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Neutron-*H and Proton-*He Zero Energy Scattering
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The Kohn variational principle and the (correlated) hyperspherical harmonics technique are applied
to study then-*H and p-*He scattering at zero energy. Predictions for the singlet and triplet scattering
lengths are obtained for nonrelativistic nuclear Hamiltonians including two- and three-body potentials.
The calculatedi-*H total cross section agrees well with the measured value, while some small discrep-
ancy is found for the coherent scattering length. Forpthi#e channel, the calculated scattering lengths
are in reasonable agreement with the values extrapolated from the measurements made above 1 MeV.
[S0031-9007(98)06915-4]
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In the last few years the scattering of nucleons byThen-’H cross section has been accurately measured over
deuterons has been the subject of a large number of ira wide energy range and the extrapolation to zero energy
vestigations. This scattering problem is in fact a very usedoes not present any problems. The value obtained is
ful tool for testing the accuracy of our present knowledgeo; = 1.70 = 0.03 b [7]. The coherent scattering length
of the nucleon-nucleonMV) and three nucleor3{V) in-  has been measured by neutron-interferometry techniques.
teractions. Noticeable progress has been achieved, butTdoe most recent values reported in the literature have
number of relevant disagreements between theoretical préeen obtained by the same group; they @re= 3.82 =
dictions and experimental results remains to be solved.07 fm [8] and a. = 3.59 = 0.02 fm [9], the latter
[1,2]. value being obtained with a more advanced experimental

It is therefore of interest to extend the above mentionedrrangement. Recently, the estimationapf= 3.607 =
analysis to four nucleon scattering processes. In this cas,017 fm has been obtained from-*He data by using an
an important goal for both theoretical and experimentabpproximate Coulomb-correct&ttmatrix theory [10].
analyses is to reach a precision comparable to that The corresponding quantities fer->He scattering are
achieved in theV-d case. This is particularly challenging more difficult to evaluate. Approximate values have been
from the theoretical point of view, since the studyodf=  determined from effective range extrapolations to zero
4 systems is noticeably more complicated thanahe 3 energy of data taken above 1 MeV, and therefore suffer
one. Recently, accurate calculations of the alpha particlarge uncertainties [11,12].
binding energyB, have been achieved [3-5]. It has From the theoretical point of view, the problem of
been shown that, wittVN + 3N potential models fitting the scattering of four nucleons has been considered for
the *H binding energy, no four-nucleon potential seemsa long time (see Ref. [13], and references therein). The
necessary to reproduce the experimental valug,of3]. most widely used techniques are based on the Faddeev-
Therefore, it is expected thaN and 3N interactions Yakubovsky (FY) equations [14-16] and the Kohn-
should be sufficient to describe the four nucleon scatteringdulthén variational principles [17]. In the latter case, the
processes too. Thus, discrepancies between theory anglsonating group method has been used to parametrize
experiment would be useful to gain further informationthe wave function (WF) [18,19], but also the expansion
on the nuclear interaction. For example, the polarizatiorof the WF on a hyperspherical harmonic (HH) basis has
observables in the reactign*H are believed to be very been investigated [20]. Calculations using the FY and
sensitive to the spin-orbit interactions [6]. Moreover,HH techniques, which allow for the full description of
four nucleon reactions play an important role also inthe four-body dynamics, were performed by using simple
astrophysics and other subfields of physics. central or separable potentials. Only recently, the FY

In this Letter, the problem ofi-*H and p-*He zero- equations have been solved by adopting realidti¢
energy scattering is studied. The aim is to obtain accuratpotentials [21].
estimates of the corresponding scattering observables by In the present paper, the wave functions of the scattering
using NN and 3N realistic interactions. The relevant states are expanded in terms of the correlated hyperspheri-
quantities inn-*H zero energy scattering are the singletcal harmonic (CHH) basis [22] and the Kohn-Hulthén
a, and tripleta, scattering lengths. They can be obtainedvariational principles are applied. Such a technique has
from the experimental values of the total cross sectign been successfully used in the study of ftial scattering

and the coherent scattering length below and above the deuteron breakup threshold. The
1 5 present calculations follow exactly the same line followed
or = 7(la,* + 3la,]?), a. = za; + 7a,. (1) intheN-d case described in Ref. [23]. Letus consider the
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p->He scattering; the case of*H scattering can be easily These elements are the reactance mat@x roatrix)
obtained in the limit?> — 0, wheree is the unit charge (see elements, except for some numerical factors [23]. The
also Ref. [24]). The WF with total angular momentum eigenvalues of th&® matrix are tard, g, where 6.5 are
parity I, and total isospirf’, T, can be written as the eigenphase shifts of tR&"' L 1177, wave.
v y ¥ The convergence of the expansion of the internal part
Wis =We + Pus, (2) W/ is conveniently studied by grouping the functions
where the indexy denotes hereafter the set of quantumof the basis in “channels” (a given channel contains
numbers/, I1, 7, T,. The first term¥} of Eq. (2) must CHH states with the same angular-spin-isospin quantum
be sufficiently flexible to guarantee a detailed descriptiotumbers). It is very useful to consider first the channels
of the “core” of the system, when all the particles are closaVith orbital angular momentum values as low as possible.
to each other and the mutual interaction is langg; goes  One channel at a time is included in the expansion of
to zero when the -*He distance-, increases. It has been Vc¢; the number of the CHH functions belonging to that
expanded in terms of CHH basis functions, following thechannel is increased until convergence is reached. If
procedure discussed in detail in Ref. [5]. the contribution of that particular channel is found to be
The second ternd; s describes the asymptotic configu- Sizable, the corresponding CHH functions are retained in
ration of the system, for large, values, where the nuclear the expansion; otherwise, they are rejected. Then, others
p-He interaction is negligible. The quantum numiger channels are added and the convergence studied in terms
is the relative orbital angular momenturfi;is the spin  ©Of the total number of channel.. This procedure results
obtained by coupling the spih/2 of *He to the spin of to be effective since (i) the value af. can be kept
the fourth nucleon. The angular momertaand S are rather low, and (II) a small number of CHH functions
coupled to give the total angular momentum In the is sufficient, except for few channels. In particular, for
present study the total isospin &= 1. The function the states{ wave,T = 1) considered here, the number
@/ must be the solution of the two-particle Schrodingerof channels included finally in the wave functions is
equation appropriate for largg values. It is convenient rather small . ~ 6-8). This is due mainly to the Pauli

to introduce the following surface functions principle which prevents the overlap of the four nucleons.
4 As a consequence, the internal part is rather small and
Q1S = D VL) [Duexilshu[€xeéilr R (), does notrequire a large number of channels.

= The quantities to be determined in the WF (2) are the

(3) hyperradial functions entering the HH expansion of the
where the productbx¢ X &x¢ is the WF Wiy of the  internal partW}, and the matrix eIementiéR}qf/. For
3He bound state (in the case of’H scattering, it is the these, the Kohn or the Hulthén variational principles have
WF ¥y of the3H bound state). They are normalized to been used. The Kohn variational principle establishes that
unity and are antisymmetrical for the exchange of any paithe following functionals,

of particlesj, k, and€¢. Both ¥sy. and ¥y have been ~, ~ M
determined as discussed in Ref. [23] by using the CHH [YR;5] = "R?S, — ﬁOIfZ,S/IH — E|¥/)5), (5)
expansion for a three-body system. Within this scheme 61

the WF and the binding energy; are determined with \yhere YRS, are the trial parameters entering Eq. (4),

high accuracy. For example, thg; evaluated for the myst be stationary with respect to variations of all the trial

different potential models considered in this paper agregarameters of the WF. In Eq. (5K is the total (c.m.)

within a few keV to the corresponding results obtained bYenergy andv the nucleon mass.

solving the Faddeev equations [25,26]. The form of the equations then derived and the pro-
In Eq. (3), the spin (isospin) function of the unbound cedure to solve them is completely analogous to those

nucleon: is denoted byy; (¢£;). Moreover,r; is the  of Ref. [23] and is not repeated here. With the Hulthén

distance between nucleanand the center of mass of yariational principle the asymptotic function is written in
3 o))

He. The functionsR, (r;) of Eq. (3) can be taken ine form

to be the regular X = R) and irregular § = I) radial

solutions of the two-body Schrodinger equation without ol = off, + Y sl (6)
nuclear interaction. They are analogous to those used in T & ’
N-d scattering [23].

With the above deﬁnitionsy the asymptotic WE is whereU = R_l. The Kohn and Hulthén variational prin-

written as ciples lead to essentially different equations. Therefore, if
the solutions in the two cases turn out to be close to each
Pl = Qg;)y + Z yﬁfijgg)s,y ’ (4) other, we are quite confident that they are close to the true

i solution.

~oo The results for the singlet and triplet scattering lengths
where the matrix elementr;}, gives the relative weight for n-3H scattering are given in Table |, as a function
between the regular and the irregulatS’ components. of the number of channels included in the WF. The
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TABLE I. Singleta, and tripleta, S-wave scattering lengths 56 T

(fm) for n->H zero-energy scattering calculated with the AV14 [

potential and the Kohn (rows labeled K) or Hulthén (row 5.0 [ ]

labeled H) variational methodsN., is the number of channels ) [

included in the CHH expansion of the wave functions (the case 2

N. = 0 corresponds to including in the WF only the asymptotic % 45T ab 1 1

terms). The last row reports the results obtained in Ref. [21] _ d .

by solving the FY equations. 5 4o} ab f ]

Method N, a N, a, @ 55 3 d e f ]
K 0 4.38 0 3.87 j & ]
K 1 4.33 2 3.82 a0l ; ]
K 3 4.33 4 3.82 ]
K 4 4.32 6 3.80 N
K 6 4.32 8 3.80 “7.0 7.5 8.0 8.5 9.0 9.5 10
H 6 4.32 8 3.80 B, [MeV]
FY 4.31 3.79 FIG. 1. Singlet (full symbols) and triplet (open symbols)

scattering lengths plotted against tHél binding energy.
Circles labeled by a, b, c, d, e, and f correspond to the
AV18, AV14, AV8, AV18UR, AV14BR1, and AV14BR2
potential adopted in this case is the AV14 interactionmodels, respectively. The AV14UR and AV18UR model

[27], so that a direct comparison with the results obtainedredictions are almost coincident. The squares (triangles) are
in Ref. [21] by solving the FY equations can be made.the experimental values of Ref. [9] (Ref. [10]). The straight
From an inspection of the table, the rapid convergenc ines are linear fits of the theoretical results.
with N, is evident; this fact reflects that (i) the scattering
lengths are mainly determined by the asymptotic part anghey well reproduce the experimenf value, and mean-
(i) the CHH expansion basis is very effective. Moreover,ingful comparisons with the scattering data extracted from
there is a strict agreement between the converged valuesperiments can then be performed. From inspection of
of the scattering lengths obtained by means of the KohiTable 11, it can be concluded that there is a satisfactory
and the Hulthén variational principles. Both estimatesagreement between the calculated and the measured val-
compare very well with the FY results of Ref. [21], ues ofo;. The calculated coherent scattering lengths, dif-
which is a strong signal of the good accuracy of bothfer, however, by about 3% from the experimental values.
calculations. This small discrepancy gives rise to the large differences
The calculated singlet and triplet’H scattering lengths  in the scattering lengths, when these are determined from
corresponding to different potential models are plottedhe relations given in Eq. (1). In fact, in the, a, plane,
versus the correspondintH binding energy in Fig. 1. the ellipse corresponding to the experimental values of the
The most recent experimental values [9,10Ja9fanda;  total cross sectiom; = 1.7 b, and the straight line cor-
have also been reported. The models including &y  responding to the coherent scattering length= 3.7 fm
forces are the AV14 [27], AV8 [28], and AV18 [29] poten- are almost tangent. Therefore, a slight change indthe
tials. Including3N forces we have the AW4 + Urbana  value produces a large variationa@f anda,. This is also
model VIII (AV14UR) [30], AV18 + Urbana model the reason for the large uncertainty in the values ofe-
IX (AV18UR) [3], AV 14 + Brazil with A = 5.6m, ported in Fig. 1.
(AV14BR1) and AVI4 + Brazil with A = 5.8m;, The 3He binding energyB;(*He) and the p-’He
(AV14BR2) [31]. In the AV14UR and AV18UR mod- scattering lengths as determined with the AV18 and
els, one of the parameters of th& potentials was chosen AV18UR models are presented in Table Ill, together

so that to reproduce the experimenttl binding energy  with the available experimental data [11,12]. It should
value B; = 8.48 MeV. The AV14BR1 and AV14BR2

models have been chosen so as to give slightly laBger
values. It should be noted that all the results for the sin-Tag|E 1. Total cross sectionr; (b) and coherent scattering
glet (triplet) scattering length fall essentially on a straightlength (fm) forn-*H zero-energy scattering calculated with the
line. However, the experimental values extracted fromAV14UR and AV18UR potential models. The last rows report
the data do not lie on the theoretical curves. This disfhe experimental values.
agreement is related to a rather small discrepancy betweenyodel or

ac
the calculated and measured coherent scattering lengths;
as will be shown below. RY14UR i;g g;i

The calculated total cross section and coherent scaﬁv18UR
tering length for the AV14UR and AV18UR models EXPt 1.70 = 0.03 [7] 3.82 f 0.07 [8]
are compared with the experimental values [7—10] in 336?)2 - 8-8?7[5?]10]
Table Il. These two potential models are chosen since —
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TABLE lll.  3He binding energyB; (MeV) and singleiz, and
triplet a, s-wave scattering lengths (fm) fgs-*He scattering
calculated with the AV18 and AV18UR potential models. The
last rows report the experimental values.

Model B; as a;
AV18 6.93 12.9 10.0
AV18UR 7.74 11.5 9.13
Expt. 7.72 10.8 = 2.6 [12] 8.1 = 0.5[12]

102 = 1.5 [11]

be remarked that, in contrast with the AV18UR model,
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