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In a mesoscopic superconductor–normal metal–superconductor (SNS) heterostructure the quasi-
particle distribution can be driven far from equilibrium by a voltage applied across the normal me
This reduces the supercurrent between the superconducting electrodes, which creates the possib
using theseSNS junctions as fast switches and transistors. We describe the system in the frame
of the quasiclassical theory and find good agreement with recent experiments. We propose fu
experimental tests, for instance, the voltage dependence of the current-phase relation, which inclu
transition to ap junction. [S0031-9007(98)06894-X]

PACS numbers: 74.50.+r, 73.23.Ps, 74.40.+k, 74.80.Fp
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Nonequilibrium effects in superconducting systems
have been gaining new attention due to the increased
tivities in the field of mesoscopic electron transport [2].
contrast to earlier work on nonequilibrium superconduct
ity the new experiments show nonlocal and size depend
(d ) effects by reaching temperatures below the charac
istic Thouless energyETh  D yd2. The understanding
of this regime is not only of fundamental interest, but al
important for nanoelectronic applications. The size red
tion of electronic devices is accompanied by an increas
operation frequency. For instance, in the system con
ered below the latter is limited byETh.

Recently Pothieret al. [3] probed the quasiparticle prop
erties in short diffusive wires by coupling tunneling co
tacts to it. They found that in mesoscopic wires t
distribution function has a nonequilibrium energy depe
dence, with a double-step structure at the electrochem
potentials of both reservoirs. In different setups, sketch
in Fig. 1, Morpurgoet al. [4] demonstrated that in a su
perconductor–normal metal heterostructure the none
librium quasiparticle distribution due to a normal curre
flow in N can be used to tune the supercurrent between
superconducting electrodes. This opens the perspectiv
use such devices as ultrafast transistors.

To account for their experimental findings, Morpurg
et al. [4] proposed a qualitative model based on
quasiequilibrium distribution function with locally en
hanced effective electron temperature. This picture
appropriate in the limit of strong electron-electron inte
actions. However, inelastic processes have only a w
effect in the mesoscopic sample considered here. In f
we find the best performance in the opposite limit.

In this article we will describe mesoscopic superco
ductor–normal metal heterostructures as shown in Fig
For a quantitative analysis we use the quasiclassical the
It accounts well for the relevant physics: (i) The spect
properties in the normal metal are modified by the pro
imity effect due to the presence of the superconduct
electrodes. (ii) The quasiparticle distribution function
found as the solution of a kinetic equation. If the no
0031-9007y98y81(8)y1682(4)$15.00
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mal wire between the normal reservoirs is shorter than th
inelastic scattering length, the distribution functionf has
the nonequilibrium (two-step) form observed in the ex
periments of Pothieret al. [3]. (iii) This nonequilibrium
distribution reduces the supercurrent between the two s
perconducting contacts through the normal metal, whic
allows the tuning of the supercurrent by a perpendicula
voltage. For best performance as a transistor, in the set
of Fig. 1a, the width of the superconducting contactsdS

should be chosen narrow compared to the width and leng
of the normal wire,d andL, respectively. The first condi-
tion ensures that only a small fraction of the control norma
current is diverted through the superconductors, and a
cordingly the distribution function inN is little disturbed
by the presence of the superconducting electrodes. T
second condition ensures that the voltage is nearly co
stant along the superconducting leads, while the total vo
age drop responsible for the nonequilibrium and reductio
of the supercurrent may be large. Since the effect relie
on a deviation of the distribution function from local equi-
librium with shifted electrochemical potential, the norma
wire should have mesoscopic dimensions, i.e., the leng
L should not exceed the inelastic relaxation lengthlin.

The presence of the superconducting electrodes induc
correlations in the normal metal (proximity effect), which
are responsible for a supercurrent. Their decay leng
depends on energy: Correlations with energye ¿ ETh
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FIG. 1. Realizations of theSNS transistors. The supercurrent
is tuned by (a) a perpendicular or (b) a parallel normal curren
© 1998 The American Physical Society
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decay exponentially, while those within the range of ord
ETh carry the supercurrent. If, in a nonequilibrium situ
ation, these states are occupied and in this way block
for superconducting correlations, the superconductivity
weakened and the supercurrent reduced. This suppres
mechanism will be described in this paper, based on
real-time formalism of quasiclassical Green-Keldysh fun
tions in the diffusive limit [1,5].

In the first step, we describe the proximity effect in th
normal metal by analyzing Usadel’s equations. The sta
dard parametrization of normal and anomalous retard
Green functionsGR  cosha and FR  sinhaeix al-
lows us to write these equations, for the normal metal r
gion between the superconducting electrodes, in the for

D ≠2
xa  22ie sinha 2 sD y2d s≠xxd2 sinh2a ,

≠xje  0, je  s≠xxd sinh2 a .
(1)

Here,D is the diffusion coefficient andx is the coordinate
normal to theNS interfaces. We introduced the energy
dependent “spectral current”je. For simplicity we ignored
the dependence of the spectral quantities on the coordin
y parallel to the interfaces, which merely leads to
quantitative modification of our results. In the realisti
limit D ¿ ETh, for transparent interfaces, the boundar
conditions at these interfaces,x  6dy2 read [6]

as6dy2d  2ipy2, xs6dy2d  6fy2 . (2)

In two limits we find analytic solutions of Eqs. (1) and
(2). For low energiese ø ETh we obtain

a . 2ipy2 1 seyEThdasfd 1 Ose3d ,

x . fxyd 2 seyEThd2bsfd 1 Ose3d ,

whereasfd and bsfd are real-valued functions (omitted
for brevity). For higher energiese ¿ ETh we obtain [6]

FR  F0sx 2 dy2deify2 1 F0sdy2 2 xde2ify2 , (3)

where

F0sxd  4q
11q2

s12q2d2 , q  is
p

2 2 1de2x
p

22ieyD

and

Ims jed ø 64q≠xqjxLy2 sinf . (4)

In addition, we have studied the problem numerically. Th
results for the spectral current Ims jed are combined in
Fig. 2. It is an odd function ofe and shows a proximity
induced minigap [7],eg . 3.2ETh atf  0, below which
Ims jed  0. This gap decreases [8] with increasingf and
vanishes atf  p. At energies directly above the gap
Ims jed increases sharply, but rapidly decreases at high
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FIG. 2. The spectral current Ims jed as a function of energy
for different values of the phase differencef. At higher
energies, we find oscillations according to Eq. (4).

e. At large energies, it changes sign and oscillates arou
zero with exponentially decaying amplitude.

Next we determine the nonequilibrium quasipartic
distribution in the normal metal between the reservoi
which are at different electrochemical potentials6eVy2.
In a wire of mesoscopic length,L ø lin, in the diffusive
limit the distribution function obeys the kinetic equation

D ≠2
yf  0 . (5)

In the absence of superconducting contacts, its solution

fse, yd  s1y2 2 yyLdfeqse 1 eVy2d
1 s1y2 1 yyLdfeqse 2 eVy2d (6)

has two temperature-rounded steps at the electrochem
potentials of both reservoirs. The step heights depend
the position along the wire; in this way the distributio
function interpolates linearly between the boundary con
tions aty  6Ly2. This functional dependence was de
tected in the experiments of Pothieret al. [3].

Although the distribution function definitely does no
have a thermal form, a local electrochemical potential
the normal metal,ms yd, and an effective electron tem
perature can be defined by its moments. In the followi
we will consider the situation where the electrochemic
potential of the superconductors coincides with the loc
value of the normal metal, which guarantees that there
no net current out of the normal metal into the superco
ductors. Since we further have chosen the size of the
perconducting contacts,dS , small compared to the width
and length,d and L, of the normal wire, the distribution
function inN is little disturbed by the contacts.

On the other hand, the quasiparticle distribution functio
influences the induced superconducting correlations. T
supercurrent through the structure is given by

IS 
d

2Rd

Z `

2`

def1 2 2fse, ySdg Ims jed , (7)
1683
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where1yRd  2e2N0D Syd, S is the junction area, andyS

denotes the position of the superconducting electrodes.
is important to note that the energy is measured relati
to the electrochemical potential of the superconducto
which we have chosen to coincide with the local value o
the normal metal,ms yd. Because of the odd symmetry
of Ims jed, only the odd component of a nonequilibrium
quasiparticle distribution modifiesIS . Accordingly the
first term in the integral (7) can be written as [1,6
2fse, ySd 1 fs2e, ySd, which displays that an excess
number of electronlike or of holelike excitations have th
same effect on the supercurrent.

The largest effect is found when the superconductin
electrodes are placed symmetrically between the two n
mal reservoirs [i.e. aty  0; see Eq. (6)]. The resulting
supercurrent across the superconducting–normal met
superconductor (SNS) junction is presented in Fig. 3 as
a function of the voltageV across the normal metal.

At low temperaturesT ø eV , fse, 0d deviates from
the equilibrium value only in the window2eVy2 ,

e , eVy2. Since the spectral current Imje vanishes for
e , eg, there is no modification of of the supercurren
for small voltageseV , 2eg. On the other hand, for
eV . 2eg, extra quasiparticle and hole states with energi
jej below eVy2 are occupied and the supercurrent i
diminished. Since this energy window increases wi
increasingV , the supercurrent decays rapidly with voltag
(cf. Fig. 3). This is exactly what has been observed
the experiments [4]. Furthermore, at still larger voltag
eV * 10ETh, the supercurrent changes sign since th
integral in (7) is dominated by the energy interval wher
Im je , 0 (Fig. 2). We thus find a transition to a so-called
p junction [9], controlled by nonequilibrium effects. This
effect is rather pronounced; the critical current of thep

junction is approximately30% of Ic at T  eV  0.
For high voltages or temperatureseV , T ¿ eg, we find

IS  Ic sinf with critical current
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FIG. 3. The supercurrent as a function of control voltage (
T  0) and temperature (atV  0) for various values off.
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HereVV  pT 1
p

spT d2 1 seVy2d2 and

w0 

8><>:
py2 for eV ¿ eg, T ø eg

1
2 tan21

√
eV

2pT

!
for T ¿ eg

.

Nonequilibrium effects also influence the current-pha
relation ISsfd. The rich variety of different curves at
different voltages is displayed in Fig. 4. In contrast,
quasiequilibrium theory would always predict a function
dependence as shown in the inset of the figure.

Since the supercurrent decays exponentially as a fu
tion of both T and V , one might try to describe the
system properties by a quasi equilibrium theory with e
fective V -dependent temperatureTp. Exactly this strat-
egy was adopted in Ref. [4] withTp 

p
T2 1 g2seV d2.

The the best fit to the experimental data was obtained
g . 6 KsmV d21, whereas the theoretical prediction from
a simple model wasg  3.2 KsmV d21. In our approach,
the distribution function in the normal metal, in genera
cannotbe described by the Fermi function with effectiv
temperatureTp, and the analogy between temperature a
voltage is misleading. One of the most striking cons
quences, the transition to ap junction, is not obtained in
the quasiequilibrium description.

Nevertheless, our theoretical results agree fairly w
with the experiment in the relevant range of temperatu
and voltages. The transition to ap junction is predicted for
higher voltages than studied in Ref. [4], and was recen
observed [10].
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FIG. 4. The supercurrent-phase relation at different tempe
tures (inset) and control voltages.
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The configuration of Fig. 1a is but one realization o
a mesoscopic system where the supercurrent can be c
trolled by an externally applied voltage. Another realiza
tion, also studied in Ref. [4], is depicted in Fig. 1b. In
this case the distribution function in theN layer between
two superconductors is driven out of equilibrium by th
normal current flowing parallel to the supercurrent. Pro
vided d ø L there is practically no voltage drop acros
theSNS junction and only dc Josephson effect can be co
sidered. Since the distribution function has the same for
(6) as before, the previous results forISsV d apply also to
the structure of Fig. 1b. Again, good agreement with th
experimental findings [4] is observed.

A similar system, namely, a diffusiveSINIS system
(S: superconducting;I: insulating;N: normal metal) with
a thin (d ø j0) N-layer separated by low transparenc
barriers from the superconductors was already studi
by Volkov [11]. In this case, the superconductors an
the normal metal are in equilibrium, except that the
electrostatic potentials are shifted relative to each othe
i.e., the total voltage drop occurs across the barriers. Als
in this case, a voltage-dependent supercurrent reduct
as well as a transition to ap junction was predicted.
However, there are important qualitative differences i
(i) the form of the nonequilibrium distribution function
in the N metal (which has alocal equilibrium form in
Ref. [11], while it depends in anonlocal way on the
applied voltages in our case), (ii) the question wheth
the chemical potentials ofS andN metals are shifted, and
(iii) the resulting voltage dependence of the supercurren
Various realizations of related effects in ballistic structure
have also been studied theoretically [2,12]. In some cas
discrete Andreev levels play a prominent role and th
nonequilibrium effects lead to their depopulation. Th
observation of these effects in experiments is still lackin

If L is not large compared todS and d, the space de-
pendence is more complicated, and a conversion betwe
supercurrents and normal currents occurs in the juncti
area. In this case, the theoretical analysis has to be p
formed along the lines of Refs. [5] and [1]. The expressio
for the current (7) has to be modified, and the odd and ev
components (in energy) of the distribution function,fL and
fT , obey two coupled diffusion equations with different
position-dependent diffusion coefficients. While qualita
tively the physical situation remains unchanged, this typ
of analysis also describes the limitations for the operatio
of the device as a transistor.

We now turn to an important practical question: How
efficient is this device as a transistor? The control an
signal voltages,V and VS  IcRd, are both of the order
of the Thouless energyETh. Thus, no voltage gain is ob-
tained. However, the power amplification is proportiona
to the ratio of the relevant resistorsRLyRd. HereRL is
the resistance of the normal metal of lengthL, while Rd ,
introduced in (7), is the resistance between the superco
ducting electrodes in a situation whereIc is low and this
transport is dissipative as well. Since both are govern
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by the same material-dependent conductivity the ratio d
pends on the relevant lengths,RLyRd ~ LdSyd2. Hence,
by choosing a sufficiently long control line,L ¿ d, dS, a
power amplification can be achieved.

In summary, we have presented a microscopic descri
tion of nonequilibrium electronic properties of mesoscopi
SNS heterostructures. The distribution function in the
normal metal can be driven far from equilibrium by a volt-
age applied at a distance,L from the junction. This dis-
tance is limited only by the inelastic relaxation lengthlin.
We analyzed how the supercurrent across the sample
reduced by this control voltage. The strongest reductio
and, hence, best performance of the device are found in
mesoscopic situation, when the distribution function dev
ates significantly from a local equilibrium form. We estab
lished the connection to experiments and suggested furth
tests. The possibility of controlling the supercurrent by a
external voltage allows several technical applications, fo
instance, the use as a high-frequency transistor with pow
gain proportional to the ratio between length and width o
the normal wire.
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