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Turbulence in Flowing Soap Films: Velocity, Vorticity, and Thickness Fields
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We report experimental measurements of the velocity, vorticity, and thickness fields of turbulent
flowing soap films using a modified particle-image velocimetry technique. These data yield the
turbulent energy and enstrophy of the two-dimensional flows with microscale Reynolds numbers of
about 100 and demonstrate the effects of compressibility arising from variations in film thickness.
Despite the compressibility of the flow, real-space correlations of velocity, vorticity, and enstrophy flux
are consistent with theoretical predictions for two-dimensional turbulence. [S0031-9007(98)06858-6]

PACS numbers: 47.27.Gs, 67.40.Vs, 92.60.Ek

Soap films have been a test bed for two-dimensionain the flow. Further, the effect of possible compressibility
(2D) turbulence since Couder proposed their use and comn the statistics of 2D turbulence remains a mystery.
ducted a series of experiments characterizing their proper- Although single-point measurements employed to date
ties [1]. The fascination with two-dimensional turbulenceare valuable probes of the state of turbulent soap-film
[2] comes from its seeming simplicity relative to turbu- flows, they have some important limitations. It is known,
lence in three dimensions and from possible applicatiorior example, from numerical simulations [9] that the over-
in geophysical problems, where two-dimensional approxiall flow structure consisting primarily of vortices is vital
mations are commonly made. The theory of 2D incom-in understanding the nature of the 2D turbulent flow. Thus,
pressible turbulence was first developed by Batchelor [3it is important in physical experiments to measure, if pos-
and Kraichnan [4] and makes distinct predictions for thesible, the velocity and vorticitfieldsas opposed to single-
behavior of statistical quantities characterizing the flow.point probes of velocity. Such measurements, combined
One of the most directly testable predictions arising fromwith simultaneous measurements of film thickness, would
the statistical theories is the scaling of turbulent velocityelucidate much more fully the nature of turbulence in
fluctuations. In 2D turbulence, the scaling of kinetic en-quasi-2D flowing soap films.
ergy E for length scales smaller than the injection scale We used particle image velocimetry (PIV) to measure
is controlled by the cascade of enstroghy(mean-square turbulent velocity and vorticity fields produced by a grid
vorticity) giving rise to ak 3 energy spectrum and/a ! inserted in a flowing soap film. We also obtained semi-
scaling of the enstrophy. quantitative measurements of film thickness (Fig. 1) from

Experiments with soap films have employed single-the intensity of the light scattered by the seeding par-
point probes of velocity to characterize the velocityticles. We demonstrate that film thickness and fluid vor-
field. These temporal measurements, used in conjunctiaticity are strongly coupled, that film-thickness fluctuations
with the Taylor frozen-turbulence hypothesis, yield anare not small on the scale of total film thickness, and that
approximate k3 scaling range of energyE(k) [5,6] the flow is significantly compressible with mean-square di-
consistent with the enstrophy cascade picture of 2Drergence about 10%—-20% of the mean-square vorticity.
turbulence. Direct measurements of vorticity would, We also compute the ensemble-averaged real-space two-
however, more clearly establish that the enstrophy cascagmint structure functions of velocity, vorticity, and enstro-
is indeed there. Recently, measurements of vorticity usinghy flux. We compare the scaling of these quantities with
several one-point probes [7] found an enstrophy scalingheoretical predictions and find that they are roughly con-
of k=!8, quite different from thek~! scaling predicted sistent with 2D incompressible turbulence theory despite
by theory. This difference in scaling was attributed tothe contributions of compressibility and the moderate mi-
possible compressibility effects, raising the question asroscale Reynolds numbé&r = 100. This study signifi-
to how well these films are actually described by thecantly extends our understanding of turbulent flows in soap
2D incompressible Navier-Stokes equation. Thicknesgilms and sets particular challenges for future research.
variations are present in these films when a grid or rod The experimental apparatus consisted of a reservoir at
is inserted in the flow to create turbulence [1,8] andthe bottom and an injection nozzle at the top, supported
provide a useful visualization mechanism for soap filmsby a frame which could be tilted at an arbitrary angle
There has been, however, no quantitative investigatiowith respect to vertical. The design of the soap-film
of thickness fluctuations to determine if the fluctuationschannel itself follows closely the descriptions of Kellay
are merely created by the inserted grid and advectedt al. [6,7] and Rutgeret al. [10]. Two 0.5 mm diameter
downstream, or if they can be created by finite divergencaylon wires were stretched from top to bottom to create
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tions. First, the particles must be small compared with the
film thickness. For a reasonable area in the film channel
of order1 cn?, the size of a single pixel corresponds to
6-12 um, larger than the particle size. Thus, the particle
position was known only up ta-0.5 pixels as opposed to
the subpixel resolution obtainable for particles larger than
the pixel resolution. Second, the high speed of the flow
necessitated using single-frame double exposures which
leads to ambiguity in the time ordering. The second prob-
lem is alleviated by the strong mean flow of the film but
the first is intrinsic to soap films. Despite this limita-
tion, we were able to obtain reliable velocity fields with a
physical grid spacing o200 um. A third problem is
that the characteristic time of structure evolution is much
shorter than our frame spacing so we are unable to resolve
the dynamics of the vortices. This is not an issue for the
statistical analysis presented here.

From the simultaneous thickness and velocity measure-
ments, we obtain a quantitative characterization of the
FIG. 1. Thickness field (dark is thinner, light is thicker; peak instantaneous fields on discré@ X 61 grids. In Fig. 2a,
variation of £35% mean thickness) of @5 cmX 25¢m  the velocity vectors with,, subtracted are shown for flow
portion of the film just behind the grid. 5 cm behind the grid. Two large vortices are visible in

the image which shows a part of the flow with an area
a parallel channel 6 cm wide and 1.2 m long. The soapf about1.5 cm?. The z component of vorticity, com-
solution, 2% commercial soap in water, was continuouslyputed from the velocity using finite differences, is shown
recirculated to the top of the channel at a flow ratein Fig. 2b for the data in Fig. 2a. We also compute the
of 1.7 ml/s. The channel was tilted at’ 8vith respect divergence of the velocity field to check for effective 2D
to horizontal to produce thicker films which were more compressibility. The thickness fieldx, y) was obtained
turbulent than vertical, thinner films at the same flowdirectly from light-scattering data with some digital pro-
velocity. The turbulent flow was produced by a grid cessing to remove inhomogeneities in background lighting
of cylindrical teeth—2.7 mm diameter metal cylinders and fine-scale noise in the image. The thickness field cor-
spaced 3 mm apart—inserted into the flow. The meamesponding to the velocity and vorticity fields in Figs. 2a
flow velocity v,, was 1.05 njis and the fluid viscosity is and 2b is shown in Fig. 2c. There is a clear correlation
estimated to be about03 cn?/s, less than that for the between vorticity and thickness which we discuss below.
thinner films in vertical channels [10] but consistent with  The turbulence we describe is decaying downstream
films of comparable thickness [1]. owing to internal dissipation and external air drag. A

To obtain measurements of the fluid velooi, y), ti-  recent numerical simulation [12] for a range of microscale
tanium dioxide particles with average si@2 = 0.1 um  Reynolds numbeR, gives a good overview of decaying
were mixed with the soap solution at a volume concen2D turbulence [3]. To compare with theory and to
tration of 5 X 107>, The film was illuminated by two evaluate the importance of compressibility, we perform
360 mJpulse flash lamps, each of which had a pulse duensemble averages over ten different images at several
ration of about2 us. The adjustable delay between thedownstream locations to obtain the energy= (v?),
lamps, determined by,,, was50 to 200 us. The flashes the enstrophy() = (w?), the mean-square divergence
illuminated the film from behind at an angle of about45 D = ((V - v)?), and the relative standard deviation of
and al007 X 1018 pixel CCD camera recorded images of thickness(8/42)"/2/(h). These quantities are plotted in
the film. The particles were sufficiently small that diffuse Fig. 3 as a function of timé& = d/v,,) normalized by the
light scattering provided a measure of film thickness pro4nitial value of root-mean-square vorticity, following
portional to scattered light intensity. We calibrated thisChasnov [12]. The quantitids, ), andD are normalized
proportionality using a test sample such that direct meaby their values 1 cm behind the rod and correspond to the
surement of the film thickness from the volume flow rateleft axis, whereas the thickness fluctuations correspond
yields a film thicknesg = 27 um, whereas the calibra- to the right axis. The error bars fd& are estimated at
tion gives30 = 3 um. Diffraction spots from individual 1%—2%, those fof) andD are about 5% owing to finite
particles, visible in the video images, were interrogatedlifference errors, and the uncertainty in relative thickness
using a commercial PIV analysis package [11]. is less than 5%.

The application of PIV to flowing soap films posed sev- The magnitude of effective 2D compressibility of the
eral limitations when compared to typical PIV applica- film is roughly measured by the ratid /) which ranges
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FIG. 3. Decay of normalizedz/E, (o), Q/Q( (R), D/D,
(A), and8h/h (o) with normalized timewyz. Lines are guides
to the eye.

This range ofR,, puts our system into the “high” Reynolds
number range, as defined in numerical simulations [12],
where turbulent scaling is observed but is not in the very
largeR, limit.

The thickness-fluctuation data can now be interpreted
in terms of advection by the velocity field and by
compressibility. The strong correlation demonstrated in
Fig. 2 between vorticity and film thickness—regions of
high vorticity (dark) correspond closely to regions of low
film thickness (dark)—is present immediately behind the
comb and persists downstream without noticeable deterio-
ration. This implies that film thickness and vorticity
are initially correlated presumably because fluid around
each comb tooth is wrapped around shedding vortices
resulting in thin vortex centers with thick outer edges.
The persistence of this correlation indicates that film
thickness and vorticity are advected by the flow in roughly
the same way, consistent with the picture that thickness is

c advected like a passive scalar.
FIG. 2. (a) Velocity vectors, (b) vorticity magnitude (dark is  11iS iS not the whole story, however, because thickness
maximum, light is zero), and (c) film thickness (dark is thinner, variations should begin to decay immediately downstream
light is thicker) for/ = 5 cm downstream from the grid. The from the rod owing to the restoring force of surface ten-
gray scale is Iin_ear yvith fyll scale variation in thickness of gjgn [8], whereas the data in Fig. 3 show tt&t/A ini-
+50%. The spatial dimensions aie2 cm X 1.2 cm. tially increases before decaying downstream. This can be
understood qualitatively as arising from compressibility.
between 0.1 and 0.2. Thus, we see that compressibility ig/hereas surface tension will tend to smooth out the surface
not negligible for these films although it is not so large asand reduce average height variations, increases in thickness
to be obviously important. The relative compressibility variation can only arise from the flow of thickness as a re-
does not appear to decay downstream, but Motland  sult of finite compressibility. For example, flow from the
D decrease rapidly with downstream distance. The lessore of vortices will pile up thickness at the edges while
rapid decay ofE is consistent with the 2D turbulence thinning the cores, thereby enhancing mean-square thick-
picture that(Q) decays faster tha® [3,12] but the data ness variations. Thus, the simplest explanation for our re-
are not sufficient for a quantitative comparison. sults is that thickness is advected like a passive scalar but

These quantities provide information to evaluate an acompressiblenedium so that aterm likeV - v needs
Taylor-microscale Reynolds numbeR, = vyusA/v, to be retained in the hydrodynamics equation for the thick-
where the Taylor microscale ia = (E/O)V2, vpms = ness field.

VE, and we user = 0.03 cn?/s. A and R, increase Despite our evidence that compressibility is not negli-
downstream owing to the coarsening represented in Fig. dible, the flow shows many qualitative characteristics of
from 0.6 to 1.2 mm and from 70 to 140, respectively.2D incompressible turbulence: the coarsening of vortex

1419



VOLUME 81, NUMBER 7 PHYSICAL REVIEW LETTERS 17 AGusT 1998

size shown in Fig. 1 and the more rapid decayofela- 10°
tive to E (Fig. 3). To evaluate the correspondence with
statistical theories of 2D incompressible turbulence, we
compute the two-point structure functions. We choose
real-space analysis because our relatively small grid of
velocity and vorticity vectors makes analysis in Fourier
space problematic owing to finite grid size (i.e., window-
ing effects). The ensemble-averaged (51 images) second-
order structure functions for longitudinal velocify(r) =
dv(x + r) — v(x)] - #}%), vorticity W»(r) = (w(x +
r) — w(x)]), and enstrophy fluxSW,(r) = (|[v(x + .
r) — v(x)] - #|[w(x + r) — w(x)]?) are shown in Fig. 4 10
for a downstream distance of 5 cm. Approximate slopes
are shown as dashed lines in the graph. The slope in thG. 4. Second-order structure functiosis W», and SW, vs
real space of is aboutl.6, corresponding to a2.6 ex-  r (solid lines) are labeled in the plot. Corresponding slopes are
ponent in wave-number space compared to the predicteghown as dashed lines. For presentation purpdseand W,
—3. The scaling exponent ¥, is 0.4, corresponding to  are scaled by 10 and 0.02, respectively.
an exponent of-1.4 in wave-number space as opposed
to the predicted-1.0. The latter difference is partly the number theories. We hope that further work on this system
result of computingW, on a finite grid as the slope in- using the tools described in this Letter will continue to
creases fron.4 to 0.6 and 1.3 for subsequent doublings clarify the turbulent dynamics of flowing soap films.
of the grid spacing used for computifi§f,. Thus, our We acknowledge useful discussions with S. Chen,
measurement of an exponent ofi.4 is an upper bound A. Belmonte, R. Kraichnan, M. Rutgers, X.-L. Wu,
and explains, in part, the results of Kellayal. [7], where ~and W. Goldburg. This work was funded by the U.S.
the single-point vorticity probe had a spatial resolution ofDepartment of Energy.
about 2.5 times our grid spacing.

Perhaps the most interesting result of our analysis is
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