rtp

tin
Hdt, wheretin is the beginning of inflation, andtp

the time when a mode entering the horizon today, left t
Hubble radius during inflation. In generalz can be very
large, logz ¿ 1.) SubstitutingHrhympl . 1025, Trh .
1014 GeV, TMD . s1 1 zMDd 3 2.3 3 10213 GeV,
1 1 zMD . 23 219Vmh2, we find that8pGkF2l can also
be very large (sinceG , G this holds for8pGkF2l as
well). For large8pGjjj kF2l ¿ 1, G . 1ys8pjjj kF2ld
and

Leff ; 8pGkT00l . m2y2jjj ,

Vf ; Leffy3H2 .
1

6jjj
smyHd2. (19)

We thus find that the energy density of created partic
behaves like aneffective cosmological constant.Further-
more, for ultralight fieldsmyH , 1, Vf can be signifi-
cant fraction of the total density of the Universe at la
times. (Recent observations of high redshift supernov
suggestVL . 0, which could be quite large if the Uni-
verse is flat [16].)

At first glance it may appear strange that the equati
of state of created nonminimal scalars isp . 2r and not
the familiar p ­ ry3 expected for relativistic particles.
This is because the dominant contribution tokT00l comes
from wavelengths larger than the horizon size; as
result kTmnl . 1

2 gmnm2kF2l at late times. In a similar
context it is well known thatkT00l for gravitational
waves (and minimally coupled massless scalars) crea
during inflation is dominated by wavelengths of order th
horizon size, because of which the equation of state
relic gravitational waves is identical to that of classic
matter driving the expansion, and in a matter-dominat
Universe, isp ­ 0 [16]. (For wavelengths larger than
the Hubble radius the distinction between “real” particle
and vacuum polarization becomes ambiguous.)

Our analysis indicates that, at a local level, the Un
verse may be filled with a quasiclassical, stochastic, nea
homogeneous nonminimal scalar field having a Gauss
probability distribution with dispersionkF2l. (This de-
scription agrees with the general stochastic approach
inflationary cosmology [9,17].) Because of cosmic var
ance, the local value ofF2 will generally not equalkF2l;
remarkably, this does not affect the value ofVf since
(19) does not depend uponF (providedF is large).

To summarize, the inflationary production of light non
minimal particles sj , 0d leads to an energy density
which mimics an effective cosmological constant imply
ing Vm , 1 in clustered matter in a critical density Uni
verse. Hence, a low density Universe can exist witho
an “V problem” making inflation compatible with obser
vations indicating a low value forVm [18,19]. Since non-
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minimal scalars naturally arise in the low energy limit
string theory [20], our results may apply to a wider cla
of models than the ones considered here.
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