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Cotton-Mouton Effect Measurement in a Plasma at the W7-AS Stellarator
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A Cotton-Mouton effect polarimeter operating in the submillimeter wave region has been develo
at the W7-AS stellarator. The transmission matrix representative for the change of polarization sta
a probing wave has been calculated and significant elements are determined experimentally. Syste
magnetic field scans over a wide range of the magnetic field conducted at two different prob
frequencies were carried out for the first time. These scans clearly demonstrate that the Cotton-Mo
effect is being observed under optimal experimental conditions. The experimental setup measure
line integrated electron density unambiguously and has proven its robustness under various condi
[S0031-9007(98)06945-2]
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Recent interest in the Cotton-Mouton effect in fusio
relevant plasmas arises from the quest for a robust m
surement of the line integrated electron density for co
trol purposes in future long pulse machines as propos
for ITER [1]. The effect was first discovered in liquids
[2] and is widely used in fundamental research in variou
fields [3].

A magnetized plasma is linear and circular birefringen
Both properties can be used for diagnostic purpose
Under ideal conditions with an electromagnetic wav
propagation perpendicular or parallel to the magnet
field, the effects can be separated giving rise to a chan
in ellipticity of a wave owing to the Cotton-Mouton effect
or a rotation of its plane of polarization owing to the
Faraday effect, respectively.

The Cotton-Mouton effect has been discussed by
Marco and Segre [4] and in numerous papers by Seg
[5,6], and references therein, from a fundamental poi
of view as well as for diagnostic applications. In earlie
experiments the effect has been measured by Shevche
et al. [7] and Grolli and Maddaluno [8]. More detailed
studies have been conducted at the W7-AS stellara
with emphasis both on elucidating the Cotton-Mouton pa
within Segre’s formalism and demonstrating its diagnost
capabilities.

The net current free W7-AS stellarator offers optima
conditions for this purpose by providing lines of sigh
with jBj . const andBk  0. The B field is negligibly
affected by internal plasma diamagnetism and local pre
sure driven currents. The basic principles of the measu
ments are discussed in terms of the general formalism a
results for various conditions particularly for differentB
fields and probing beam frequencies are given.

Basics and results of the measurement.—The basis
of the measurement is the change of the polarization
an electromagnetic wave passing a magnetized plasm
Following the formalism in the literature [5,6], the state
of polarization can be described by the Stokes vector$sszd
with componentss1szd, s2szd, and s3szd. The evolution
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along the line of sight (z direction) is given by

d $sszd
dz

 $Vszd 3 $sszd . (1)

The vector $Vszd describes the plasma wave interaction
For v2 ¿ v2

p andv2 ¿ v2
c , wherevp andvc are the

plasma and the electron cyclotron angular frequencies a
v  2pf, the approximation0B@ V1

V2
V3
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1CCCA (2)

can be made. The componentsV1 andV2 represent the
Cotton-Mouton, whileV3 describes the Faraday effect.
If the magnetic field vector$B is parallel to thex or y
axis of the chosen coordinate system thenV2  0. Exact
expressions for the components of$V are given in [5]. An
example ofne, $B, and the components of$V along the
chosen line of sight in W7-AS is shown in Fig. 1.

The Stokes vector$s is a unit vector which changes only
its direction in a birefringent medium;$V then defines the
rotation axis. The birefringent properties of the medium

FIG. 1. The magnetic fieldB (in T), the electron densityne
(in 1020 m23) and V1, V2, and V3 (in 20.5 radym) for a
typical plasma at the W7-AS stellarator along the line of sigh
chosen for this experiment.
© 1998 The American Physical Society
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can therefore be described by a matrixM connecting
the polarization states$ssz0d and $ssz1d when entering and
leaving the plasma, respectively:

$ssz1d  Msz1d ? $ssz0d . (3)

For jWij ø 1 with Wisz1d 
Rz1

z0
dz Viszd, the matrix

M can be approximated analytically [6]. The diagona
elements are 1 and all other elements are composed of
parts: a first order componentWi as defined before and
a second order oneWik 

Rz1

z0
dz Viszd

Rz
z0

dz0 Vksz0d.
Segre proposed different modulation schemes which
low for the determination of the elements of the trans
mission matrixM [6]. However, extremely high phase
l
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-

measurement accuracy is demanded in this case. For
line of sight at W7-AS all matrix elements which do no
include the componentW1 are too small to be measured
owing to the experimental uncertainties involved. In or
der to keep errors low, the measurements were conduc
at high electron densitiesne resulting in W1 close to 1
for probing beam frequencies in the range 500–650 GH
In this case the analytic approximation as given in [6] i
not valid.

In a similar approximation as applied in [9] unde
conditions where the Faraday effect is dominant, th
transmission matrix for Cotton-Mouton effect dominate
conditions is given by
Msz1d 

0BBBBB@
1 2P

s0d
1 Q

s0d
1

P
s0d
1 cosW1 1 Q

s0d
1 sinW1 cosW1 2 sinW1

P
s0d
1 sinW1 2 Q

s0d
1 cosW1 sinW1 cosW1

1CCCCCA (4)
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W1szd 
Z z

z0

dz0 V1sz0d, W1  W1sz1d

and

P
s0d
1 

Z z1

z0

dzfV3szd cosW1szd 2 V2szd sinW1szdg ,

Q
s0d
1 

Z z1

z0

dzfV3szd sinW1szd 1 V2szd cosW1szdg .

The quantity W1 is in lowest order the phase shift
between thex- andy-polarized components owing to the
Cotton-Mouton effect withB mainly in the y direction.
Full numerical calculations ofM for the experimental
conditions at W7-AS show that even for the maximum
tolerance of the line of sight consideredjW3j # 0.2jW1j
and jW2j # 0.1jW1j. Although the conditionV1 ¿ V2
is not fulfilled at the edge of the plasma (Fig. 1), a
matrix elements as calculated with Eq. (4) show n
significant difference to full numerical results forne 
1.5 3 1020 m23; the absolute values ofM12, M13, M21,
and M31 are maximally 0.2jW1j. All matrix elements
are functions ofW1 and the quantitiesP

s0d
1 and Q

s0d
1 .

Again, they can be determined experimentally by applyin
the various modulation techniques as proposed in [6
However, under the chosen experimental conditions, t
elementsM12, M13, M21, andM31 are again too small to
be determined; systematic errors would have to be with
10 in phase for such measurements. The elementsM22,
M23, M32, and M33 in contrast can easily be determined
with sufficient accuracy by measuringW1.

To achieve this, the phase difference between t
x- and the y-polarized components (with equal am
plitudes) of the probing wave is modulated with fre
quency vm. The resulting components of the Stoke
vector $ssz0d are s1sz0d  0, s2sz0d  cossvmtd, and
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s3sz0d  sinsvmtd. Using Eq. (4) the polarization state
of the probing wave leaving the plasma can be det
mined. Particularly the Stokes parameters2sz1d is given
by s2sz1d  cossvmt 1 W1d, which shows thatW1 can
simply be measured as a phase difference ins2 before
and after the plasma transmission. The components2
is measured with a linear analyzer rotated by 45± with
respect to thex axis.

To compare theory and experiment and to give
example for the transmission matrixM, a real plasma dis-
charge with a central electron densityne 
0.78 3 1020 m23 is used; density data are taken fro
the multichannel interferometer and Thomson scatter
diagnostics. The magnetic field isB  2.5 T, the edge
rotational transform is0.36, and the probing beam fre
quency is 535 GHz. The transmission matrix calculat
from these data is

Msz1d 

0BB@ 1.00 0.04 20.05
0.00 0.81 0.59
0.06 20.59 0.81

1CCA . (5)

The measured value forW1 under these conditions is
W1m  20.65 and compares well with the calculated valu
of 20.63 so that also cosW1m  0.79 and sinW1m 
20.61 show good agreement with the calculated eleme
M33 andM32.

The line integrated densityre 
Rz1

z0
ne dz is derived

from W1 in the following way. TheB . const condition
allows for a separation ofre and theB-dependent part of
W1. Taking the exact expression forV1, as given in [5],
W1 is not exactly proportional tore. The exact expression
V1ex can be written as the product of the high frequen
approximationV1app and a factork which corrects for
higher order terms inne andB. Introducing the linearized
phase shift per unit line densityG, the following equation
is obtained:

jW1j  Gkre . (6)
1627
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FIG. 2. Measurements of the phase shift per line density,G,
for two frequencies and different magnetic fields compared
calculated curves forG. The measurements were conducted
ne ø 1 3 1020 m23.

The quantityG is calculated using the high frequency ap
proximation forV1 asG  j

Rz1

z0
dz V1szdyneszdj. Intro-

ducing the effective magnetic field,

B2
eff 

É Z z1

z0

fprofsB2
x 2 B2

yd dz

É ¡Z z1

z0

fprof dz , (7)

wherefprof is a trapezoid profile function for the electron
densityne with ne rising within 20% of the length of the
sightline;G turns out to be

G  s6.62 3 10213 m2df23B2
eff , (8)

wheref is in GHz andBeff in Tesla. The factork which is
typically ,1.1 is the mean value ofk  V1ex yV1app . An
approximate expression fork can easily be derived:
e
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FIG. 3. Experimental setup at the W7-AS stellarator. TheEy-Ex diagrams illustrate the state of polarization and refer to th
coordinate system given at the location of the plasma.
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k  1 1 f22s784B2 1 12 092ned (9)

with f and B in the same units as before andne in
1020 m23. The quantityk is linear in the mean electron
densityne as easily derived fromre. In this way, Eq. (6)
containsre up to the second order which allows for a sim
ple but almost correct calculation ofre. The quantityG 
jW1jyskred is exactly proportional tof23B2

eff. By verify-
ing thef andBeff dependencies ofG, derived from mea-
sured values ofW1, it can be shown that the Faraday effe
with its different parameter dependency,V3app ~ Bf22, is
of negligible concern. Therefore the matrix elementsM22,
M23, M32, andM33 can be calculated using Eq. (4) from
the measured phaseW1.

Measurements ofW1 are conducted at magnetic field
in the rangeBeff  1.2 2.5 T and at two frequencies, 535
and 627 GHz. The scans are conducted at fixed frequen
scanning the field on a shot-to-shot basis. In order to r
on absolute values ofG, the line density as measured wit
the interferometer is used for evaluation. The results a
presented in Fig. 2. All measured values agree with tho
calculated within error bars. Experimental errors will b
discussed below.

Experimental setup.—The total experimental setup is
sketched in Fig. 3. A backwardwave oscillator (BWO)
used as a tunable radiation source in the frequency ra
500—650 GHz. Oversized waveguides (f  24 mm)
are used throughout in the guided wave sections. T
modulation of the wave ellipticity is accomplished in
way as described in [7]. A polarizing wire grid reflect
the y-polarized component of the wave, whereas thex
component is guided to a delay line. After reflection
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FIG. 4. Line densities measured by the Cotton-Mouton p
larimeter atf  535 GHz and the microwave interferometer a
f  160 GHz. For this experimentB is 2.5 T.

two mirrors which rotate the polarization plane by 90± this
component is added to the reflected one. The phase
ference of the two components depends on the wave f
quency and the length of the delay line. A BWO-frequenc
modulation withDf  300 MHz then transforms to an el-
lipticity modulation of the probing wave. DetectorsD1
andD2 with 45± analyzers (A) act as reference and sign
detectors delivering signals proportional tos2sz0d and
s2sz1d, respectively. Their phase difference is the quanti
of interest which is evaluated digitally. Errors introduce
by unwanted amplitude modulation of the BWO are elim
nated by the interpretation code with data from the detec
Dmon which is monitoring the BWO output power.

The largest error contribution comes from the prope
ties of the transmission line. Small changes of the pola
ization cause errors in theW1 measurement of about 1%.
Considering also misalignments in the probing beam pa
numerical calculations result in maximum errors betwee
23% and 12% for the lowestB field (1.25 T) where
the effect is smallest. Another error results from differ
ent phase shifts for thex andy components in the trans-
mission line in combination with BWO instabilities which
lead to phase errors of about 1%. Other errors inclu
amplitude modulation caused by the frequency depend
vacuum window transmission, plasma diamagnetism, a
uncertainities in the probing beam frequency. Errors ow
ing to refraction effects, which could lead to a path leng
difference for thex- and they-polarized components of
the probing beam, are negligible as proven by ray traci
calculations. The relative errors sum up to an error ran
of 25.5% to 5.6% for B  1.25 T and 24.5% to 5.1%
for B  2.5 T in maximum, including maximum misalign-
ment of the probing beam.

Line density measurements.—The results from the
Cotton-Mouton polarimeter have been compared in ma
discharges with those obtained with the multichannel inte
ferometer installed at W7-AS. One example with a centr
electron density of up to2 3 1020 m23 is given in Fig. 4.
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Evaluation is done on the basis of Eq. (6) as describe
before. Good agreement is obtained in all measuremen
The resolutionDre of a line density measurement for the
Cotton-Mouton polarimeter is dependent onBeff, f, and
the signal-to-noise ratio. The phase resolution is 0.2± for
1 ms of time resolution. For the same signal-to-noise
ratio, Dre is worse compared with typical interferometers
because of the lower phase differences involved. How
ever, the stability and robustness is much higher becau
no reference beam is needed and phase differences rem
below 360± so that keeping track of fringe jumps is not
necessary. The robustness and absolute measurem
capability was demonstrated by switching the probing
beam on and off during a discharge. The polarimeter wa
able to resolve the temporal density increase during pelle
injection with a100 ms time resolution. It has also been
used for density control of the machine.

In conclusion, the experimental efforts in the course o
the studies presented show that it is experimentally ver
difficult to determine the elements of the transmission ma
trix for an arbitrary sightline under the conditionjWij ø 1.
For a sightline chosen where the Faraday effect is negl
gible the elements containingW1 could be measured with
good accuracy. By measuring the frequency and magnet
field dependencies the assumption that the Faraday effe
is negligible could be verified.

The capability of the Cotton-Mouton effect for a robust
measurement of the line integrated density at W7-AS ha
been demonstrated. It offers a great advantage for lon
pulse machines like the future W7-X. Both W7-X and
W7-AS offer a favorable magnetic field topology for the
method.

The main problems of the W7-AS setup are the trans
mission properties of the oversized waveguides with re
spect to conservation of the polarization state. This coul
possibly be avoided by using quasioptical transmission
space allows. An absolute phase resolution of 0.1± might
be possible for a setup optimized in this way.

The authors thank Professor S. E. Segre and Dr. P
Buratti for their proposals and helpful discussions.
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